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Abstract:

Quantum error correction (QEC) is beneficial for ensuring reliable quantum computation
and communication by addressing the susceptibility of quantum states to errors from
decoherence and noise. This study explores the use of Quantum Matrix Product Codes
(MPCs) with an emphasis on monomial matrices and Hermitian duals to achieve efficient
and robust error correction. We provide a detailed mathematical formulation of MPCs
utilizing monomial matrices, emphasizing the importance of Hermitian duals in
maintaining code integrity and ensuring effective error correction. The paper proposes a
new criterion for utilizing the rank of the generator matrix associated with linear codes
established from Hermitian dual-containing (HDC) of the MPCs. Then, using this criterion,
a new set of quantum maximum-distance-separable (MDS) codes has been constructed with
better code parameters and error-correction potential. For comparison purpose, different
codes have been observed alongside with the obtained codes to ascertain the uniqueness
and error correction capabilities.

Keywords: Linear codes, Hermitian-dual-containing, Matrix-product codes, Maximum
distance separable codes, Monomial matrix.

1. Introduction

The concept of QEC is pivotal in quantum computation and communication, addressing issues like
decoherence and quantum noise. Since seminal works [1,2,3], research in quantum codes has
flourished, particularly in constructing effective quantum codes. The notable Hermitian construction
[4] demonstrates that a linear code having parameters [[n,2k — n,> d]]qz can be developed from a

HDC [[n,K, d]]qz code. Thus, developing qz-ary HDC codes is crucial for obtaining (-ary quantum

codes [5].
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A HDC code ¢ is a type of linear code where its Hermitian dual code ¢*+ meets condition given as
¢ o ¢*v. These quantum codes, introduced in [1], are important for creating high-quality quantum

codes. Much research has focused on defining and constructing HDC codes. In [6], The conditions for
2 —constacyclic codes over finite fields to be
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¥
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Fig. 1. Process of Quantum error correction using ancila qubits.

HDC is provided and utilizing these conditions, they established several categories of quantum MDS
codes. The existence of significant HDC constacyclic codes over finite fields is established in [7].
Recently, the sufficient conditions are provided for pseudo-cyclic codes to be HDC [8]. Additionally,
HDC codes have been utilized on finite chain rings. These criteria are generally applicable to
constacyclic codes.

Let’s now introduce a criterion for an MPC relying on the rank of the generator matrix and exhibit its
employment in developing quantum codes. Previous research has developed quantum codes using
MPCs over finite fields where the corresponding codes need to be satisfying the condition of dual-
containing. However, when the corresponding codes of MPC are not limited, the method to produce
guantum codes is unclear.

Recently, exploring matrix-product codes that satisfy Euclidean or HDC conditions has emerged as a
new method for constructing high-quality codes for quantum systems. For example, dual-containing
matrix-product codes have been obtained from of a novel outlook to derive effective quantum codes
from Reed-Muller, hyperbolic, and affine variety codes [10]. In the work [11], Zhang and Ge
introduced three novel categories of MDS codes which are obtained using MPCs for Hermitian self-

orthogonal codes with a length 2n over Fq. Later, Liu et al. proposed two techniques for constructing
HDC matrix-product codes, leading to the creation of new quantum codes that surpass previously
known ones in performance [12]. Song et al. [13] utilized special code chains¢; ¢, C ¢, to develop

several 3N length quantum codes using Hermitian MPCs of ¢;, ¢, and {5 over FrZ’ achieving

