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Abstract: An equitable total-coloring of a graph G is a proper total-coloring such that the
number of vertices and edges in any two color classes differ by at most one. In this paper,
we determined the equitable total chromatic number for line graph of ladder, slanting
ladder, triangular snake, alternate triangular snake, quadrilateral snake and alternate
quadrilateral snake

Introduction: Graph coloring is a fundamental problem in graph theory with applications
in scheduling, networking, and resource allocation. A total-coloring of a graph G is an
assignment of colors to both vertices and edges such that adjacent vertices, adjacent edges,
and incident vertex-edge pairs receive distinct colors. An equitable total-coloring is a
special type of total-coloring where the sizes of any two color classes differ by at most one.
The equitable total chromatic number, denoted as ;(; (G)is the minimum number of

colors required for such a coloring.

Objectives: To establish the equitable total chromatic number for the line graph of specific
families of structured graphs. To develop systematic coloring techniques for achieving an
equitable total-  coloring of these graphs. To contribute to the broader study of equitable
colorings in graph theory and expand the known results in this domain.

Methods: To determine the equitable total chromatic number for the line graphs of the
given graph families, we employ the following methodology: Graph Construction: We
formally define the structure of the ladder, slanting ladder, triangular snake, alternate
triangular snake, quadrilateral snake, and alternate quadrilateral snake, along with their
corresponding line graphs. Coloring Strategy: We apply systematic coloring techniques
ensuring that adjacent vertices, adjacent edges, and incident vertex-edge pairs receive
different colors while maintaining equitable distribution of color classes. Mathematical

Analysis: We derive lower bounds for ;(;(G)and establish its exact value using

combinatorial and structural properties of the graphs. Verification and Proof: We validate
the obtained chromatic numbers through case-based analysis and, where applicable,
provide rigorous proofs for correctness.

Results: The study successfully determines the exact value of the equitable total chromatic
number for the line graphs of the considered structured graphs. The results provide new
insights into the equitable total-coloring of line graphs of ladder-based and snake-like
structures, which are commonly encountered in chemical graph theory and network design
problems.

Conclusions: This paper establishes the equitable total chromatic number for the line
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graphs of several structured graphs, contributing to the ongoing research in equitable
colorings. The findings demonstrate that the structural properties of the base graphs
significantly influence their equitable total chromatic numbers. These results can be
extended to other classes of graphs, and future research may explore algorithmic
approaches for efficient equitable total-coloring in larger and more complex graph families

Keywords: Total coloring, equitable total coloring, line graph, ladder graphs, snake
graphs.

1. Introduction

In this paper, we consider only finite undirected graphs without loops or multiple edges. Let G = (V(G),
E(G)) be a graph with vertex set V (G) and edge set E(G). The total coloring of a graph G is an
assignment of colors to both the vertices and edges of G, such that no two adjacent or incident vertices
and edges of G are received the same colors. They both conjectured that for any graph G the following
inequality holds: A(G)+1< y (G) <A(G)+2, where A(G)is the maximum degree of G. It is clear
that A(G)+1 is the possible lower bound. In 1994, Fu [4] first introduced the concept of equitable total
coloring and the equitable total chromatic number of a graph. Gong Kun et.al [3] proved some results
on the equitable total chromatic number of W, v K ,F, v K, andS, v K, . Jayaraman et al.[5, 6]
determined the equitable total chromatic number for the splitting midde, total graph of paths, cycles
and splitting graph of star graphs. Veninstine vivik et.al [8] determining the equitable total chromatic
number for wheel, gear, helm, and sunlet graphs. Gong Kun et.al [2] derived several findings regarding
the equitable total chromatic number for the graphsW, v K, ,F v K, andS_ v K, . Wang etal [9]
addressed the equitable total coloring for the graphs with a maximum degree of 3, while Zhang Zhong-
fu [10] investigated the equitable total coloring of certain join graphs.

2. Preliminaries

Definition 2.1. The line graph L(G) is defined such that its vertices correspond to the edges of G, and
two vertices in L(G) are adjacent if their corresponding edges in G share a common vertex.

