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1. Introduction

The study of adjoint matrix Sylvester dynamic impulsive systems on time scales combines the
strengths of continuous and discrete systems, offering a unified framework to analyze complex real-
world phenomena. This approach effectively models systems that exhibit both abrupt changes and
continuous evolution, making it particularly relevant in fields such as engineering, biology, and
economics. The use of adjoint matrix techniques brings significant advantages, such as simplifying the
process of solving linear dynamic equations, reducing computational complexity, and enhancing
analytical clarity. Matrices also provide a compact representation of system dynamics, facilitating
efficient manipulation, scalability, and the application of powerful algebraic methods. By
incorporating the time scales framework, this method seamlessly integrates hybrid systems, enabling
comprehensive analyses of controllability, stability, and optimization under impulsive effects.
Consequently, this framework bridges the gap between discrete and continuous dynamics, advancing
both theoretical mathematics and practical applications.
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Impulsive differential equations play a crucial role in describing systems with sudden changes in state,
governed by continuous dynamics interspersed with jump criteria. These equations provide a logical
and robust framework for modeling abrupt transitions commonly observed in real-world processes.
Their versatility has led to extensive research and development in this area. For instance, in [4],
solutions to fractional equations such as the Fitzhugh-Nagumo equation, the Newell-Whitehead-Segel
equation, and the Zeldovich equation were explored, demonstrating their practical significance.
Similarly, [5] addressed an inverse coefficient problem for the conformable time-diffusion equation,
retrieving time-dependent diffusion coefficients with precision. Furthermore, [6] proposed a novel
mathematical formation model using the fractional Atangana-Baleanu-Caputo derivative, showcasing
the reliability and computational efficiency of this method. Applications of impulsive systems extend
to biological models, as demonstrated in [8], where insect population dynamics were analyzed using
exponential, hyperbolic, and trigonometric functions to solve second-order linear dynamic equations.
Additionally, [9] discussed stability conditions that ensure input-to-state stability for hybrid systems,
even under instability. The concept of controllability further enhances system stabilization by
constraining behavior through the analysis of linear and nonlinear operators [10].

Matrix-based approaches further bolster the study of impulsive systems. They allow for efficient
representation of multi-dimensional systems and enable the use of spectral analysis, eigenvalue
computation, and matrix decompositions to study system properties like stability and controllability.
The study of impulsive systems on time scales has also proven the existence and uniqueness of
solutions for nonlinear impulsive dynamic equations [11]. In [13], the properties of impulsive Dirac
systems on Sturmian time scales were examined, including the construction of self-adjoint operators.
Additionally, [14] introduced a new transition matrix to analyze the controllability and observability
of impulsive systems on time scales. This research highlights the flexibility and adaptability of the
impulsive framework, enabling its application to nonuniform time domains [15].

In this paper, we address the sufficient and necessary controllability and observability conditions for
matrix Sylvester adjoint dynamic impulsive systems over various time scales.

X4(t) = P(MX (1) + X(H)Q®) + u(®P(®)X(D)Q(t) + T, (DU (DT5 (t)
XtH)=U+L)X(t), t=t, k=123...

Y(©) = C()X(t) + D(H)U(t) (1.1)
X(ty) = X,.

Where X(t) isan n X n matrix, U(t) is mx n input pricewise rd-continuous matrix called control
input and Y(t) is pXxn output rd-continuous. Here P (t),Q(t), T;(t), T,(t) and L, are
nxXxn,nxXxnnxXxnnxm and nxn rd-continuous matrices respectively. C(t), D(t) are rd-
continuous matrices of order p x n and p x m respectively. X2(t) is the generalized Delta derivative
of X, and t is from a time scales T, which is a non-empty closed subset of R and u is a graininess
function. when Q = P*(* denotes the transpose of matrix) equation (1.1) is called matrix Lyapunov
dynamical system on time scale.

2. Preliminaries

We provide some preliminary information to help you understand the notation used in this paper.
A summary of the time scales can be found in [6, 7]. A nonempty closed subset of the R real line is
called a time scale T. We usually write T* = T{maxT} if maxT < oo, otherwise T* = T.

