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1. Introduction

The fixed point theory has started in 1912. It has three main sections: Topological fixed point theory,
Metric fixed point theory and Discrete fixed point theory. Fréchet [1] introduced metric spaces in the
context of functional analysis.

Further many authors worked on it and initiated various new spaces. Sedghi et al [2] initiated the
concept of S-metric space. The authors [3], [4], [5], [6], [7]. [8], [9], [10] have extended the study of
S-metric space.

Ozavsar et al [11] showed an equivalent of Banach contraction theorem for multiplicative metric space.
The researchers Kanchanapally et al [12], Adewale et al [13] and Terentius et al [14] have worked on
recently developed multiplicative S-metric space.

The authors are motivated to work on multiplicative S-metric space because very few researchers
worked in this area. The purpose of the present study is to establish a novel theorem for multiplicative
S-metric space. We have presented a distinguished contraction condition, which is not available in
existing literature. Also proved two new lemmas on multiplicative S-metric space.

2. Preliminaries
The sequel include the definitions listed below:

Definition 1.1[1]: Consider a non-empty set M and a function d : M xM — R such that
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(i) d(h,i)= Oforall h,ieM :d(h,i)=0 ifand only if h=i
(ii) d(h,i)=d(i,h)forall h,ieM

(i) d (h,i)<d(h, j)+d(j,i)forall h,ieM.

Here d is named as metric onM , and (M,d)is metric space.

Definition 1.2[12]: Assume S:M?®—[0,)is a function, that satisfy the constraints for every
h,i, j,k € M, as here under

1) S(h,i, j)=1,iffh=i=]j.

2) S(h,i, j)<S(h,h,k)+S(i,i,k)+S(j, j,k)

Couple (M, S)is named as S -metric space. Here M is non-empty set.

Definition 1.3 [12]: Let M be a non- empty set. Then the function S:M?® —[0,)is named as
multiplicative S-metric onM , if and only if, the constraints below are true for all h,i, j,k e M

(1) S(h,i, j)>1

(i) S(h,i,i)=1<h=i=j

(i) S(h, i, j) < S(h, h,kK)S(,i,K)S(j, j,K)

Here (M, S) is named as multiplicative S-metric space.

Definition 1.4 [12]: A sequence {h. }in multiplicative S-metric space (M,S)is multiplicative S-
converges to h e M iff for every £ >1, there exists 7 € N such that

S(h,,h,,h)<e&, foralln>z.

Definition 1.5[12]: The sequence {h,}of multiplicative S-metric space(M,S), is known as
multiplicative S-Cauchy sequence of M if and only if, for every & >1, there occurs a 77 € N such that
S(h,,h,,h,)<¢, foreachn,m>n.

Definition 1.6 [12]: The multiplicative S-metric space (M, S)is complete iff, each multiplicative S-
Cauchy sequence of M is multiplicative S-convergent of M .

3. Main Result

We have proved following two lemmas, which are required to prove the theorems in the present paper.

Lemmal: Consider (M,S)is a multiplicative S -metric space, {h,}and{i. }are S convergentto h,i
respectively. Then, we have

limsupS(h,, J,i,) <S(j, j,n)S(h,h,i).
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Proof: Letlimh, =h,limi_ =i.

n—o0 n—oo

Then for each ¢ >0, there exists natural numbers n,, n,such that for everyn >n, S(h ,h,,h) < g and
.. &
foreveryn>n,, S(i,,i.,i) <§'

If maximum{n,, n,}=n,, then by property of multiplicative S -metric space, we have for all n>n,
S(h,, j,i,)<S(h,,h,,h)S(j, J,h)S(,,i,,h)
<S(h.,h ,h)S(j, j,S?(.,i ,i)S(h,h,i)
Take upper limitn — .
IgTwsupS(hn, J,i.) <S(h,h,h)S(j, j,h)S?(i,i,i)S(h, h,i) =S(j, j,h)S(h,h,i)
Hence proved.
Lemma 2: Consider (M, S) is a multiplicative S -metric space, thenS(h,h,i) =S(i,i,h).
Proof: By property of multiplicative S -metric space
S(h,h,i) < S(h,h,N)S(h,h,N)S(,i,h)
i.e. S(h,h,i)<S(,i,h)
Now, S(i,i,h) <S(i,i,i)S(i,i,i)S(h,h,i)
Hence S(h, h,i) = S(i,i,h).
[13] has proved the following theorems.

Theorem 1. [13] Let (M, S) be a complete S-multiplicative metric space and T : M — M a mapping
for which there exist the real number, A satisfying 0 < A <1such that for each pair h,i, je M

S(Th,Ti,Tj) <[S(h,h, NT* (2.1.1)
Then, T has a unique fixed point.

