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Abstract:

This paper explores novel stability results for generalized alternate cubic functional
equation(Fun Eq) using two distinct analytical frameworks: the classical method for Banach
spaces and the direct and fixed point approaches for fuzzy normed spaces. The study

Accepted: 11-01-2025 examines the stability behavior of the generalized alternate cubic functional equation,
focusing on how small deviations from exact solutions influence the overall stability in
different normed environments. In Banach spaces, the classical approach is applied to derive
conditions for Hyers-Ulam stability, providing insight into the equation’s behavior under
small perturbations. For fuzzy normed spaces, both direct and fixed point methods are
employed to account for the inherent uncertainties and fuzziness in the normed structure,
offering a more flexible stability analysis. The results obtained highlight the differences and
advantages of each approach, contributing to the broader understanding of functional
equations in both deterministic and fuzzy frameworks. These findings have potential
applications in various mathematical and applied fields, where both precise and imprecise
data structures are considered.

Keywords: Banach Spaces, Fuzzy Normed Spaces, Cubic Functional Equations, Ulam -
Hyers Stability, Fixed point.

1 Introduction

The Ulam-Hyers-Rassias stability deals with the stability of Fun Eq, which is a branch of mathematical
analysis. Specifically, it focuses on determining under what conditions an approximate solution of a
Fun Eq remains close to the exact solution. The stability concept was initiated by Stanislaw Ulam in
1940 [1] when he asked whether approximate homomorphisms on groups could be approximated by
true homomorphisms. Later, in the 1940s and 1950s, Donald H. Hyers [2] and Th.M. Rassias [3]
extended Ulam’s work to Fun Eq in Banach spaces. The Ulam-Hyers-Rassias stability theorem
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provides conditions under which a functional equation approximately satisfies the equation. For further
developments and the subsequent contributions by T. Aoki, P. Gavruta, J.M. Rassias, Isac and others
[4, 5, 6,7, 8,9, 10]. It’s of great significance in many areas of mathematics, including functional
analysis, operator theory, and mathematical physics. In practical terms, this stability theorem has
applications in various fields, such as numerical analysis, optimization, control theory, and signal
processing, where it’s crucial to understand how small errors in input data or parameters affect the
output of a mathematical model or system.

The concept of Hyers-Ulam stability has had a significant impact across various mathematical
domains. Initially introduced in the context of Fun Eq, Hyers-Ulam stability focuses on whether small
deviations from a functional equation still allow for an approximate solution that is close to an exact
solution. This principle has since been applied to numerous areas such as: Differential Equations[11,
12]: Hyers-Ulam stability helps assess the stability of differential equations, especially in determining
whether solutions to perturbed equations remain close to the solutions of the original equation. Integral
Equations[13, 14]: In integral equations, the stability concept provides a framework to ensure that
approximate solutions remain consistent even under perturbations. Operator Theory[15, 16]: Hyers-
Ulam stability has been extended to operator equations, aiding in the analysis of bounded linear
operators and their robustness under small changes. Approximation Theory[17]: It plays a role in
approximation theory by ensuring that near solutions of approximation problems can still yield good
approximations, thus enhancing the reliability of numerical methods. Control Theory[18, 19]: In
systems governed by control equations, Hyers-Ulam stability contributes to the robustness analysis,
determining how systems behave when subject to small external disturbances. Overall, Hyers-Ulam
stability provides a foundational tool to understand the resilience of mathematical models in various
applied and theoretical settings, ensuring that minor errors or perturbations do not drastically alter
solutions.

In fuzzy normed spaces, stability results are typically established using fixed-point methods or direct
analytical approaches. The fuzzy nature of the space allows for handling vagueness or uncertainty in
the norm, which is critical for real-world applications where data may not always be exact. The fixed-
point method, for instance, is a powerful tool used to prove the existence of a stable cubic mapping,
which satisfies the functional equation under these conditions [20, 21, 22, 23, 24]. Recent studies show
that fuzzy normed spaces provide a more flexible framework for analyzing the stability of functional
equations. In this setting, the stability of cubic functional equations is guaranteed even when deviations
occur, provided the system adheres to specific constraints. This makes fuzzy stability particularly
relevant in fields like applied mathematics, economics, and engineering, where imprecision often
exists. By focusing on these modern methods, researchers have successfully derived new stability
results for cubic equations, contributing to both theoretical mathematics and practical problem-solving
in uncertain environments

The study focuses on a generalized alternate cubic functional equation, which is a more intricate form
compared to traditional cubic equations. Exploring the stability of such equations in Banach and fuzzy
Banach spaces is essential because these spaces are widely used in various branches of functional
analysis, optimization, and differential equations. Recently Agilan et.al exploring the stability results
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in various additive functional equation through various normed spaces such as [25, 26, 27, 28, 29, 30,
31, 32].

