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1. Introduction

Water distribution systems are critical to ensuring access to clean and reliable water for urban and
rural populations. However, the growing demand for water, aging infrastructure, and the impacts of
climate change have posed significant challenges to WDS management. These challenges necessitate
the adoption of advanced technologies to optimize operations, enhance sustainability, and reduce
costs. Mathematical optimization provides robust tools for resource allocation, scheduling, and
system design. Combined with artificial neural networks, these methods enable predictive modelling
and adaptive decision-making in complex, dynamic environments. This paper examines the synergy
between these approaches and their application to water distribution systems, highlighting their role
in achieving operational excellence.
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2. Mathematical Optimization in Water Distribution Systems
2.1 Overview of Mathematical Optimization

Mathematical optimization involves selecting the best possible solution from a set of feasible
solutions while satisfying specific constraints. In the context of a Water Distribution System
(WDS), optimization aims to balance objectives such as minimizing energy consumption, reducing
water loss, and maximizing supply reliability.

General Mathematical Formulation
A mathematical optimization problem can be formulated as follows:
Minimize (or Maximize): f(x)
Subject to:
gi(x)<0,i=1,2,..,m
hix)=0,j=1,2,...,p

X€ X

Where:

o f(x): The objective function to be minimized (or maximized).

. gi(x): Inequality constraints representing system limitations.

. hi(x): Equality constraints representing physical laws.

o X: Decision variables (e.g., pump flows, valve settings, tank levels).
o X: Feasible set of decision variables.

2.2 Application to WDS Optimization

1. Objective Functions:
o Minimizing Energy Consumption:
T P
Z- Z Cp-Qpw-Hpo
t=1 p=1
Where:

o Qp(o: Flow through pump p at time t.
Hp o Head provided by pump p at time ¢.
o C, : Energy cost per unit head ad flow pump for p.

o Reducing Water Loss:
N
Q@th
i=1
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Where:
o L;: Water loss at node i due to leakage.
o Maximizing Supply Reliability:
T N
f3(X) = Z |Dn(t) - Sn(t)
t=1 n=1
Where:
. Dy, +)- Demand at node n at time ¢.
o Sne) - Supplied flow at node n at time ¢.
2. Constraints:
o Mass Balance at Nodes:

Qi = Z Q) + Dne

keoutlets

Energy Conservation:

Hinlety(t) — H(outleny(y — Head Loss = 0

o Operational Constraints:
Qmin < Qp(t) < Qmax' I—Imin < H(t) < Hmax

Multi-Objective Optimization

Since WDS optimization involves multiple conflicting objectives, a multi-objective optimization
problem can be formulated as:

Minimize: F(x) = [f1(x),f2(x),f3(x)]
Subject to: g;(x) < 0,hj(x) = 0

Techniques such as Pareto front analysis or weighted sum method can be used to find a balance
among these objectives.

2.2.1 Pump Scheduling

Efficient pump scheduling is essential for reducing energy costs and ensuring continuous water
supply. Optimization models, such as mixed-integer linear programming (MILP) and dynamic
programming, have been employed to schedule pumps while adhering to pressure and flow
constraints. Formulation:

Minimize:
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p
f(x) = z Cp. Qp(t)- Hp(t)- At

T

t

Subject to:

° Qj) = Xkeoutlets Qk( T+ Dnev, V n,t (Mass balance)
. Hy) = Hinlen® — Houtlet®, ¥ P, t (Pump head)

d Qmin < Qp) £ Qumax ¥ p, t (Pump capacity)

° Hpin < H(t) < Hppax V t (Head constraints)

. x € X,t = 1,..., T (Feasible region)

2.2.2 Leakage Detection and Control

Optimizing the allocation of maintenance resources to reduce water loss is another critical
application. Optimization algorithms, including genetic algorithms and particle swarm optimization,
have proven effective in pinpointing leakage zones and prioritizing repairs.

Formulation:

Minimize: f(x) = XN_,.L,

Subject to:

. Ly = oy * P_g, ¥ n (Leakage model)

. Qjty = Xkeoutlets Qk(® T Dn + Ln, ¥ n, t (Mass balance)
o Hp) = Hinlet)y — Head Loss, V n, t (Hydraulic constraints)
. Phin < Pn) £ Pmax V 0, t (Pressure limits)

Where:

. L,: Leakage at node n.

. P,: Pressure at node n.

. oy, Bn: Leakage coefficients for node n.

2.2.3 Network Design

The design and expansion of WDS can benefit from multi-objective optimization approaches that
balance cost, reliability, and environmental impact. Algorithms such as non-dominated sorting
genetic algorithms (NSGA-I11) facilitate trade-off analysis for system planners.