distances greater than r+1. In this paper, we first demonstrate that any matrix-product code can be
HDC. We then construct quantum codes using monomial matrices and MPCs. Notably, few quantum
codes presented by proposed method are novel, and some possess larger dimensions compared to those
found in existing literature. This method stands out due to its use of sophisticated algebraic structures
and properties, especially the HDC property. This characteristic ensures that the constructed codes and
their duals intersect trivially, which is essential for effective quantum error correction. Additionally,
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the use of minimal polynomials allows for precise tuning of code parameters, resulting in highly
efficient and robust quantum codes. These features make the method particularly well-suited for
practical quantum computing applications, offering scalability and adaptability to different quantum
architectures [14, 15]. The incorporation of these algebraic techniques enhances the performance of
guantum codes and lays a strong foundation for future developments in theory of quantum error codes
[16]. The organisation of the remaining paper is as follows: Section 2 covers the mathematical concepts
necessary for understanding the construction of quantum codes from classical HDC codes. Section 3
outlines the proposed construction method, while section 4 provides the conditions for constructing
guantum codes. Section 5 discusses the simulation results of the obtained codes, and finally section 6
gives the concluding remarks.

2. Mathematical background

Throughout this paper, take ¢ as a prime power. Let qu denote the finite field with q2 number of

elements and suppose Fq*z denotes the set having nonzero elements from qu. Let ae qu be any
element then a=a“ denotes the conjugate of element a. Let M(qu,sxl) be the collection of
matrices over qu of size sxI. If A=(g;)eM (qu ,$x1) then conjugate transpose of A is denoted by
A" =(a,).

Consider a code §=[[n,k,d]]qz which is linear, is a subspace of Fq”z with length n. The Singleton
bound d < n+1-k, must be satisfied in order for linear code ¢ to be maximum distance separable
(MDS). Let’s denote a g-ary quantum code Q with length n by [[n,k,d]], which is of size g« and
minimum distance d. Then, the quantum code Q happens to be a subspace with dimension g+ of %

which is the " -dimensional Hilbert space written as ¢ =, ®¢, ®-®¢,. The quantum code Q

can identify and correct at most d -1 and (d —1)/2 errors respectively. The quantum Singleton bound
2d < n — k + 2 must be satisfied by the parameters of the quantum code Q. The codes attaining
the bound 2d =n — k + 2, are known as maximum distance separable (MDS) codes. We can define

Hermitian inner product of two vectors X = (X,%,...X,) and y = (YosY0 ¥ ) €FL @S

A

(X, ¥)y =in]. Consider a code £ of length n which is linear and elements are from qu, the
i=1
Hermitian dual corresponding to the code ¢ is writtenas £ ={a e F”qz | (a,b),, =0forallbe }. If

& ¢t then code & is termed as HDC. Let a vector v:(vl,vz,...,vn)quZ, then we find

Ve =(v,v,%,...,v,"). Foragiven subset S of F!, s is defined as the set {v*|v e S}.

Let's revisit fundamental concepts related to matrix-product codes [17],[18].
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Let A:(aij) denote a matrix of size sx| with s<| over qu and let S :{51142’---145} be a family of
S linear codes with N as length of each code ¢; having elements in qu. The matrix-product code
(MPC) generated by ¢, =[<,,<,,--. <. ]-A which is a code of length nl and contains all MPCs
[C,,Cy,.., C]. A for some C =(Cli,02i,...,cni)T €. Here c; represents nx1 column vector for each

i=12,...,S. Any above defined codeword of the set & (A)isan nx| matrix written as

Ci Cp ... G
Cy Cp ... C

c=| 2 7 FIA
Cu Cry - Cng

s s s N
zcliail zcliaiz zcliail
i=1 i=1 i=1
s s s

ZCZiail Zcziaiz Zcziail

i=1 i=1 i=1l

s
chiail chiaiz chiail
i =1

Consider that foreach i =1,2,...,s, Gi denotes the generator matrix for the linear code §i then ¢, isa
classical code having the generator matrix given below

a11C51 aiZGl s ail Gl
G, = a21:G2 azz.G2 = az,:G2 .
a,G, a,G, ... a,G,

A matrix A=(a; ). j<, Of size NxN is called a monomial matrix if the matrix A is non-singular and

each row and column possess exactly one non-zero element.

3. Proposed Work

Denote by A=(a1.j), an sxs matrix where entries belongs to F" , then we designate A’ =(aijq),
and then the condition to be HDC for a linear code is outlined below.