In this paper, the authors investigate the generalized Ulam-Hyers stability of a Alternate cubic
functional equation

FAR +w) + RIH v — RW) = <m> [F(v +w) + Fv —w)]

R(ROFRL)
+H— [F(v+w) — F(v—w)]

+(R = D[(R* FR)FW) F (R £ 1)gw)] Q)
where ‘R, a, b are integers with R = 0,+1and a # b # 0, £1 in Banach and fuzzy Banach spaces.

Lemma 1.1 let us consider X and Y be real vector spaces. An odd function satisfies the functional
equation

Fmv +w) + Fmv —w) = mF v +w) + mF v —w) + 2(m> — m)Hv) (2)
for all v,w € X if satisfies the Fun Eq(1) forall v,w € X .

Proof. Assume f: X — Y satisfies the functional equation (2). Letting v = w = 0 in (2), we get
F(0) = 0. Setting in (2), we have A(—w) = —Hw) and w = 0 we get

F(mv) = m* F(v) (3)
for all v € X. In particular replace m by R% in (2), we get
TR +w) + FRW —w) = R°F(w +w) + RF v —w) + 2R —RHFAx)  (4)
for all v, w € X. Replace w by R*w in (4), we obtain
F R W +w)) + AR (v —w)) = RAV + RW) + FAv — RW)] +2(R°? = RHAv) (5)
forall v,w € X. Using (3) in (5), we have
RUAv +w) + Fv — w)] = RY[F(v + RW) + Av — RW)] + 2R — RHAv) (6)
for all v, w € X. Divide the above equation by R%, we get
T + RW) + F(v — RW) = R[Fw +w) + Fv —w)] —2(R** - DFWw) ()
for all v,w € X. Replace v by w and w by v in (7) and using oddness of C, we obtain
FR —w) = AR +w) — R¥[F W +w) — Fw —w)] +2(R** = DFw)  (8)
for all v,w € X. Substitute (8) in (4), we get

FR +w) =¥[g(v+w)+grv—w)]+¥[g(v+w)—gr(v—w)]

R = RYFW) — (R~ DFW) ©)
for all v,w € X. Replace v by —w and w by v in (9) and using oddness of C, we obtain
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Ra g2a
?f(v—‘ﬁaw)=%[§iv—w)—97v—w)]+RT[9'1J—W)+97(U+W)]

—(®* = RHYFAW) — (W ~ NFW) (10)
for all v,w € X. Both side multiply by R” in (10), we get

2a+b

qpa+b S
ingf'(v—‘Raw)=RT[§JU—W)—9U—W)]+R2 [Fv—w) + F(v+w)]

forall v,w € X. Adding (9) and (11), we arrive

m“(lma“’)

AR +w) + RIwv — RWw) = ( ;

af(ga_gb
+<‘R(*R «R)

2

)[9’(v+w)+ﬁiv—w)]

) [F(v+w) — F(v—w)]

+(R* = D[(R® = RD)FA(Ww) — (R + 1)F(w)] (12)
for all v,w € X. Subtracting (9) and (11), we arrive

‘Ra(l—‘R‘H—b)

FAR +w) — R F(wv — RW) = ( >

N <m“(m“+mb)

2

)[g'(v+w)+97v—w)]

) [F(v+w) — F v —w)]

+(R* = D[(R® + RD)Aw) + (R = 1)F(w)] (13)
for all v, w € X. Combining both (12) and (13) we arrive (1).
2 Banach space stability results direct method

Theorem 2.1 Assume X be normed linear space and Y be Banach space. Suppose that the function
F. X — Y satisfice

IDFA v, W)l < Q(v,w) 1)
Vv,w € X and Let Q: X X X — [0, ) be a function such that
Jim 2CT0ATW) _ @)
n—oo R

