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1. Introduction

Graphs with no isolated vertex are considered for this study. Graph energy is a significant topological index in the
domain of chemical graph theory which can be used in chemistry. The absicth of graph energy was debuted by I. Gutman
[9] in 1978 as summation of modulus values of spectrum of G, corresponds to adjacency matrix. A vast study of
utilization on graph energy was pursued by I. Gutman and Balakrishnan [2, 10]. The consummation of energy and the
equel with bounds can be beholded in vigous scrutinize of graph energy [12,13]. The necessary properties and vital
chemical utilizations were evaluated in the molecular orbital theory of conjugated molecules [3-6]. For graph theoretic
parlance one may refer Harary [11].

Let S € V. S is a dominating set if all v € V —S has a neighbor in S, minimum cardinality among such sets is
called a minimum dominating set. A dominating set S is perfect if all v in G is dominated by strictly one element of S
[13]. A dominating set S is rings domination if each v in V — S is adjacent to minimum two elements in V — S [1]. A
dominating set A is a perfect rings dominating (PRD) set if (i) every v € G is dominated by strictly one element of A (ii)
Vv eV\A INWV)N(V\A)| = 2. PRD set with minimum cardinality is the minimum PRD set of G and notate minimum
PRD number by ‘p’.

This paper scrutinize the perfect rings dominating spectrum (say B-spectrum) and perfect rings dominating energy (say
PE) of few classes of graphs as well as derive some bounds on BE.

By B . . . .
1.1Lemma [14]: Let B = [BO Bl] be a symmetric block matrix has order 2 with B, and B, are square matrices of same
1 0

order. Then spectrum of B is the union of spectrum of B, + B; and B, — B;.

2. PERFECT RINGS DOMINATING ENERGY

2.1 Definition: ConsiderG = (p,q). Let A € V(G) be its minimum perfect rings dominating (PRD) set. Then the perfect
rings dominating matrix of G corresponding to A is a matrix B, has order p, defined as
1 ifViVj €E

Ba={ 1 ifi=jv,€A

0 otherwise
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The characteristic polynomial of B, is @(PBa, ) = det (P — Al). The B-spectrum of G is the eigenvalues of
the matrixP,. Let A;,1;, ... A, be the spectrum of . Then the perfect rings dominating energy ‘BE of G corresponding
to A is defined as BE, (G) = Xb_, 1Al

M Ao Ay

Let 24,25, A3, ... A, be the spectrum of B, and they can be notated as Speca (G) = { } where m; is the

m; m; mg .. mp
algebraic multiplicity of eigenvalues;, for 1 <i < p.

2.2 Remark: Though all the minimum PRD sets are of same cardinality, the perfect rings dominating energy BE(G)
need not be same for all PRD set.
2.3 Remark: If G has a unique minimum PRD set, then BE, (G) can be denoted as BE(G).

3. PRD ENERGY OF GRAPHS

3.1 Theorem: For any complete graph K, withp > 3,

BEA(K,) =p—-2+p(p—2)+5
Proof: Let V(K,) = {vq, Vs, ...,vp}. Any arbitrary element of G will be a PRD-set. Consider A = {v,} as a PRD-set.
Therefore the PRD-matrix has the structure

‘BA(Kp)=( ' oo )

]p—1><1 ]p—l - Ip—l
Where J and I represents the matrix of 1’s and identity matrix.

And the corresponding characteristic polynomial is ¢ (K, 1) = det (Ba(K,) — Al)
= @(Kp2) = (CDPA+ P22 — (p— DA—1)

Then,
L (p—2)+yp>*—2p+5 (p—2)—p*—2p+5
SpecA(Kp)= - 2 2
p—2 1 1

Thus the PRD-energy is

+

(p—2)+p?—-2p+5| [p—2)—p>*—2p+5
2 2

BEA(K,) = (p—2)|-1] +

=p—2+4p2—2p+5

BEA(K,) =p-2+p(p—2)+5

3.2 Theorem: For K, ; withp,q = 2,

BG4 (K )={J(p—1)2+3+\/(p+1)2—4 ifp=q
alRpgq 2(1+ /pa) ifp<q&ifp>q

Proof: Let V(Kp,q) ={v1, ...,Vp, V1, ..., vq'}. Consider A = {vy,v;'} as a PRD-set. Therefore the PRD-matrix has the
structure

]1><p—1 )

]p—1><1 ]p—l - Ip—l

PBa(Kpq) = <
i) Suppose p = q, then B, (K,,) has the structure

Ba(Kpp) = (gi gg)
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1 lep—l

Where By = ( ) and B; = (]p), here J and O represents the matrix of 1’s and 0’s.