Theorem 1: Let ' gives an [n,k,d]qz linear code with elements from qu and G be the generator
matrix of code ¢ . Then the code ¢ is HDC if and only if (G(G")") <2k—n, where p(A) is the
number of linearly independent rows of the matrix A.
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a a,’ b,
q

a b . i
Proof: Let G=| | then GY = a? . Let H=| 2 | be the matrix of parity-check for £ then ¢
a‘k akq bn—k
satisfies ¢+ < ¢@ if there exists vectors (hy, by, by ) (Lo ) oo (1 il ) € F
such that
b =l,a'+1,a) +...+1 &

_ q q q
b, =1,a'+1,,a, +...+I2,kak

bn—k = In—k,lalq +In—k,2ag +"'+In—k,kal(j
and n—k <k.
Now, GH™ =0 because H is the matrix for parity-check of £. That is,
abl ab, ... ab,
GHT — aZbir aZb; aZbrT—k :O
abl ab) ... ab
The condition ¢* < ¢ holds if and only if (g, 1y, b ) (g by s oo (bl i) are
solutions of the following system of equations with full rank,

a(a)) x +a,(a;3) X, +...+a,(&) %,
3,(a))" X +3,(87)" X, +...+3,(af)" X,

a (') x +a (@) x,+...+a (@) x,
and, 2k>n. So, the code ¢ satisfies the condition for Hermitian dual-containing. Hence, if
p(G(G)")<2k-n, and 2k >n, then &*H <= ¢
Now, we give some theorems which shows that the MPC is also HDC.

1 2 ... s

z 7, ... 1

J be a permutation on $ symbols and P, be the corresponding permutation

S

matrix where Zith row of the identity matrix | is placed at the i"" rowof P, fori=1,2,...,s.

Theorem 2: Let [n,ki,di]qz be linear codes denoted by ¢; with the condition QZLH c¢ e, G is

HDC for every i=1,2,...,s. Denote by Ae M(qu,sxs), a non-singular matrix with the property that
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AA" is a monomial matrix for some permutation o, then the set of MPCS{, =[¢1, ¢, ¢ J.A s a

Hermitian dual-containing code with parameters [sn, > k;,> d]. where d, =min{D,(A)d, }.

i=1
Proof: With respect to the permutation o, the matrix AA" is given to be a monomial matrix therefore,

there exists an sxs diagonal matrix D =diag(d,;,d,,,...,d.) where d, =0, such

that
AA"=DP,
= AA"=DP,

= A=(DP,)(A)™

= A* =(DP,(A)™")*

— Al=AP'D*

— A'=AP/ D"

= (A7) =(AP DY

= (AT =(D7) (F)) (A

= (A" =(D')'P.A

Using the lemma [11,19], it gives

(¢ Corn CIA T =I6 G 6T LD R A

It is well known that ;'™ is linear, so d;¢"" =¢*" forevery i=1,2,...,s. From

the theorem 3and [, &,™",... &P, =[¢, 7" ¢, "0 6,

2

[ M LMD P A A9, e P A
=[5 G CTRA
=[G, e G TA
c[¢1.65n GGA).

Hence, the linear code together with the MPC satisfies the condition for Hermitian dual-containing.

Through the use of lemma [17], the code’s parameters are [SN, Zki,z d]qz, here d, =min{D,(A)d.}.

i=1
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4. Codes obtained from MPC utilizing HPC codes for quantum system.

Quantum codes are crucial for both quantum communication and computation. From the time of
noteworthy discoveries cited in [2] and [3], the field of quantum information and error correction has
advanced rapidly. Recently, the focus has been on constructing MDS codes, which are central to
guantum coding theory. These quantum MDS codes are developed utilizing the Hermitian codes
together with quantum Singleton bound. To obtain quantum MDS codes, it's necessary to identify the

MDS codes over qu that satisfy ¢ < ¢ . This approach has led to the creation of several new

category of MDS codes for quantum system. For instance, Guardia [20] constructed quantum codes
utilizing cyclic codes, while Kai and Zhu gave negacyclic codes which aided in developing new
categories of quantum MDS codes. Inspired by the work referenced in [6], Kai et al. introduced many
quantum MDS codes from constacyclic codes with advanced parameters. Let’s review some
foundational idea and consequence of quantum codes. For additional details, refer to [21].