Vv,w € X, then 3 Cubic map % X — Y with the the FE (??) and

1w QR Dyo
19w) — T < 5z Doy g (3)
Vv € X. Let #(v) is defined as

. F(RTu)
ff(v) = 7111—>nolo 9{3an (4)

Vv € X.
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Proof. Considering (v,w) by (0,0) in (1), then we have Z(v) = 0. Switching (v,w) by (v, 0) in (1),
we get

| AR — RHW)| < Qw,0) (5)
Vv € X, We replace v by R*~Dy (for g € Nand ¢ > 1) in (5) , and we obtain
| AR v) — RAFRY Dy)|| < (RN Dy, 0)

1

Vv € X. By multiplying both sides of the aforementioned inequality by an We get the consequence

of adding n inequalities.

galqg-1)
n L AR ) — W ey < g 2 00)

g=1 9?3_aq R3aq
Making use of the triangle inequality
|A+ B| < |A| + |B|
After simplifying, we get at the left side of the inequality.
1 Q(R¥@= Dy
| #™) — 7w || < 32 % (6)

Since

Q(m“(q‘l)v,o) Q(m“(q‘l)v,o)
no_\N 0 < ZOO — J
q=1 Rw3aq = 4q=1 R3aq

the inequality (6) yields

1 o(n@Dy)
”We@'@i’anv) - 9'(17)” < Yg=1 — e

Vv € X. It will be proven by induction that (6) exists v N.

Herem >n > 0,thenm —n € Nand letn by m —nin (6), then

1 - L Q@ Dy
”Wfi(‘ﬁa(m M) ~ 9“(”)” < Xg=1 % ()

which is

I - I ] (9@ Dy,0)
”msam A RUY) — o AW) ” < joan Xg=1 — gpag (8)

vu € X. Interchanging u by :2*"v in (8), we obtain

D(ma(q+n— 1),0)

1 am 1 an 1 ©
||§R3am g"‘(m 'U) - m}»an g(% U) || = m3an q=1 m3aq (9)
Since
lim = = 0
nl—I>l;lo RIan -

and hence from (9), we obtain
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. 1 1
Jim |G 78") — AR | = 0

Finally

{9(92“%)}"0
1

m3an

is Cauchy sequence.

The sequence then has a limit in X. Define

F(RMv)
§R3 an

40) = fim

Vu € X. we prove A: X — X is a Linear mapping.

‘J{a(lii}?m’b)

Hfi(‘ﬁav+w) + R g (v — RW) —< ;

)[9’(v+w)+9f'v—w)]

- (M> [F(v +w) — Av —w)]

2

_(ERZa _ 1)[(9%61 F i}{b),@(v) + (%a+b * l)eg(w)]“

9{“(119{‘””)
2

_ 1
_%an

gf‘(iﬁav+w)iﬂ%b§(v—iﬁaw)—< )[Fi(v+w)+9‘v—w)]

- <M> [F(v +w) — FHv —w)]

2

—(R** = D)[(R* F R FW) F (R £ 1)7w)]||

QR RMw)
s{San -

< lim 0

n—oo

Hence

fﬁa(li*la+b)

FARY +w) + R F(w — RW) = ( -

)[97(17 +w) + I (v —w)]

2

+ <M> [F(v +w) — FHv —w)]

+(R = D)[(R* FRD)FW) F (R £ 1)F(w)]

Vu € X. Next, we consider

. F(Ry)
[1A() — FW)|| = || lim =F— — F(W)||
. F(R™My)
= 1im || 227 _ 1))
n—-oo
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D(‘R“(q_l)v,o)

S T
Srllg?o g3a &~q=1 R3aq

Hence, we get
I a4 Dp0)
I1A@) = FO| < w2t ——ar—
Yu € X.
Here to obtain A is unique. Then another mapping B: X — Y occurs and
a0 Dp0)
IBw) = )| < 55221 ——spar—
Hence
[IB(v) — A)|| < |IB(v) — Z(W)I| + ||A(v) — F(W)]|
I ap (%4 Dp0) ey QW@ Dyp)
= e &q=1 R3aq g3a ~q=1 R3aq
2w, QWD)
=W q=1 R3aq

Because the additive mappings are A and B, we can observe

1A(W) = BW)|| = ERSZan [[ART) = B(RT )|

- ) . D(ma(q+n—l)v'0)
= g3an q=1 R3aq
As a result (10), using the limit n — oo and obtain
] ‘ ) D(ma(qﬂl—l)v,o)
rlll—r>1c>lo| |A(U) - B(U)” = 7111_1’)1'1 R3an E();:1 R3aq

0

Hence
llA(v) —=B@)|| <0

we conclude that A(v) = B(v) V v € X. At the end A is unique.