Definition 2.1[6] Let f: T — R and t € T* the delta derivative of £4(t) is the number (when it exists),
with the property that, for any € > 0, there is a neighbourhood U of 7 such that
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I (6(@) = F()] = FADIo(D) = ]| < elo(x) — 5|, forall s € U

Definition 2.2.[7]: The regressive function y(t) mapping from T to R is defined as/ + u(t)y(t) #
0V t € T. The combination of all regressive and right dense continuous function is represented as % =
R(t) = R(T,R). Similarly all positively regressive function is denoted by #* = #*(T,R) = {y €
Rl +u()y(t) >0Vt €T}

Definition 2.3[6] If F: T* — R is said to be anti-derivative of f:T* — R provided FA(t) = f(t)
fulfilled, for all t € T*, then
t
J,f()As =F(t) — F(a)

Definition 2.4 Let the matrices are A € C™(R™ ™) and B € CP*4(RP*?) the the Kronecker product
of A and B. we have defined to be the partitioned matrix written (A @ B) is

a”B a,ZB a]nB
AQB = anﬁ -C%?ZB o amoB
a;B apB - apB

is an mp x ng matrix is in C™<*(R™™),

Definition 2.5. Let 4 = [a;;] € R™", we denote

Ly aij

) a;

A=VecA= A:Z ,where A ; = I 2]\ (I<j<n)
Ay Am;j

Here we converted the linear matrix Sylvester dynamic impulsive system on time scales to an
equivalent KP dynamic impulsive system on time scales using vectorization operator. The dynamical
system is

(74@®) = GW2(®) + ADT (D), L€ [te-s i)
{z(t;) =[I, ® Ry lz(t,), t = ty, k =1,23... 2.1)
(@) = 1® O®z(®) + (I ® D)T(t) '
\z(ty) = 2
Where z(t) = Vec X(t), U(t) = Vec U(t), §(t) = Vec Y(t), R, = (I, + L) andG()=[Q* R+ R®
P+u®)(Q" ®P)AM=[T; ®T].
Now rearranged the linear adjoint dynamic system (2.1) as follows

z2(t) = =G ()z7(t) + AT (), t € [ti—p tidT
z(tF) = [I, ® Rlz(ty), t = t,, k=123...
@) =0 Q Gz (t) + (I ® DT (L)
z(ty) = 2.
Remark 2.1.[3]. Clearly observe that, the matrix valued function X(t) is a solution (2.1) on T if and
only if the vector valued function z(t) = VecX(t) is a solution of the system (2.1) on T.

(2.2)

Theorem 2.1.[7]. If G € C,q R (T, M 2, .2(R))and | € C,q | T,, M. 2, ,(R) ), then for each (7,7) €
n‘xn n‘xl

T, X R™ the initial value problem
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z4(t) = G(O)z() + (), z(x) =1,

has a unique solution z: T ;) — R™.
Lemma 2.1.[7]. If G € CoyqR ('Jl‘+,an(R)) and [ € Cyq4 (T+,anx,(R)), then for each (z,n) €
T, X R™ the initial value problem

z4(t) = G(O)z(t) +1(t), z(v) =,
has one and only one solution z: T(;) — R™ is given by

z(t) = Y (t, o) + th Ve (t,a(s))l(s)4s,t > 1.

Lemma 2.2.[7]. If G € CoyqR ('JT+,Mn2(R)) and [ € Cyq (T+,Mn2X1(R)), then for each (z,n) €
T, X R™ the initial value problem

zA(t) = =GT()z(t) + I(t), z(x) =,
has one and only one solution z: T(;) — R™ is given by

2(6) = Poer(t, O + [ Yo er(t,o())1()As, t € Tey,
Proposition 2.1. [8] The system (2.2) with G, € M, 2(R) constant, there exist scalar functions
xo(t, D), x;(t,7),..... Xn2—;(t,7) € C75(T4, R) such that the one and only one solution is given by
ec,f(t' T) = ?2251)(1- (t, T)G".

3. Complete Controllability

In this section, we present the controllability in time variant and time invariant adjoint dynamic system
(3) on time scales.

Lemma 3.1. forany € [t;_;, t))1,l = 1,2,..., k the solution of initial value problem (2.2) is given by

t
YL (toOzp+ | YE @ 0A,@T@AT L= 1

ty
1 1
e, (-, ] 1_[ [l ® Rj] 1_[ W, (t-1.t))z0 +
j=1=1

j=l-1
-2/ J j+1 ¢

@O =[]l r] [ | whttistd j 9 (0,6)A 0 (3.1)
j=1 \i=l—-1 i=l-1 j-1

ti—;
+I, ® Ri_] Ve, (@t DA (DT (D)AT )

t1—2
t

+ ¢£l(T, t)Al(T)ﬁ(T)AT,l =23, k.