Theorem 2. [13] Assume (M,S) is a sequentially compact S-multiplicative metric space and
f :M — M fulfil the constraint

S(fh, fi, fj) <g[S(h,i, j)] (2.1.2)
where ¢ : [0, o] — [0,00] is upper semi-continuous from the right, satisfying ¢ (t) >t for
t>0. Then, f has a unique fixed point.

We have generalized above theorems by proving the following result for pair of mappings which
satisfy a new contraction condition.
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Theorem 2.1: Consider a complete multiplicative S -metric space (M, S). Assume ¢:[1,00) —[1,0),
an upper semi- continuous and non-decreasing function, f,g: M — M are functions such that

1 f(M)=gM)

(2)  s*(fh, fi, fj) <g[S”(gh, gi,0i)S” (i, th, fi)S”(gi, fi, fi)] (2.1.3)
forall h,i,jeM and a,f,y >0and u=a+ S +y €[L,©)

Then f and g possesses unique common fixed point.

Proof:

Step 1: Leth, € M . Define the sequence {i }as i, = fh, =gh,,

Then
8" (i iy i) <AS“(gh,, gy, 00,,1)S” (g, hy, Th,)S7(gh,.,, Th,, Th,)]
=#S*( i, W )S”Gi,i i )S7 (i ,i i )]
=S (L0, ) <HS (i, i)ST (i i )]
<S40, 1)S7 (0,00 )
=S (i i i) <SG 4,0 i ) <SP i i)
If+ =0, then contradiction arise. ..o+ 3 >0.
S (i yi 40 ,) < S0, g0 400,) <SP (i, i, i)

Sy ig) < Sy, 4,0,)
Similarly, we can show that
S(iyqriy4,0,) < S 0 5,0 )
Hence for all natural numbers n
SQiy iy ig) <S4, 4,0,)

Thus S(i,,i,,i,.,) convergesto somec>1. Assumec >1.
C'u = Ilm Sﬂ(iml’ in+l’ in+2)
=54(M,, Ty )
< IimSUp ¢[Sa(ghn+l1 ghn+l’ ghn+2)sﬁ(ghn+2’ fhn+l7 fhn+1)sy(ghn+2’ fhn+1’ fhn+2)]

= Ilm ¢[Sa (In ' in ! in+1)Sﬁ(in+1’ in+1’ in+1)87 (in+1’ in+l7 in+2)]
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=lima[S*(i_,i i )S"(@ ., i < e < WP — ot
n%w¢[ n''n'n+l n+1? "'n+l? "'n+2

Which is a contradiction ...c=1

S limSH Qi i

ohoi)=1=1imS( ,i i ,)=1. (2.1.4)
Step 2: To Show that {i,}is Cauchy sequence.

If {i,}is not Cauchy sequence, there exists & >0, then one can find sub-sequences {i,,}and {i , }of
{i.}and increasing sequences of integers {m,}and {n,} such that {n,} is the smallest index such that

n() >m() > 1, S (i) Ty s 1)) = € -Then

S (inqy sy Ingy-1) <€ (2.1.5)
Now

&< S#(im(l)’im(l)' in(l))

S“(aysbngy Ingy) By Lemma 2

< SZ”(in(l) oy hay2) S (gy iy Thays)  —-BY property of S -metric space.

< gS* (in(l) , in(l) , in(l)—l) =g

& <8 (iay Inayr 1)) <€ --Using (2.1.4)

Which is a contradiction

lm Sy Tnqy s Iny) = € - (2.1.6)
Then

S#(im(l)'im(l)' in(l))

< S (im(l) ) im(l)’ im(l)—l)su(in(l) ) in(|) 1 im(l)—l)

< 8™ iy iy Ingy-2)S ™ Cigry oty ity 2)S™ Gty -2 Ty 10ty -2) (2.1.7)
Also

s ) )
S (Im(l)—l' b1y In(l)—1)

< S (im(l)—l’ im(l)—l’ im(l))S”(in(l)—l’ in(l)—l’ im(l))
= SZ“(im(l)_l, Iyt b)) S” (ingty iy 1 Ingy-) » USING Lemma 2 (2.1.8)

Letting | —ooin (2.1.8) and using (2.1.4), (2.1.5), ( 2.1.6),(2.1.7)
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im 8% (i1 Tnqty-10 by 1) = € (2.1.9)

k—o

Now, again

&= 5" (ingy»inays )

= S#(F (). f (o) F ()

<AS” (@) 9 hgy) 3y S (@), T (o) F (B DS (A M), F (o) ()]
= S (i 2y 102" (g2 by )57 Gy 2y o)

<S¢ (im(l)—l’ im(l)—l’ in(l)—l)sﬁ (im(l) ) im(l) ) in(l)—l)sy (in(l)—11 im(|) ) in(l)) (2.1.10)

Letting | —>o0in (2.1.10) and using (2.1.5),( 2.1.9) and Lemma 1,we have ¢ <¢&,which is a
contradiction.