Corollary 2.2 Consider the map & X — Yfulfills

U,
IDZy, W)l < { LUIVIP + {IwlIP},
w{|IvIPIwlP + VPP + wl Y, 2p #3;

p # 3;

and the function 4: X — X, we arrive the result
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U
|9°¢-1]"

ujjv||P
17(v) — AW < | 155e_wary (12)

ulv||>P
[R34—R29P|

Vv € X.

3 Definitions of Fuzzy Normed spaces

Definition 3.1 Let X be a real linear space. A function N: X X R — [0,1](the so-called fuzzy subset)
is said to be a fuzzy norm on X if for all v, w € X and all s,t € R,

(F1) N(v,c)=0forc <0;

(F2) v=0ifandonlyif N (v,c) = 1forall c > 0;
— LY .

(F3) N(ev,t) = (v, |C|) if ¢ % 0;

(F4) N@w+w,s+t) =min{N(v,s),N(w,t)};
(F5) N (v,") is anon-decreasing function on R and lim;_,, N (v,t) = 1;
(F6) forv # 0,V (v,) is (upper semi) continuous on R.

The pair (X, N) is called a fuzzy normed linear space. One may regard V' (X, t) as the truth-value of
the statement the norm of v is less than or equal to the real number ¢t’.

Example 3.2 Let (X, || - ||) be a normed linear space. Then
L t>0, vEX,
el
Nt =1 t<0, veXx

is a fuzzy norm on X.

4 Direct method of fuzzy stability result
D FHv,w) = AR +w) + R2Av — RW)
ERCL(] i iRa+b)
B 2
+ (R = D[(R* F R Fw) F (R £ DFw)]

)[9‘(v+w)+9‘v—w)]

Theorem 4.1 Assume that X linear space, (Z, N") fuzzy normed space and (Y, N")fuzzy Banach
space. Let p € {—1,1} be fixed and let Q: X* — Z be a mapping such that for some d with 0 <

p
(=) <1
N'(Q(R%Pv, %%¥w),r) = N'(d**Q(v,w),T) 1)

foralve Xandallr > 0,d > 0, and
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lim N/(Q(RY v, R w), Rr) = 1

forall v,w € X and all r > 0. Suppose that a function f: X — Y satisfies the inequality

N(DIHv,w),r) = N'(Q(v,w),r)
forall r > 0 and all v,w € X. Then the limit

F(RWPLy)
maﬁSk

C(v) = N - lim

exists for all v € X and the mapping C: X — Y is a unique cubic mapping such that

N(€CW) — HAw),r) = N(Q(v,0),|R** — d*|r)
forallv e X and all r > 0.
Proof. First assume f = 1. Replacing (v, w) by (v, 0) in (3), we get
N(FR) — R Hw),r) = N(Q(v,0),7)
for all v € X and all > 0. Replacing v by R%v in (6), we obtain

(_g(ma(kﬂ)v)

o 97(92“"1;),%%) > N'(Q(Rv,0),7)

forall v € X and all » > 0. Using (1), (F3) in (7), we arrive
ﬁ(i}{a(kﬂ)v) Kk
W (T2 — ), 5 ) = N (v, 00, 7)
forall v € X and all r > 0. It is easy to verify from (8), that
gma(k"'l) ) /(;Rak
N( ER3a(k+1)v - m3akv)'sR3a7:R3ak> (Q(U 0), dak)

holds for all v € X and all » > 0. Replacing r by R**r in (9), we get

FRWHDyy  gRj%y) gk
( gpatk+) | gpak 1 gpa gak > N'(Q(v,0),7)

forall v € X and all » > 0. It is easy to see that

FR%*y) o k-1 [y gty
gpak ) = diso gpairn | gpai

for all v € X. From equations (10) and (11), we have

FR%y)
N( gpak ), Zz =0 m3a 9{3:11

f(iRa(LH)U) g-(miav) dir
>man { RIaG+D) - glai 7 g33a gplai

> min UX {N'(Q(v,0),7)}
> N'(Q(v,0),7)
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forall v € X and all r > 0. Replacing v by R™%v in (12) and using (1), (F3), we obtain