\ ti—g

Proof: Form lemma 2.2 for t € [¢t,, t;]r, we have
t

z(6) =g, (), zp + | Y§, (T, DA, @T(DAT,

ty
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similarly, for t € [t;_;, t;)T, we have

z(t) = 9L, (-, Oz} + | ¥E,(@ A @T(AT,

L1
Also, form the system (2.2), we have

1 1
z(t) = 1—[ [I, ® R}] 1_[ l/)z;j(tj—litj)zf)

j=1=1 j=1=1
-2, 0 41 .
+Z< 1_[ [0 ® 0] 1_[ 08,(00-1,00) Og (D,[;)]g(D)ﬁ(D)AD)
O=1 \O=0-1 . O=0—1 Ug—1
-1
+ [, ® R/l Vi, (Tt DA, (DU@AT, L = 2,3, k,
ti-2

therefore for t € (t;_;, t;), we have
1

1
z(t) = Pg,(t 0 1_[ I, ® R} 1_[ W, (t-1.t)20
j=l-1

j=1-1
O+1

0-2 O N
+z=1< 1:[_1[[] ® ] | H] DE(EJ—]:D[)L _IDB(D, DD)DD(D)D(D)AD>

[ t

+ [, ® Ri_] Ve, @t DA,@U@AT ¢+ | i, (7, DA, (DT ()AL

t1—2 ti—g

After repeating the above same process, we get the desire results.
Theorem 3.1.
i If there exist at least ke {7,2, ..., [} such that
rank {Hk(tk—b tk' tf)} = le

then the impulsive system (2.2) is controllable on [ty, t;1r(¢tf € [tx—;, tidT)-
ii. Suppose that (I, ® R;) # —1, j = 1,2,..., k. If impulsive system (2.2) is controllable on
[to, tz]T(tf € [tr—s tk)T). then

rank {H], ""Hl} = nz.
Proof: (i). Let ke {/2,..,1} such that the rank {Hy(ty—; tx,t;)} =n’ ie., the matrix
Hy (ti—, ti, ty) is invertible then for a given z, € R™, we choose a control function given as
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o
( _A]T(t)l,[)G] (t, tf)Hl_Il/)gl(to, tf)Zo, fOT' t € [tg, tl]T'2 <k<l- [,
1 1
_AkT(t)l/)Gk(tr tf)Hk_Illjgk(tk—J, tr) 1—[ I, ® Ry 1_[ I/Jgk(tj—z; tj) zo for t € [t
j=k=1 j=k=1 (3.5

I I
— A" (g, (¢, te)H 1 PE (tm s tr) 1_[ I, ® Ry 1_[ lpgj(tj—b tj) zo fort € [ty
j=1=1 j=1=1

\ 0 ifte [to, tf]T\[tl—]:tZ)T;

obviously, the control function U(t) is a piecewise rd-continuous on [t t;]t. By Lemma 3.1. we
obtain

tr
Z(tf) = lp'gl (to, tf)ZO — .f ll)gj (T, tf) A[ (T)AIT(T)IIJGI (T, tf)Hl_llp'gl (to, tf)ZOAT,
to

by using equation (3.2), we have

z(tp) = Y& (to.tr)zo — HiHPE (to, ty)zg = 0 for t € [ty, ¢/,
then the system (2.2) is a controllable on [t,, t;].
Next,for2< k <l—1,and t € [ty_;, ti)T,

1 1
2(tr) = ¥, (te-1. 1) 1_[ [l @ Rj] 1_[ G, (t-1.4) 20
j=k=1 j=k~1
1

t
B j g, (. tr) Ak @A @g, (7, tr ) Hi WG, (trr, tr) 1_[ (I
t

k=1 J=k-1
1
® Rj] 1_[ ZACERE
j=k=1

it follows that from equation (3.3)
z(t;) = 0 for t € [ty—;, ti)T,
and similarly, we have
z(tr) = 0 fort € [t,_;, t)T,
thus, the system (2.2) is a controllable on [¢,, tf]T. So (i) holds.
(ii). Suppose that (2.2) is controllable on [tO, tf]T. We have to show that

rank {H,, ...,H,} = n°
Assume that
rank {H,, ..., H;} < n’
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Then, there exists a non-zero z, # 0 € R™ such that
zZHi (ot t)ze = 0,j = 1,2, ..., L.
For j=1
ty
ZlH,z, = f zot (. tr) A;(DA;" (D, (T, t )z AT,

ty

as zhyg (¢, tr)A,;(¢) is rd-continuous functions so

2295 (z. )4, @) = 0.
Which according to

A]T(T)lpg, (t, tf)Zar = 0} t € [t(), tl]']I" (36)
Fork =23,---,l — 1L
tr
z Hypz, = f zgngk(r, tr) A (DAL (g, (. tr) 2o AT = 0,
tr—1