Op-1x1 Op_1
Therefore by Lemma 1.1, Speca(K,,,) = Spec(B, + B;)U Spec(B, — B,).
Consider, By + By:

lep—l)

By +B =(
0 ! Ip—1><1 ]p—l

|(Bo +By) — Al = (=1)PAP2(A%2 — (p+ DA+ (p— 1))

p+D+Jy-12+3 P+ -y(P-12%+3
2 2

p—2 1 1

Therefore,

Speca(By + By) =
Consider, B, — By:

0 _]1><p—1)

By —B =(
0 ! _Ip—lxl _Ip—l

|(Bo — By) —All = (=1)PA~2(32 + (p — DA~ (p— 1))

Therefore,

A-p+yp+1?-4 A-p—-yP+1)2-4
2 2

p—2 1 1

P+D+J-1D?*+3 (p+1)—-J(@P-1D*+3
2 2

Hence

0
SpecA(Kp_p) =

2p—4 1 1

A-p+yp+1D2-4 A-p-yP+D*-4
2 2
1 1

Pp+D+yP-12+3| |+ —-y(P-1)2+3
2 2
A-p+J(p+12—-4] |QA-p—-y(p+1D?-4
2 2

Now,

+

BEa(Kpp) =

+ +

Thus,

2 —1)2+3 2J(p+1)2-4
qsgA(Kp,p): \/(p 2) n \/p -

BEA(Kpp) =/(P—D2+3+/(p+1)2 -4

i) Suppose p > q, then the PRD matrix is of the form
A B
sBA(Kp,q) = (C D)

1 O1xp—
1xXp 1>; B = (]pxq)

where A = (
Op-1x1 Op—1
), here ] and O represents the matrix of 1’s and 0’s.

1 01><q—1

C = (]qxp); D = (Oq—lx]_ Oq—l
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And the corresponding characteristic polynomial is,
‘P(Kp.q'l) = det(sBA(Kplq) — D)

0(KpqX) = (~1)PA*a=4 [a* =223 — (pq — DA + (2pa — (p + DA~ [pa — (p + @) + 1]
~ A= D[ =22 = par = (pg = (p + )]

@(Kpqd) = APH4 (A — 1)2(A% — pq)

iii) Suppose p > q, then the PRD matrix is of the form

EBA(KM) = (E (51)

1 O1xp-1
where P= (O OXp ): Q = (Jpxa)

p—1x1 p-1

1 O1><q—1>
q—-1x1 Oq—1

R = (]qXp); S= (0

here ] and O represents the matrix of 1’s and 0’s.
Therefore the corresponding characteristic polynomial is,

‘P(Kp.q'l) = det($A(Kp,q) - M)

@(KpqA) = (—1)pAprat [X* =22 —(pq— DA*+ (2pq— (p+ P)A—[pg—(p+q) + 1]]

= @(KpgA) = AP (A — 1)?(A? — pq)
For the both cases ii), iii) the characteristic polynomial remains same. Hence,
0 1 ypa —ypq
SpecA(Kp,q) =
pt+tq—4 2 1 1

SB(EA(Kp.p) = 2(1 + \/p_q)

3.3 Theorem: For a crown graph Sp0 withp > 2,
BEA(S,") =2(p—2)++/p2 —2p+5+/p2+2p—3

’ ' ' B, B
Proof: Let V(S,°) = {v1, ...,vp,v4', ..., v}, let A = {vy,v;'} be aPRD set. Then B,(S,°) has the form (B: B<1)>

1 lep—l

where B, = ( ) and B; = (]p — Ip), here ], 0 and I represents the matrix of 1’s, 0’s and identity matrix.