FRUAIM ) FRM ) Qg1 atr r
(m3a(k+m) - g3am i=0 g3a.q3ali+m) ZNI(’Q(U'O)Jdam) (13)

forall v € X and all r > 0 and all m, k > 0. Replacing r by d*™r in (13), we get

FROEFEMN ) Z R (k-] A%
( galk+m) T glam » Li=m R3a.g3ai ZN’(Q(U,O),T) (14)

forallv e X andall r > 0 and all m, k > 0. Using (F3) in (14), we obtain

l@7(9;‘,a(k+m) ) ,0](1}{‘”” ) ,
(%S~ S ) 2 V' 900,00, — (15)

1
=m  g3ag3al

i
forall v € X and all » > 0 and all m, k > 0. Since 0 < d < R*% and X, (%) < oo, the cauchy

FRK
criterion for convergence and (F5) implies that {%} is a Cauchy sequence in (Y, N). Since (Y, N)

is a fuzzy Banach space, this sequence converges to some point #(v) € Y. So one can define the
mapping C: X — Y by

F(RAK
Hw) = N — lim 5
forall v € X. Lettingm = 0 in (15), we get
F(RK
W (2 - s, ) 2 N'(D(v, O)EH—d> (16)
=0 337 ;3ai

forall v € X and all » > 0. Letting k — oo in (16) and using (F6), we arrive
N(CW) — HAw),r) = N(Q(v,0),r(R** — d))

for all v € X and all » > 0. To prove C satisfies the (1), replacing (v,w) by (iRakv,iR“kw) in (3),
respectively , we obtain

N (5ar DAR ™ v, 0% w), 1) = N(QR¥, R%w), R3%7) (17)

forall r > 0and all v,w € X. Now,

N (fi(‘ﬁav +w) + RA v — RW) — (M) [F(v +w) + F(v —w)]

- <M> [F(v+w) — FHv—w)]

—( = 1)[(R* F R") W) F (R £ 1)7w)].5)

> min {N (C’(SR“U +w) — ﬁg‘(iﬁav + W),g),
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N (iinC’(v — RW) £ e RO A — SR“W),%).

N (— (M> [C(w +w) +Cv —w)]

2

| (m“(w_rm“*b)

m3ak 2

N <— (M> [Cv+w)—-Clv—w)]—

> [Av +w) + F(v— W)],£>,

2

! (m“(m“¢m”)

m3ak 2

) [Fw +w) — F(v - w)],§>,

N(=(R** = D[(R* F R)ew) F(R*™ +1)ew)] -

1
iR3ak

(82 = D[R F RO)Fw) F (R + 1)7W)], ),

N (ﬁ FR +w) + = R F v — Rw)

| 9?“(1i‘.ﬁa+b)
— o > [F(v +w) + F(v —w)]

Re(RFR?) _ _
- miak< > ) [Aw +w) = F(v —w)]

1
m3ak

(92 = D[(%* F /) 7w) F (R £ 1)7w)] 5)}
forall v,w € X and all r > 0.

iRa(l i?R‘Hb)

N (ﬂmav +w) £ RPHv — Rw) — ( .

> [F(v +w) + F(v —w)]

2

- <M> [F(v+w) — FHv—w)]

—( = )[(R* FR") W) F (R £ 1)7w)].5)
> min{1,1,1,1,1,,IN(Q(R%v,0), R*¥r)}
> N'(Q(R%v,0), B¥%r) (18)
forall v,w € X and all r > 0. Letting k — o in (18) and using (2), we see that

‘Ra(li‘ﬁa"'b)

N (.%R“v +w) + RPAwv — R*W) — ( >

>[9i(v+w)+?iv—w)]

- (M> [F(v +w) — Hv —w)]

2
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2a a T mb - a+b Ty _
—(R* = D[R F 1)) F (R £ 1)FW)]T) =1 (19)
forall v,w € X and all » > 0. Using (F2) in the above inequality gives

m“(1iﬁt“+b)

FAR +w) + R F(w — RW) = ( -

N <9{“(~Ra$mb)

2

)[97(17+w)+9'v—w)]

) [F v +w) — F(v—w)]