255, (6, t) A (DA (O%e, (8 ) 2a = |239E, (& ) 4|
AkT(t)lpgk(ﬁ tf)Za =0,t € [ty tidT, (3.7)
Similarly,
AlT(t)lpgl(t' tr)zq = 0,t € [t )7, (3.8)

However, the impulsive system (2.2) is controllability on [t,, t;]y, and so choosing z, = z,, there
exists a piecewise rd-continuous control function U(t) such that

tr
0=z(t;) =¥E (to tr)zq + f Ve (tt) A DU@AT L =1 (3.9)
to

Multiply through by z?T in (3.9) and by using the transpose of the equations (3.6), we have
e, (to, tr)zazq = 0. (3.10)
Similarly,
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1 1
() =i ()] | [ @R | | 98,(5-08) 2
j=1=1 j=1-1
1

0-2
+ [Og
=1 \=0-1
j+1 tj
@& [ [ v ontd [ 95 (rt) 4@0@ar
i=l—1 tj—l
ti—;
+ [ ® R J. lpgl_I(T' ti-) A (DU (7)AT
t1—2
tr
+ f Y, (1, 6) A(U(DAT L = 23, ...
fi-1 (3.11)

Multiply by % (¢, tDWE, (t2,5)... 9%, (t1-1, tr) and z7 in the equation (3.11), using equations (3.7),
and (3.8), we have
!

ﬂ[ln ® Rj|zlz, = 0, (3.12)

i=2
From equations (3.10) and (3.12), according to that zlz, = 0. This contradicts z, # 0 and so, we
conclude that

rank {H,, ...,H,} = n’

Theorem 3.2. Suppose that (I, ® R;) # —1,j = 1,2, ...,k and G, (t) = Gy, A,(t) = Ay are constant
matrices. Then, the system (2.2) is a controllable on [t tf]qr(t € [t;_; t)T), if and only if

rank {M,,M,, ..., M;} = n° (3.13)

. -1 .
since, M; = [A7 AG; . ATGM ] j= 12,1
Proof: Suppose that the system (2.2) is a controllability on [to, tf]T. If the rank condition (3.13) does
not hold, if there exist z,, € R™ with z, # 0, such that
AiGi'zg = 0. (3.14)
For, j=1,..,ki=0,1,..,n° — I
We Consider
tr
H](to, tf' tf)Za = f egl (T, tf) A[A]TeG] (T, tf)ZaAT.

ty

From equation (3.14) and using Proposition 2.1, we have
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tr n?-1
H](to, tf' tf)ZD( = f egl (T, tf) A[A]T Z X]i(T! tf) G]iZaAT,
to i=0
ty n?-1

= f eCT,-I(T, tr) A, Z x1i(z tf) A,TGlizaAT = 0.
t i=0
By again equation (3.14) and using Proposition 2.1, according to
tr
Hy (b tir ;)2 = f el (7,t,) AcAiTeq, (1,1, zabt

tk—1
tf n’-1

= f egk(r, tf)Ak Z X]i(T' tf) AkTGkiZa,AT = (.
th—; i=0

For 2 < k < 1 — 1, similarly, H,(t,—;, t;, tf )z, = 0, according to
rank {M,, ..., M;} < n’

Hence, it is contradicting the conclusion (ii) of Theorem (3.1) and thus, we can conclude that the

condition (3.13) is true.

Conversely, assume that the condition (3.13) is satisfied. If the impulsive system (2.2) is not
controllable on t € [t,, tf]T(t € [t;—;, t)T), then it follows that from the conclusion (i) of Theorem

3.1., that the matrices H, (¢, tf, t¢), Hx(tx—1, tr tr) and Hy(t;-;, t;, t;) are not invertible. If there exist

Zg € R™ with Zg # 0, such that
ty
ZZ;HI(t(), tf’ tf)Za = f degl (T, tf) A[A]TQGI (T, tf)ZaAT = 0,
to
ty
Zng(tk—Iltkﬁ tf)Za = f Zg_:egk('[, tf) AkAkTeGk(T' tf)ZaAT = 0,2 < k < l—1
tk—1
ty
zH (o), b, b))z = f zhel (1, tr) 414, eg, (T, tr ) zo AT = 0,
ti—;