Op-1x1 Op-1
Therefore by Lemma 1.1, Speca(S,°) = Spec(B, + B;)USpec(B, — By).
Consider, By + By:

Jixp-1 )

By +B =<
0 ! ]p—1><1 ]p—l - Ip—l

|(Bo + By) —All = (=DPA+ 1)P2(A* — (p—DA—1)

Therefore,

(p-D+p*—-2p+5 (p—1)—p*—2p+5
2 2

p—2 1 1

( 1 —Jixp-1 )
Bo— B, =
_]p—lxl _Up—l - Ip—l)

|(Bo —By) —All = (-1)P(A— 1)P2(A% + (p —3)A— (2p — 3))

-1
Specy(By + By) =

Consider, B, — B;:

Therefore,
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B-p)+yp*+2p-3 @B-p) —+p*+2p-3
2 2

Speca(Bo —By) = !
p—2 1 1
Hence
(p-1D+yp*—-2p+5 (p—-1D—p>—2p+5
o -1 1
Speca(S,°) = 2 2
p—2 p-—2 1 1
B3-p)+p?+2p—-3 (B-p)—4p*+2p-3
2 2
1 1
Now,
(p—D+yp*—-2p+5
BEA(S,") = (p— -1+ (p— 2)[1] + > +
(p—1)—p*—-2p+5 N 3-p)+yp*+2p-3 N B3-p)—p*+2p-3
2 2 2
Thus,

BEA(S,") =2(p—2) +/p? —2p+5+/p2 +2p—3
3.4 Theorem: For a barbell graph B, , with p > 3, BEA(B,,) =3p—4+/(p—2)2+8

Proof: Let the vertex set V(B,,,) = {v4, ..., vp, V1, ..., v,'}. Consider the PRD set A = {v;,v,'}.

B, B
Then 5 (B,,) has the form (B‘l’ Bé)

1 _ 1 O1xp—
]1xp 1 ) and B, = ( 1xp—1
]p—1><1 ]p—l - Ip—l Op—1><1 Op—l
Therefore by Lemma 1.1, Speca(B,,,) = Spec(B, + B;)USpec(B, — B).
Consider, By + By:

where B, = ( ), here ] and O represents the matrix of 1’s and 0’s.

Jixp-1 )
]p—1><1 ]p—l - Ip—l
|(Bo + By) — Al = (=1)P(A + 1)P~2(A%2 — pA + (p — 3))

B0+B1:<

Therefore,

, PH/0-2+8 p-/(-2)+8
Speca(Bg + By) = 2 2

p—2 1 1

0 Jixp-1
BO - B1 =
]p—1><1 ]p—l - Ip—l

|(Bo —By) —Al| = (-1D)P(A— (p—1)(A + 1)P?

Consider, B, — B;:

Therefore,
-1 -1
SpeCA(BO - Bl) = {p 1 p— 1}
Hence
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p+/(p-22+8 p—/(p—2)?+8
2

2
2p-3 1 1 1

-1 -1
SpecA(Bp,p) = p

Now,

p+y(p—-2?+8
2

p—v(p—2)%2+8
2

BEA(Byp) = 2p— D=1+ |p— 1] +

Thus,

sB(gA(Bp,p) =3p—4+.(p—2)?+38
3.5 Theorem: Let G be obtained by removing an edge e’ from K,, p > 4. Then G has the spectrump — 1, -1 and 0 with
multiplicities 1,p — 2 and 1 respectively. And hence BE,(G) = 2p — 3.
Proof: Let G = K, — e. Let vy, v, be the non-adjacent vertices of G. Then the vertices other than v,, v, would be act as a

PD-set. Since p = 5, deg(vy) = deg(vp) = p — 2, any PD-set will satisfy the constrain of RD-set. Let A = {v,} is the
PRD-set of G. Then the PRD matrix is,

@ =5 Y

(0 1., _ ]1><p—3 0
where A= (1 1) B = (Jm,_g 1)

C= (Jp—03><1 ]P—13X1); D= (]p_3 - Ip—3)

where ] and I represents the matrix of 1’s and identity matrix.
Now, [P (G) — Al = (=DPAQA + 1)PT*(A° — (p = 3)A* — 2p - DA - 2)

= oG ~ (—DPAA+ DPHA - (p—3)A2 - (2p—-3)A—(p—1))
= @(G,A) ~ (—1)PAA+ DP2(A— (p— 1))

_(p-1 -1 0}
Therefore, Specy (G) = { 1 p—2 1

Thus, BEA(G) = p—-1|+(p—-2)|-1|=p—-1+p—2
PEA(G) =2p -3
4. PRD ENERGY OF LINE GRAPHS OF STAR GRAPHS

4.1 Theorem: For the line graph of a star graph L(K;,_,) withp > 4,
PEx (L(Kipt)) =p—3+/(p—2)2 + 4
Proof: Let E(Kl,p—l) = {eq, ..., €p_1}. And it’s known that L(Klyp_l) =Kp-1.
Therefore L(K,,—,) and K,_, are co-spectral and hence equi-energetic. Thus PE, (L(Kl_p_l)) = PEy(Kp_1) =p—
3+./(p—2)2%+ 4. Hence