Definition 2.2. The ladder graph L, formed by taking two parallel paths of length 'n' and connecting
corresponding vertices with additional edges.
Definition 2.3. The slanting ladder SL, is a graph that consists of two copies of P, having vertex set

{u, :1<i <n}u{y, :1<i<n} and the edge set is formed by adjoining u,and v,,; foralli<i<n-1.

i+l
Definition 2.4. A Triangular snake T, [1] is obtained from th v,,v,,...,v, by joining v, and v,,, to a new
vertex u;fori=12,3,....,n-1.

Definition 2.5. An alternate triangular snake AT, [1] is a graph having vertex and edge set

V(AT.) ={y :lsISm}U{ul :1s|ng} and
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E(AT,)={vv,,: 1<l <m-1}U {vm_lu, 1< sEJ}U{vmul 1< SEJ}

Definition 2.6. A Quadrilateral snake Q, [7] is obtained from a path by replacing every edge by a
cycleC,.
Definition 2.7. An Alternate quadrilateral snake AQ, [7] is a graph constructed from a path P by

replacing every alternate edges with a quadrilateral cycle C, , forming a sequence of interspersed C,
cycles along the path.

Conjecture 2.8([4]). For any simple graph G, 4, (G) <A(G)+2.

Conjecture 2.9([9]). For every graph G, G has an equitable total k-coloring for each
k >max{y (G), A(G)+2}.

3. Results and Discussion

Theorem 3.1: Let L(L,) represent the line graph of a ladder graph, then y, (L(Ln)) =5.

Proof: Let V(L(L,)) ={u,.v,:1<7<n-1}U{u, :1<7<n}and

E(L(L) ={e,. f,:1<z<n-2}U{e. e, f, f :1<z<n-1} ,where e =uu,, € =u,u,, & =UU.,

[ 4 7! 7!

f _VTVT+1’ f —UV f

T 7! r z'+1

We divide the vertex and edge set of L(L,) into distinct partition as described below.

Forl<z<n-1.
T _{{u4’u9"“'uSr—l}U{VZ’V7’""VSr—B}U{u:IL’UE'B""'ul5r—4}U{65'elO""’EST}U{e‘Z’el7""’e'51-—3}
1 - " " " ' ' ' " " "
{e3’e8’ e5r—2}U{f5’ flO""’ fST}U{fS’ f8""’ fSr—Z}U{f4’ f9""’ f5r—l}
{us,uw Us ULV Vg, Vs, YU Up o U3 USG €y B FULES 65 0
51—1}U{f1’ fe’---’ fSr—4}U{f4’ f9!---’ fSr—l}U{ f5’ f1o’---' f5r}
{ o Us g JULVG Voo Vo, FULUS Ug, o U, 2 ULE, €7 s 2 USES €, B0}
{es,elo, s JULT, Fro o JULS, fi,s B JULHL o B3
T _{{uz’uw---’u51—3}U{V5’V10’---’V5T}U{u2uusla'---’ue")r—l}U{esies’"-!e5r—2}U{es‘3’e1I0'---!eeI5r}
4 - " " " ' ' ' " " "
{elleGl""e51—4}U{f3’ fsv-"’ f5r-2}U{f1’ fei-"’ fSr—A}U{fZ’ f7’-"' f51—3}
T _{{Ua,us,---,usfz}U{Vl,Vs,---,st4}U{ug,u;o,---,U;T}U{emeg,---,esr1}U{ei1e;~,,---veé,f4}
5 - " " " ' ' ' " " "
{62,87,...,65r_3}U{f4, fg’---’ f5r—1}U{f2’ 1:7“--’ fsr—s}U{fs’ f8 1 f5r—2}
Based on the above procedure of coloring, it is evident that the color classes T,,T,,T,,T, and T, are

independent sets of L(L,) and it holds inequality ||Ta|—|Tb ||sl for a=b. This implies that
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7.(L(L,))<5. Further, sinceA=4, we have g, (L(L,))=x (L(L,))>A+1>4+1>5.
% (L(L))=5.
Example 3.1: The graph L(L,) and its equitable total coloring is shown in figure 1.