Exactly same as in proof of Theorem 3.1., according to

Al"eg,(ttr)zg = 0.for t € [t,, tf]T (3.15)
Ax"eg, (t,tr)zg = 0.for t € [y, ti)T. (3.16)

Where2 <k <1 - 1,and
AlTeGl(t, tf)za =0.fort € [t;_;, t)T (3.17)

Differentiating equations (3.13), (3.14) and (3.15) it times, where (0 < i < n’ — I), we obtain
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A1T61i661 (z, tf)za =0.fort € [ty t;]T. (3.18)
A Gleg, (T, t)zq = 0.for t € [ty—p, tidT. (3.19)

Where2 <k <1—1,and
AlTGlieGl(T, tf)za = 0.fort € [t;_;, t)T. (3.20)

If we take t = ¢ in equations (3.18), (3.19) and (3.20), then it follows that AjTGjiza =0,forj=
1,...,k and i =0,1,..,n° — 1.Which implies that the rank condition (3.11) fails, which gives
contradiction. So, the impulsive system (2.1) is controllable on t € [to, tf]T(tf € [t;_;, tl)T). So that

the system (2.2) is controllable by theorem 3.2.
4. Complete Observability

In this section, we present the observability in time variant and time invariant adjoint dynamic system
(2.3) on time scales.

Definition 4.1. The system (2.2) is said to be completely observability on [t tf]T(tf > t,) if any

initial state z(t)) = z, € R™ is uniquely determined by the corresponding system input U(t) and the
system output y(t) for [t,, tf]T.
Theorem 4.1. Suppose that [I, ® Rj] = 0,j = 1,2,..,1. Then, the impulsive system (2.2) is
observable on t € [ty, t;], (¢ € [t,;, t)y) if and only if the matrix

-1 J l
W (to, tf) =W (ty ty, t;) + 2 1_[[111 ® R AW (t,, ti—1» tj) + n[ln Q@ RIW (ty, ty—y, tf)
=2 i=1 i=1

is invertible, where
t;

W (ty to, ;) = f Y6, (tp, DA ® CHT (AR CHOYE, (ty, T)AT,
to

tj

W(toti_nt)) = f Q(tp D1 ® ) @IS )DL (b D)AT,j = 2,1~ 1,
tj—g
and
tr
Wt ti-s, tf) = j Qe )AR )M ® Cz)(T)QlT(to, 7)AT,

ti—1
with
Qf(to, T) = l/)gj(tj_l, T)l/)g}._I (tj—Z! tj—l) l/)gj(t(), tj),j = ], . k
Proof: Assume that the matrix W(to, tf)T is invertible. From the system (2.2) and the equation (3.1),
we have

For ¢ € [ty tr]
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t;

y() = A CHWYE,(tp 1)zg+ U Q € (L) f Y&, (t,)A; (D U(t)AT 4.1)
to

+0® DU,
and
fortE(tk Iitk]'I['Jk=23 .

1
y(©) = (1 ® G OWE, (b, 1_[ @ R] | | wh(6-nt) 20 @ CO®

j=k—-1 j=k-1

k=2 k k+1 tj
+ ( [I, @ R;] H Y6, (g t) f’l’c (. t)) 4 (T)U(T)AT>(I®Ck)(t)

i=k~1 i=k~1 ti_;

j=1
tk—1

+, ® Rl J V&, (@t ) A (DT (@OATIA @ Ci)(8)

tg—2

+ [ @0 A@I@AT+1® DITE (42)

tk—1
From the Definition 4.1., that the observability of the system (2.2) is

I ® CIOPE, (t, )zp, t € [ty )]y

y( (4.3)

1
t) =
1_[ [l ® R ® COWE, (£, £) zo,t € (ti ticlp ke = 2,3, .1
j=k—1
as U(t) = 0. Now multiply by Q. (t,, )T & C,,)T (¢) to both sides of the equation (4.3) and integrating
with respect to ¢, to tr, we get
|

[ e cumdaeny mnman

g
Ly

=| [ 00 ma® 1) (I 1) (A
10 .
+Z2l_[ C®0 ] f Q (Up A 1) (NA® 1)) (T AT
k ty -
+[ [in @R f Q(t0t)A® €)' @A ® C)DQ (b, DAt 2,
=1 ti—s

and so,
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tr
f 0t )1 ® COTY@AT = Wt t)z9. (44)