This indicates that {i. }is a Cauchy sequence in complete multiplicative S metric space(M,S).
Step 3: To show that f and g have common fixed point.

Consider lim fh, =limgh ,, = p.

Letgu=p.
Now

S“(fu, fu, fn,) < #[S“(qu, gu, gh.)S*(gh., fu, fu)S” (gh,, fu, fh,)]

— lim S*(fu, fu,i ) <g[S“(qu,qu,i_)S” (i ., fu, fu)S” (i, ,, fu,i )]

supn—»oo

= lim S*(fu, fu, p) <¢g[S“(qu, gu, p)S”(p, fu, fu)S”(p, fu, p)]

supn—»oo

<¢[S”(p, p, p)S” (fu, fu, p)S”(p, p, p)S”(fu, fu, p)S”(p, p, p)]
= g[S”* (fu, fu, p)]1 < S”* (fu, fu, p)

= S%(fu, fu, p)] <1, which is a contradiction.

- fu=p.

Hencegu=p= fu=p

SLgu=u= fu=u

Hence if ghas fixed point u then f will also have fixed point u.i.e. fand ghave common fixed
point.

Step 4: To prove that f and g have fixed point
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Since (M, S) is complete multiplicative metric space, there existsu e M , such that
S(u,u,i)]=1.

Assume S(u,u, f(u)) >1. Then

S@..,.,1.,, () =S“(th ,, fh ,, fu)

S¢[Sa(ghn+l' ghn+1' gU)Sﬁ(gU, fhn+1’ fhn+1)8y(gu' fhn+l' fU)

= lim ¢[S“(i,.i,,qu)S”(qu,i_,,i ,)S”(qu,i,.,, fu)

supn—>c
S#“(u,u, fu) <g[S*(u,u,gu)S”(gu,u,u)S” (gu,u, fu)
=@[S”(u,u, fu)S”(fu,u,u)S”(fu,u, fu)] s.gu= fu
=@[S*(u,u, fu)S”(fu,u,u)S” (fu, fu, fu)S” (u,u, fu)S”(fu, fu, fu)],
using Lemma 2 and triangular inequality of multiplicative S metric space.
S“(u,u, fu) <g[S*”*7 (u,u, fu)] < S*(u,u, fu)
which is a contradiction .. fu =ui.e. uis fixed point of f , which implies gu =u, using step3.

Step 5: To prove uniqueness of fixed point.

Let uand v be two distinct common fixed point of f andg.
i.e.fu=gu=uand fv=gv=v.
Now
S“(u,u,v) =S*(fu, fu, fv)
<@#[S*(gu, gu, gv)S”(gv, fu, fu)S”(gv, fu, fv)]
=g[S*(u,u,v)S” (v,u,u)S” (v,u,v)]

<g[S”(u,u,v)S” (u,u,v)S” (v,v,v)S” (u,u,v)S” (v,v,v)], using lemma 2 and property of
multiplicative S -metric space. Thus

S“*7 (u,u,v) < S“*?(u,u,v) = S”(u,u,v) <1
Which is a contradiction..u=v.

Hence f and g have unique common fixed point.

Example: Let M = Rand S is multiplicative S -metric space on M, defined by
S(h,i, j)=a™"? a>1.

Then (i) S(h,i, j)>1 (ii)S(h,i, j)=1, whenh=i=j.
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Now S(h,h,u)S(i,i,u)S(j, j,u) =a""2lal2igl 2 = g2k
Also S(h,i, J)= a‘h”‘zi\ _ a\(h—U)+(i—u)—2(j—u)\

Obviously S(h,i, j) <S(h,h,u)SG,i,u)S(j, j,u)

Hence all three conditions of multiplicative S -metric space are fulfilled. Now assume f,g:M —> M
defined by

h+1

() =" g(h) =5h-4,6() =S a = =&y = 2L

~

L.H.S. = S“(f(2), f(3), f(4)) = S”G,Z,gj i

RH.S. = ¢[S"(9(2),9(3),9(4))S"(9(4), T (2), 1 (3))S (g (4), f (3), T (4))]

1 PP 5, 1 %
<=[S“(6,11,16)S” (16,~,2)S7(16,2,~)] ==a 2
7[ ( )S7( 5 )S7( 2)] -

Thus contraction condition is satisfied. Also f (1) =g(1) =1.