+(R2 = D[(R* F RY)FAw) F (R £ 1) FAWw)]

for all v, w € X. Hence C satisfies the cubic functional equation (1). In order to prove Z(v) is unique,
let #(v) be another cubic functional equation satisfying (1) and (5). Hence,

m3ak m}ak

. FR%*y) A w1 FR*y) g%y r
Zmln{N( wiak T T glak vy N w3ak T T glak '5}

3ak_ qa
2 Nr (D(maku’ O)’ W)

wm3ak_ ja
> N’(D(v, 0),%)

forall u € X and all » > 0. Since

3ak a
R —=dN)r

111_r>r010 2dk ’
we obtain
. , (§R3ak_da)r> _
Il(l_t)gN (D(v, 0)’—2dk = 1.
Thus

NFw)—-F(v),r)=1

forall v € X and all » > 0, hence #(v) = & (v). Therefore Z(v) is unique.

Corollary 4.2 Suppose that a function f: X — Y satisfies the inequality

N'(e, 1),
N(DFw,w),r) = NI+ [w]l5r), s# 3 (20)

, 3
N'CEUIPIwI + Al + IwliPD, ), s # 35

for all v,w € X and all » > 0, where ¢, s are constants with e > 0. Then there exists a unique cubic
mapping C: X — Y such that
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N'(e |R* = 1|r),
N(C®@) — #(w),r) = N'(e||v]|°, |R* — R*|r), (21)
N'(e]|v], 1R — R |r)
forall v € X and all r > 0.
5 Fixed Point Method of Fuzzy Stability Results
For to prove the stability result we define the following:

&; is a constant such that

61': 1

= if i=1

{m“ if i=0,

and Q is the set such that
Q={g|g:X-Y,g(0) =0}

Theorem 5.1 Let f: X — Y be a mapping for which there exist a function Q: X* — Z with the
condition

limN'(Q(6fv, 5fw),67T) =1 V v,w € X,r >0 (22)
and satisfying the functional inequality
N(D Fv,w),r) = N'(Q(v,w),r) V v,w € X,7 > 0. (23)
If there exists L = L(i) such that the function
v-pBw) = D(mla,O),
has the property
N'(Laigﬁ(&-v),r) =N'@BW),r), Y vEX,T>0. (24)
Then there exists unique cubic function C: X — Y satisfying the functional equation (1) and
N(Fw) — ) = N'(*pG)T), ¥ vEXT >0, (25)
Proof. Let d be a general metric on Q, such that
d(g,h) = inf{KN(0,0)|N(g(v) — h(v),r) = N(KB(v),r),v € X,r > 0}
It is easy to see that (Q,d) is complete. Define T: Q - Q by Tg(x) = ég(é‘iv), for all v € X. For
g,h€Q, wehaved(g,h) <K l

= N(g) — h(v),1r) = N'(KB(v),7)
N N(%—’%”r) 2N’<8%,8(5iv),r>
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= N(Tg(v) — Th(v),r) = N'(KLB(v),r)
> d(Tg(v), Th(v)) < KL
> d(Tg,Th) < Ld(g,h) (26)

forall g,h € Q. There fore T is strictly contractive mapping on Q with Lipschitz constant L. Replacing
(v,w) by (v,0) in (23), we get

N(FARW) — RHw),r) = N(Q(v,0),7). (27)
forall v € X,r > 0. Using (F3) in (27), we arrive
N (75;{33‘:1;) — 97(17),7‘) > N’(m% Q(v, 0),r) (28)
forall v € X, r > 0 with the help of (24) when i = 0, it follows from (28), we get
> N (B2 7w),r) 2 NULEW),T)
= d(TC,C)<L=L'=L"" (29)

Replacing v by mla in (27), we obtain

N (7w) - w7(5) ) = N'(Q(34,0).7) (30)
forall v € X, r > 0 with the help of (24) when i = 1, it follows from (30) we get

> N (7w) - W7 (%)) 2 N(B),7)

> d(C,TC)<1=1"=[L"" (31)
Then from (29) and (31) we can conclude,

d(C,TC) <L <o

Now from the fixed point alternative in both cases, it follows that there exists a fixed point C of T in
Q such that

éi(nkv)

C(v) =N—]£i_r)r01O T Yv e X,r > 0. (32)