Obviously, the left-hand side of equation (4.4) depends on y(t),t € [to, tf]T. Since the matrix

W(to, tf) is invertible, then from linear algebraic equations (4.4) we deduce that z(t)) =z, is a
uniquely determined by the corresponding system output y(t),t € [to, tf]’]I"

Conversely, assume that the matrix W(to, tf) is not invertible, then there exists a nonzero z, € R”z,
such that
z2ZW(ty, tr)zq = 0.
Since, [L®R]=0, j=12..,1, W(ytyt), W(tsti_pt;)forj=23..1—1 and
W (9, t;—;, ty) are positive semidefinite matrices, we get
zEW (ty, to, t1)zq = 0.
zIW(tp, tj_1t))zq = 0. forj=2,..1—1 (4.5)
2EW (ty, ti_p tr)zq = 0.
We choose z, = z,. Thus, from equations (4.3) and (4.5), according to
tr t

f y'(@y(Ar = f 2o, (6, T, )A® CHT(DA® CHOYE (¢, Tz AT
2t

-1[ J )j
) [ [mer| [ 70,e 00 6) ©18 60 @z
=2 |i=1 ti;
2 tf
+ [I, ® R{] f zEQ (£, 1, ) Q C)T () (A ® C)(T)Q] (ty, 1)z, At.
i=I ti—;
implies
ty
[v@irac=o
¢
According to
( I ® CHOYg, (ty, t)zp t € [ty t/]T
k
0=y(t)=<ll=_][1 ®R](I®Ck)Q (to,t)Z(),tE(tk I'tk]']rlk 2,...,1—],
l
1_[ [I, ® RI(IQ CHQ (1) 2y t € (t1_y, t)]
\ i=1
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The last equality implies, by Definition 4.1., that the system (2.2) is not observable on
t € [ty tr] (tr € [t tD1)-
Theorem 4.2. Assume that [I, @ R;] = 0,j = 1,2, ...,1 and G, (t) = G, A ® C) () = A ® C) are
constant matrices. Then, the system (2.2) is observable on t € [t,, tf]T(t € [t;_;, t)T), if and only if
rank (S) = n’.
Let us define the following matrix

(1®6Gyy)

I® G)Pf

S= (4.6)

: .
a® 6o (PN)"

Proof: Assume that rank (S) = n’. And we aim to show that the system (2.2) is observability on

t € [ty tf]T(t € [t;—;, t)T). If otherwise, namely the system (2.2) is not observability then by

Theorem 4.1., according to the matrix W (¢, t;) is not invertible, which leads to that there exists a
nonzero vector z, # 0. Then by using Theorem 4.1., we have
t

ZTW (ty, b t)) 20 = f 2leq, (6 DA ® €A @ CTel (ty,)zalT
ty
t;

T T
- f [ ® C)el (6 D)za] [ ® el (ty7)za] " A1,
to
Similarly,
(I® GO (ty,)ze =0, =1,..,1— 1, (4.8)
and
(I ® Cl)Q’{(tOI t)Za = 0; (49)
Where Qf(to, t) = egj(tj_l, t)egj_l (tj_g, tj_1) egj(to, tl)'
Obviously, at t = ¢y, we obtain (I ® C;)z, = 0, for j = 1,...,1 — 1, and differentiating the equations
(4.7), (4.8) and (4.9) n° — I times and evaluating the results at t = t, gives
(I®C)Glzg=0,i=01,..,n° —1,j=12,..,1 (4.10)

Therefore, by the equations (4.6) and (4.9) we have Sz, = 0, And furthermore, z, # 0 implies that
rank (S) < n’ which leads to a contradiction with the assumptions that rank (S) = n”.

Conversely, we assume that rank (S) < n’. Thus, there exists z, # 0 such that Sz, = 0, which leads
to the equation (4.10).

From equation (4.10) and using Proposition 2.1. we obtain

t; nZ_]

Wty to, t)zq = f Z x1i (to, Deg, (L, DA ® CHTA® Ceg, (ty, 1)zaAT

ty i=0
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tin?—g

= f X1i (tp, Teg, (), DA R CHTA R Cet, (ty, T)zaAT = 0,

t, =0
Similarly, forj = 1,2, ...,1 — 1

W (o tjos, t;)zq = 0,
and

W(ty, ti—1,t)zq = 0.

The equation (4.10) yields W (t,, t; )z, = 0. Since z, # 0, the matrix W (¢, t ) is not invertible. Hence
the system (2.2) is not observable, and it is contradicting with the assumption of observability.
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