Formulation:

Minimize:

E P T
f(x) = Z Cpipe(De) + z Cpump(p) + Z Ctank(t)
e=1 p=1 t=1
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Subject to:

i Zjeinlets- Qj = Zkeoutlets- Qk + Dn' Vn (Mass balance)

. Hstarte — Hende = f(Qe, De), V e (Energy conservation)
. Diin < De < Dpax V € (Pipe diameter constraints)

o Hpin < Hp < Hpax V n (Pressure head constraints)

. x € X (Feasible design space)

Where:

. Cpipe(p,): Cost of pipe e as a function of its diameter De.
. Cpump(p): Cost of pump p.

. Ctank(t): Cost of tank t.

f(Q., De): Head loss function for pipe e based on flow Q.and diameter D,.

3. Artificial Neural Networks in Water Distribution Systems
3.1 Overview of Artificial Neural Networks

Artificial neural networks are machine learning models inspired by the human brain's structure and
function. They are particularly well-suited for modeling non-linear relationships and making
predictions based on historical data.

3.2 Applications in WDS
3.2.1 Demand Forecasting

Accurate demand forecasting is crucial for effective water resource management. ANNs can model
complex temporal and spatial patterns in water consumption, enabling utilities to predict demand
with high precision.

An ANN approximates the demand forecasting function as:
90 = fannx; o)
Where:

o fann: Nonlinear mapping function of the ANN.
. 0: Set of trainable parameters (weights and biases).

Input Layer:
The input vector x(t) includes n features:
x(t) = [D(t—1),D(t— 2), ..., D(t — k), Hour, Day, Temperature, Humidity, ... ]
Hidden Layers:
Each hidden layer consists of neurons that apply a nonlinear transformation:
z = o(Wl.z'"t + bl)
Where:
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. z!: Output of the 1 — th layer.

o W!: Weight matrix for the 1 — th layer.

. b': Bias vector for the 1 — th layer.

o o: Activation function (e. g., ReLU, sigmoid).

Output Layer:
The final layer produces the predicted demand:

y(t) = whk.zl=1 + bt
3.2.2 Fault Detection

ANNs are instrumental in identifying anomalies in WDS operations, such as pump failures or
pipeline bursts. By training on historical data, ANNs can detect deviations indicative of potential
faults, reducing response times.

Mathematical formulation:

1. Input Representation:
x(t) = [P1(1), P2(1), ..., Po(1), Q1 (D), ..., V4 (t), Pump Status(t), Demand(t)]

2. Forward Propagation:

o Hidden layer outputs:
)zl = o(WWxW 4 pt)
i) z2= o(WP% + p?)

J Final output:

) 9O = gy = WS+ b

Here:

. W'and b'are weights and biases for layer 1.

o o: Activation function (ReLU for hidden layers, z?gf:;?z for output).

Loss Functions

1. Binary Classification: Use Binary Cross-Entropy Loss:
N

1
L=-3* Z-[Yi-log(f’i) + (1 — yp.log(1 — §)]
i=1
2. Multiclass Classification: Use Categorical Cross-Entropy Loss:
1 N C-1
L= 2> ) yflog(f)
i=1 c=0

3. Regression: Use Mean Squared Error (MSE):
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L =

Z| -

N

2
-Z-“fﬁ‘ yill
=1

3.2.3 Energy Optimization

Combining ANNs with optimization techniques allows utilities to predict energy usage patterns and
identify opportunities for energy savings. This integration facilitates dynamic adjustments to
pumping schedules and operational strategies.

Mathematical Formulation:

1. Input Representation:
x(t) = [D1,D?, ...,P1,P?, ..., Tank Levels, Time]

2. Forward Propagation:
o Hidden layer outputs:
izl = o(WH® 4 pt)
iiz? = o(W®% + b?)

o Final output (predicted operational settings and energy consumption)
i9(H) = w2 4 pt
3. Loss Function:
o The loss function incorporates both energy minimization and system constraints

N
1 A 2 . . .
L = N'Z'(Yi — yi)* + A.ConstraintViolation;
i=1

Where:

. y;: ANN — predicted outputs.

. yi: True operational settings and energy values.
. A: Penalty weight for constraint violations.

Constraints

1. Flow and Pressure Constraints:
o Ensure sufficient pressure at demand nodes:

P, = Pyin, Vj € demand nodes

2. Pump Operating Limits:
o Pump speeds must remain within allowable ranges:
S_(min) < S_i £ S_(max),Vi € pumps
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3. Valve Position Constraints:
o Value positions must be physically valid
0 <V, <100,Vi € valves

4. Energy Minimization:
o The total energy consumption should be minimized:

M
E = z Pump Power;. Operating Time;
i=1
4. Integration of Mathematical Optimization and Artificial Neural Networks

The combined application of optimization techniques and ANNSs creates a powerful framework for
addressing the multifaceted challenges of WDS. ANNSs provide predictive insights that inform
optimization models, while optimization algorithms enhance the implementation of ANN-driven
strategies.

4.1 Workflow Diagram

Diagram below is a workflow illustrating the integration of mathematical optimization and artificial
neural networks in water distribution systems:

[Start]
!