Replacing (v, w) by (6;v, §;w) in (23), we arrive
N (ﬁ DA, (Siw),r> > N'(Q(8;v, §;w), 83r) (33)

for all » > 0 and all v,w € X, we can prove the function, C: X — Y satisfies the functional equation
(1.
By fixed point alternative, since C is unique fixed point of T in the set

A={f €Qld(f,C) <=},

therefore C is a unige function such that
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N(F () — FAv),r) = N(KB(v),r) (34)
forallv € X,r > 0and K > 0. Again using the fixed point alternative, we obtain
d(C,€) < —d(C,TC)

L=t
1-L

= d(C,Cc) <

> NI - ew),n) =N (5 pw)r) (35)
forallve Xandr > 0.
Corollary 5.2 Suppose that a function f: X — Y satisfies theinequality

N'(e, 1),
N(DFw,w),r) =NV +I]Iw[l,7), s# 3 (36)
3
N'CE(wIPIwll® + vl + 1wl ), s=# 3
for all v,w € X and r > 0, where €,s are constants with e > 0. Then there exists a unique cubic
mapping C: X — Y such that

N'(e, |R* = 1|r),
N(CW) — F(v), 1) =< N'(e||v]|5, |R°F — R*|r), 37)
N'(el|v]]S, |R7 = R2|r),
forallve Xandall r > 0.
Proof. Setting
N'(e, 1),
Q,w) = {N'(E[[V]]° + [Iw]|*,7),
N'CE( ] I*wll® + vl + [w] D), 7)
forall v,w € X. Then,
N'(Q(6fv,0), 6%r)
N’(e, 6i3kr)
= I N(ellvll®, 607V%r)
v (ellwlPs, 6879

- las k - o,

{—>1as k — oo,
- las k - oo.

v

Thus, (22) is holds. But we have g(v) = Q (m_a

0) has the property

N'(Léﬁ((?iv),r) >N'(Bw),r) VveXr>D0.
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Hence
N'(e, 1),
NGB, = N(Q(Z,0),r) = {V G=lvllr),
W' (5= 1wl 7).
Now,

1

N(F8Gwr) =N (5 (Gm) I8wlisr), = dN(8 B, r),

(& () o) O

9{20.5

Now from (25), we prove the following cases for conditions (i) and (ii).
Case:l L=Rfors=0ifi =0

<

N(Ew) - Aw) ) 2 N (2 pw)r)

= N’((ﬂ{%,_l),r) = N’(E, (‘.R3a — l)r).
Case:i2 L=R%fors=0ifi=1

N(CE) - FW),) 2 N' (= f),7)

= N’(m,r) = N'(e, (1 = R*Hr).
Case:3 L=RCDfors>3ifi=0

N(Ew) - AW 2 N (s B )

= N'(GraSys [1v1157) = N'(el vl (R = R)r).
Case:d L=RC D fors<3ifi=1

N (W) = Fw), 1) = N' (5= ), )

= N'(GaSem [1v1157) = N (el plls, (RS = 9°4)r).
Case:5 L = R*® ™ fors > % ifi=0

N(CE) - Av),T) = N(li‘%@l ﬁ(v),r)

- N’(Wemzas)”vns,r) = N'(e”v”s, (933(1 _ 9%2as)r).
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Case:6 L = R fors < % ifi=1
, 1
N(EE) - AW),7) 2 N' (5= (), 7)

= N'(Gragm I1011°,7) = N'(ellvll*, (82 — %%)r).

,Rzas_,RSa
6 Conclusion

In this paper, we have established novel stability results for generalized alternate cubic functional
equations using the classical method for Banach spaces and both direct and fixed point approaches for
fuzzy normed spaces. The classical method provided a clear pathway to demonstrate Hyers-Ulam
stability in Banach spaces, revealing how small deviations affect the functional equation’s solutions.
In contrast, the fuzzy normed space framework, enriched by direct and fixed point methods, allowed
for a more nuanced stability analysis, accommodating uncertainties and imprecisions intrinsic to fuzzy
systems. Our results highlight the effectiveness of combining classical techniques with fixed point
theory in analyzing functional equations under different normed environments. The comparative
analysis between deterministic Banach spaces and the more flexible fuzzy normed spaces underscores
the adaptability of the generalized alternate cubic functional equation across various mathematical
contexts. These findings offer significant contributions to the stability theory of functional equations
and lay the groundwork for future applications in both pure and applied mathematical fields,
particularly in scenarios involving uncertain or fuzzy data.
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