BEx (L(Kipa)) =p—3+/(p-2)2 +4

4.2 Theorem: For the line graph of a double star graph L(S,, ,) withp > 3,

BE (L(Spp)) = 4p =5
Proof: Let V(L(Sp,p)) = {ep, €1, ...,€p_1,€1, ...,e,_1'}, Where e, is the bridge connecting two star graphs. Then the
unique PRD set of L(S, ,) is A = {e,}. Therefore

( 1 ]1)(13—1 ]1><p—1 w
‘BA(L(Sp,p))= Ip—1><1 ]p—l_lp—l Op—l

]p—lxl Op—l ]p—l - Ip—l
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where ], 0 and I represents the matrix of 1’s, 0’s and identity matrix.
And the corresponding characteristic polynomial is,
@(L(Spp).A) = Ba(L(Spp)) — AD)|
@(LSpp) ) = —(A+ D3~ (p— 2))(A~p)
Hence
1 2—-p -p
SpecA(L(Sp,p)) = {Zp _3 1 1 }
Now,
BE(L(Spp)) = 2p—3)I-11 + 12— p| + |-l

= BE (L(S,,)) = 4p—5
5. CHARACTERISTICS OF PRD SPECTRUM

5.1 Theorem: Consider graph G. If 1,25, ... A, are the $B-spectrum of B, (G), then the following condition holds.
(i) X h=p
(i) XP,A°=2q+p.

Proof: As sum of spectrum of PB,(G) is same as its trace,

p p
27\1 =Zpii =|Al=p
i1 i=1

(i) Assummation of squares of the spectrum of SBA(G) is the trace of [P, (G)?],

6. BOUNDS ON PRD ENERGY
6.1 Theorem: Let G be a (p, q) simple graph. Let A= |det Gg(G)|. Then

Ja+ ) +pe- 0aCh)< 360 < pETTH

where p is the PRD number of G.
Proof: Consider Cauchy Schwarz inequality:

2

p p P
Z aibi < Z aiz Z biz

i=1 =1 i=1
Take a; = 1, b; = [A], gives
P 2 P P
R XN XS
i=1 i=1 i=1
p
= [PE@ 1 <p ) A*
i=1
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=p(2q+p)

> PEG) < JpR2q+p») . Q)

Consider [BE(G) 12 = (X2, 1n12)

_ <i|xi|z>+2|xillle

i=1 i#]

BE@ T =@a+o+y Wy an
i#j
where 2q +p = X, A2
The geometric mean cannot exceed the arithmetic mean, so

71 Al = Al
p(p_l); Pyl = | [l |

i#j

1
p p(p-1)
- HIMIZ("‘”
i=1
b 1/
=] [
i=1

2/

1
p(p-1)

p

i

i=1

= |det(BE(@) | 7P
- A(%)
e ﬁZiijP\iHM > a(*/p)
= ZIMIIA,-I >pp-nalr (1)
Put (1) in (1) 7
[BEG) 1> = (2q+p) + p(p— 1) A7

BPEG) = \[(Zq +p)+plp—-1) Ao ()

From (1) and (1V)

J(Zq +p) +plp — DA< PE(G) < /p(2q +p)
6.2 Theorem: For any graph G\/2q + p < BE(G) < /p(2q + p).

Proof: Consider Cauchy Schwarz inequality,

(£n) <(2)(Ex)
27 ()&

p
= [BEOP <p » A2
i=1

Take a; = 1,b; = |A], gives

https://internationalpubls.com 2322



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 9s (2025)

=p(2q9+p)
=PEG) <yp2g+p M
Consider (PE(G))” = (TR, In])°
P
> > l?
= 12=q +p

=>PEG) = 29+p .. (I

From (I) and (I1), \/2q + p < BE(G) < /p(2q +p)

7. OPEN PROBLEMS

1. Determine the class of graphs whose PE is same as to number of vertices.
2. Determine the class of graphs whose PE is same as usual energy.
3. Construct the PE equi-energetic graphs.
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