[Data Collection & Pre-processing]

!
[Artificial Neural Networks (Predictive Modelling)]

!
[Optimization Algorithms (Resource Allocation & Scheduling)]

!

[Operational Implementation]

!
[Feedback Loop] — (Back to Artificial Neural Networks)

Figure 1: Workflow in Water distribution systems

https://internationalpubls.com 1192



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 9s (2025)

This workflow highlights the sequential and iterative steps of data-driven decision-making, where
predictive insights from ANNs feed into optimization models, leading to actionable strategies
implemented in WDS operations.

5. Empirical Validation: Data Collection Methods and Results
5.1 Data Collection Methods

The empirical validation of this study relied on real-world data from water utilities. Data collection
methods included:

a) Sensor Data Acquisition: loT-enabled sensors were deployed to monitor flow rates, pressure
levels, and energy consumption in various zones of the WDS.

b) Historical Data Analysis: Water consumption records spanning five years were collected to train
the ANN models for demand forecasting.

c) Fault Logs and Maintenance Reports: Historical logs of pipeline failures and pump maintenance
events were used to develop and validate fault detection models.

d) Geospatial Data: Geographic Information System (GIS) data was used to model pipeline layouts
and optimize network design.

5.2 Results and Interpretation

Graphs illustrate the results, showcasing improvements in energy efficiency, leakage detection,
demand forecasting accuracy, and operational cost savings.

Energy Consumption Comparison . Leakage Detection Accuracy by fone
0.0

Figure 2: 1. Energy Consumption Comparison: Displays the reduction in energy usage from
baseline to optimized operations. 2. Leakage Detection Accuracy: Highlights accuracy
percentages across different zones. 3. Demand Forecasting Accuracy: Compares actual and
predicted water demand over a 10-day period. 4. Operational Cost Savings: Shows cost
distribution before and after optimization.
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1. Energy Consumption Comparison

A bar chart comparing energy consumption between the baseline (before optimization) and
optimized system. The optimized system shows a significant reduction in energy consumption
compared to the baseline. This highlights the effectiveness of the optimization algorithms and ANN
in improving energy efficiency. Optimized operational strategies like pump scheduling likely led to
reduced energy usage.

2. Leakage Detection Accuracy by Zone

A bar chart displaying leakage detection accuracy in four zones of the WDS. Each zone shows high
detection accuracy, with minor variation between zones. Zone 2 and Zone 4 appear slightly more
accurate than Zone 1 and Zone 3. Accurate leakage detection indicates that the system effectively
identifies potential issues, improving water loss management.

3. Demand Forecasting Accuracy

A line graph comparing actual and predicted water demand over 10 days. The predicted demand (red
line) closely follows the actual demand (blue line), showing minimal deviations. The ANN model for
demand forecasting has high predictive accuracy, ensuring that the system can efficiently meet water
demands.

4.0Operational Cost Savings

A bar chart comparing operational costs (energy, maintenance, and other) before and after
optimization. Significant cost reductions in energy and maintenance after optimization. Minimal
savings in the "Other" category. Optimized resource allocation and system improvements lead to
lower operational expenses, particularly in energy and maintenance.

The optimization process effectively reduces energy consumption, improves leakage detection,
enhances demand forecasting accuracy, and leads to substantial cost savings. The system
demonstrates improvements in both operational efficiency and resource management, benefiting the
WDS's overall performance.

6. Interpretation

The integration of mathematical optimization and ANNs was validated through a pilot study in a
mid-sized urban WDS. Key results include:

o Energy Efficiency: Optimization of pump schedules, guided by ANN-based demand
forecasts, led to a 25% reduction in energy consumption compared to baseline operations.

o Water Loss Reduction: Leakage detection models achieved 90% accuracy in identifying
leakage-prone zones, enabling targeted maintenance that reduced water loss by 18%.
o Improved Demand Forecasting: ANN models achieved a Mean Absolute Percentage Error

(MAPE) of 4.2% in predicting daily water demand, significantly outperforming traditional linear
regression methods.

o Operational Cost Savings: Combined optimization-ANN strategies resulted in an estimated
15% reduction in operational costs over six months.
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7. Challenges and Future Directions
7.1 Data Availability and Quality

The effectiveness of ANNs depends on the availability of high-quality data. Future research should
focus on developing methods to handle missing or noisy data.

7.2 Scalability and Complexity

Large-scale WDS pose computational challenges for both optimization and ANN models.
Advancements in cloud computing and distributed systems can help address these limitations.

7.3 Integration with 10T and Smart Sensors

The integration of Internet of Things (loT) devices with ANN and optimization frameworks can
provide real-time monitoring and adaptive control capabilities.

8. Conclusion

The integration of mathematical optimization and artificial neural networks offers transformative
potential for water distribution systems. By enhancing efficiency, reducing waste, and promoting
sustainability, these technologies address critical challenges in water management. Continued
research and innovation will be essential to realizing their full potential and ensuring equitable access
to water resources in an increasingly resource-constrained world.
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