Let V. =¢7 =£'®¢®...® 7 (n-times) denote the Hilbert space. Suppose that |x> ket vector

belongs to orthonormal basis of the code ¢, here the elements X belongs to F,- Then the

orthonormal basis of V, is defined as

{lc)=]cc,..c.)}
) Ble) @ Bl6,) e (6 Cancy) € FIH

Let a,beF, be any two elements and @ =exp(27i/ p) denote the primitive p" root of unity. First
define tr as the trace map from F, — F . Then unitary error operators X(a) and Z(b) in £° are
defined by X(a)|x)=|x+a) and Z(b)|x)=a"®|x) respectively. For a=(a,,a,,...a,)F we
define X(a)=X(a)®X(a,)®..®X(a,) and Z(a)=2Z(a)®Z(a,)®...QZ(a,) to be the error
operators. The error basis for complex vector space ¢% is E,={X(a)Z(b)a,beF"} and
G, ={e’X(a)Z(b) a,beF',ceF} is the error group associated with E,.

Theorem 3 [10]: Let [n,k,d]qz is a linear code denoted by ¢ and suppose its generator matrix is G.

Then a quantum code [[n, 2k —n,>d]],, exists if p(G(G)")<2k—n, and 2k >n.

Theorem 4: If A denote a monomial matrix of size n with non-zero elements ay,a,,...,a,, € Fq,

then there exist a permutation o €S, such that A=diag(a,,a,,...,a, ;)P, where P, isthe matrix with
respect to the permutation o.

1 2 ... n
4, 1

n

Proof: Let o =( j be any permutation on S, then we can obtain a permutation matrix

P for o as
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where i" row of the identity matrix goes to the 2" row of the nxn identity matrix.

Now, let
d, 0 0 0
p-| 0 % 0 O
0 0 04

be a diagonal matrix with d. e Fq*(dii #0 for each i).

To construct a monomial matrix from the permutation o and diagonal matrix D, multiplying D and
P_, we get

A=DP,

=| | where each d. occurs in some order.

Hence, the matrix A defined above is a monomial matrix.

Example 1: Let £ denote an [n,k,d]qz linear code with length 13 where elements belongs to the field

F,. having generator matrix G. The trace function is define as tr (bx) = (bx) + (bx)°
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(100000000 & o o o
010000000 & o 0 &
001000000 & o 0 o
000100000 0 0 0 o
G={0 00010000 1 o 0° o
000001000 & o 0 o
000000100 & 0 o &
000000010 & o o o
0 000O0O0CO0O0I1 o 0° o a)mj

Since we can easily that the rank of (G(G®)") is 5, which is less than or equal to 2x9—13. By
Theorem 4, a code having parameter [[13,5,5]]; and satisfying MDS condition is found.

Example 2: Let £ denote a linear [n,k,d]qz code with n=17 over the field F, having generator

matrix G. The trace function is define as tr(bx) = (bx) + (bx)’

1000000000000 & & o o
0100000000000 & o & o
0010000000000 0 o o® o
0001000000000 0 o o o
0000100000000 o 0 0 o
0000010000000 & o o o
G=[0 000001000000 o o o o
0000000100000 0 o & o
0000000010000 o o° 0 o
0000000001000 o o o o°
0000000000100 o o 0 0
0000000000010 o & o o
0000000000001 0 o & o]

Since p(G(G')")=9<2x13-17, Using the Theorem 5, a quantum MDS code with parameters
[[17,9,5]], is found. For comparison, the obtained quantum code has good and new parameters than in
[12]. Other quantum codes such as[[11,5,4]],, [[18,12,4]], and [[64,56,3]], are also obtained.