Corollary 1: Consider a complete multiplicative S -metric space (M,S). Assume ¢:[1,00) —[1,0),
an upper semi- continuous and non-decreasing function. Let f : M — M be function such that

1  f(M)cM
) s“(fh, fi, fj) <g[S“(h,i, j)S” (], fh, fi)S” (], fi, fj)]

forall h,i,jeM and a,f,y>0and yu=a+ B+y €[l,x)

Then f possesses unique fixed point.

Remark 1: If we put o =1, =0,y =0in corollary 1, we get theorem 1[13]

Corollary 2: Consider a complete multiplicative S -metric space (M, S). Assume ¢:[1,00) —[1,0),
an upper semi- continuous and non-decreasing function. Let f,g:M — M be functions such that

1B fM)cgM)

(2)  SH(f°h, fPi, FP))<g[S(g%, g%, 9"[)S” (g%}, f ¥, f "k)S7 (g}, T ¥i, f " )]
forall h,i,jeM, a,B,y>0andu=a+ f+y€[LL»),p,geN

Then f and g have unique common fixed point.

Proof: From theorem 2.1, f"and g°will have unique common fixed pointu .

Now f(u)= f[f®(u)]=fP?*u)=f°[f(u)]

And g(u) =g[g*(W)]=9""(u)=g[g)].
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Thus f(u)and g(u)are also fixed point of fP"and g®respectively. Due to the uniqueness of fixed
point f (u) =g(u) =u.i.e. fand ghave uniqgue common fixed point.

Corollary 3: Consider a complete multiplicative S -metric space (M,S). Assume ¢:[1,00) —[1,),
an upper semi- continuous and non-decreasing function. Let f,g: M — M be functions such that

1 f(M)cgM)

(2)  s*(th, fi, fj) <[S“(gh, gi, gi)S” (gi, th, fi)S”(gi, fi, fi)]*

Forall h,i,jeM, a,f,y>0and u=a+ pB+y e[l,»),l €[0,1)

Then f and g possesses unique common fixed point.

Proof: Put ¢(t) =t” in theorem 2.1, one can get desired result.

Remark 2: If we put & =1, # =0,y =0and consider g as identity mapping, then we get theorem 2[13].

Corollary 4: Let (M,S) be a complete multiplicative S -metric space. Assume ¢ :[1,00) —[1,0), an
upper semi- continuous and non-decreasing function. Let f,g: M — M be functions such that,

1 fM)cgM)

(2 () S(fh, fi, fj) <[S(gh, gi, gj)]

(ii) S(fh, fi, fj) <g[S(qj, fi, fh)]

(iii) S(fh, fi, fj) <4[S(qj, fi, fj)] forall h,i,jeM
Then f and g have unique common fixed point.

Proof: The result can be proved easily by substituting the following values in condition (2.1.3) of
theorem 2.1.

(1) a=1p=0=y
(i) a=0=y,p=1
@) a=p=0,y=1

Corollary 5: Consider a complete multiplicative S -metric space (M, S). Assume ¢:[1,00) —[1,0),
an upper semi- continuous and non-decreasing function. Let f,g: M — M be functions such that

@ fM)cgM)

(2 (i) S*(fh, fi, fj) < S(gh, gi, 8j)S(gj, th, fi)

(i) S*(fh, fi, fj) <S(gh, gi, gj)S(gj. fi, i)

(iii) S*(fh, fi, fj) < S(qj, fh, fi)S(qj, fi, fj) for all hk, j e X

Then f and g have unique common fixed point.
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Proof: The result can be proved easily by substituting the following values in condition (2.1.3) of
theorem 2.1.

() a=1p3=1Ly=0
(i) a=1=y,p=0
(i) a=0pB=y=1

Corollary 6: Consider a complete multiplicative S -metric space (M,S). Assume ¢:[1,0) —[1,),
an upper semi- continuous and non-decreasing function. Let f,g:M — M be functions such that

1 f(M)=gM)

()  S3(fh, fi, fj) <g[S(gh, gi, gj)S(gj, th, fi)S(gj, fi, fj)], forall x,y,zeM .

Then f and g have unique common fixed point.

Proof: Put « = =y =1in condition (2.1.3) of theorem 2.1, we will get the desired result.

Discussion: A fixed-point theorem has been formulated for a novel category of contractive condition
for pair of mappings within multiplicative S-metric space. It has proven that this theorem is
generalization of results in existing literature. The various corollaries are also discussed.
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