5. Results and Comparison

Utilizing HDC, MPC and minimal polynomials with the HDC property has resulted in the development
of the [[13,5,5]]; and [[17,9,5]], quantum codes. These newly constructed codes demonstrate superior
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error correction capabilities, offering a practical balance of rates and lengths suitable for
implementation in quantum computing systems. The underlying algebraic structures and properties not
only enhance the current performance but also lay the foundation for upcoming improvements in
guantum error correction technology. The newly developed quantum codes, characterized by improved
parameters such as distance, rate, and length, are explicitly adapted for practical quantum computing
implementation. The use of advanced algebraic structures and properties in their construction not only
boosts their performance but also lays a robust groundwork for future advancements in quantum coding
theory [22,23]. In quantum codes obtained using the proposed construction method, the parameters are
better because we have encoded a greater number of physical qubits increasing the rate of the codes
have a larger minimum distance of these codes. A larger minimum distance enables the code to identify
and fix a greater number of errors. This is essential because quantum systems are extremely vulnerable
to various types of noise and errors, including bit-flips, phase-flips, and their combinations. Fault-
tolerant quantum computation necessitates maintaining error rates below a specific threshold. Codes
with larger minimum distances generally possess higher error thresholds, enhancing their suitability
for practical quantum computing applications. Although codes with larger minimum distances often
need more physical qubits for encoding, they decrease the overhead required for repeated error
correction cycles, resulting in more efficient resource utilization in large-scale quantum systems.

Table 1. Comparison of various codes obtained from the proposed method and [24].

Proposed Quantum Codes | Existing Codes from [24]
[[11,5,4]]; [[11,1,4]],

[[13,5,5]] [[13,9,3]]

[[17,9,5]], [[17,13,3]],

[[18,12,4]], [[18,10,41],

0 —e— [[11,5,4]]

113.5.51]
—e— [(17,9,5])
025 | —* 181241

Qubit Error Rate
e
=
&

0.4 0.6
Total Channel Flip Probability

Fig. 2 Comparison of various codes obtained with different parameters

From the Fig. 2, it is evident that the codes constructed exhibits better error correction proficiency.
These codes have a lower qubit error rate with respect to the total channel flip probability with varying
depolarizing probability under consideration. Also, the codes constructed from the proposed method
have better parameters than [24]. The analysis explored a range of qubit error rates from 0 to 0.3,
reflecting practical error rates in current quantum hardware. This selection aimed to cover both
standard and challenging operational conditions for quantum systems. At lower error rates, the
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[[17,9,5]], code showed a notable ability to mitigate errors, maintaining a low total channel flip

probability (TCFP). This performance suggests that the code effectively corrected errors introduced
by depolarizing noise, thereby preserving the state of logical qubits. As the qubit error rate increased,
the TCFP exhibited a linear rise, indicating the growing difficulty in keeping qubits error-free. Despite
this rise, the code's error correction remained effective at moderate error rates, highlighting its
reliability under typical conditions found in quantum hardware. However, when the error rate
approached0.3, the TCFP escalated sharply. This increase marked the point where the error-correcting

capabilities of the codes began to diminish, struggling to handle the higher frequency of errors. This
observation underscores the limitations of the code at elevated noise levels, pointing to the need for
further optimization or alternative strategies to manage such extreme conditions more effectively.
https://github.com/ShivenderGoswami/Quantum-MPCs

6. Conclusion

The method of establishing quantum codes using HDC together with MPC and minimal polynomials
with the HDC property has led to significant advancements. The resulting codes, such as the [[13,5,5]],

and [[17,9,5]], codes, feature excellent parameters in terms of distance, rate, and length, making them

highly suitable for practical quantum computing applications. These codes exhibit robust error
correction capabilities, making them resilient to various forms of quantum noise and errors.
Additionally, the integration of specific algebraic structures and properties enhances their performance
and establishes a strong foundation for ongoing research and development in quantum coding theory.
This innovative approach opens new pathways for the creation of more efficient and reliable quantum
codes, advancing the field of quantum information science.
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