Figure 1: L(L,)and its equitable total coloring

Hence

It is clear that the color classes T,,T,,T,,T, and T, are independent sets of L(L,) . For which the color

classes are partition into [T,| =[T,| =[T,| =10 and [T,| = [T,| =11(see Figure 1) and it holds the inequality

IT, ||—‘|TJ. ”sl, for every pair of (i, j) . This implies that;(;(L(L7))£5. Moreover, A=4. We have

7. (L(L))> A+124+1>5. Hence 7 (L(L,))=5.

Theorem 3.2: Let L(SL,) represent the line graph of a slanting ladder, then y, (L(SL,))=5.

Proof: V(L(SL,)) ={u,,v_,u_:1<z<n}

E(L(SL,) ={e.. f.:1<r<n-2jU{e.e, f, f :1<r<n-1} where e =uu,,, € =uu,,

e =uu,e =uu f,=vyv,, f. =uv, f_ =vu

T T o+l T 7! Tor+"

We divide the vertex and edge set of L(SL,) into distinct partition as described below.

{Us Uy, U YUV Vi Vs FUUs Uy Us USR8, JUSRS B 65 o)

Tl - oo " ' . ! " " "
{{eS’ew"”’eSr}U{fS’ flO""’ fST}U{f4’ f9""’ fST—l}U{fZ’ f7""’ f51—3}

{s Uy Us, PV Voo Voo FULU, U Us,_ 3 UL, €78, o2 ULR € 5

T e e JULEL fo B JULE fo B JULE £ 03

T ={{ul’u67""u5r—4}U{V4’V9’""VST—I}U{UIZ’u‘7""’u;’;r—3}U{e3’e8""’e51—2}U{eé’e1I0""’el51}
P He e JULE o B JULE, o o JULE B i

- :{{Uz'uw---,U57_3}U{V51V10,---,VST}U{UQ,UA,---,Ué,_z}U{emeg,---,es,_l}U{ei,eé,---,e'sT_4}
* {QLQPWELJ}U{Q’%vwf&Q}U{g1ﬂvwfgs}U{gyﬁb""f;}
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T :{{Uslus,---,usfz}U{Vst,---,VsT4}U{U;,U§,---,U;T1}U{951elo,---,esf}U{e'z,e},---,e;T3}
T el e JULEL Fors fo JULRS, fovs fo o JULR Fo 5}

Based on the coloring technique described above, it is evident that the color classes T,,T,,T,,T, and T,
are independent sets of L(SL,)and it holds inequality || T, |—|T,| <1 fora=b. This implies that
Z.(L(SL,))<5. Further, sinceA=4, we have z, (L(SL,))= » (L(SL,))> A+1>4+1>5. Hence
% (L(SL,))=5.

Example 3.2: The graph L(SL,) and its equitable total coloring is shown in figure 2.

Figure 2: L(SL,) and its equitable total coloring

The color classes are T (L(SL,))={T,,T,,T,,T,, T;}. Itis clear that the color classes T,T,,T,,T, and
T, are independent sets of L(SL,) . For which the color classes are partition into [T,|=[T,|=[T;|=12
and [T,| =[T,| =11 (see Figure 2) and it holds the inequality || T, ||| T; | <1, for every pair of (i, j) . This
implies that g, (L(SL;))<5. Moreover,A=4. We have z,(L(SL;))> A+1>4+1>5. Hence
7 (L(SL,))=5.

Theorem 3.3: LetL(T,)represent the line graph of a triangular snake graph, then
2 (L(T,)) = A(L(T,)) +1.

Proof: Let V(L(T.))={u_,v_,u_:1<z<n-1}

E(L(SL,)) ={eT, f,f 1<r< n—l}U{e'T,e;, f,f 1<r< n—2} ,Where e_=u_u_,

e.=uu_,,e=vv,, f=uv,f=uv,f =uv_,f =vu

o+l Yt T T+l? Tor? T T+l Tt 770+l

We divide the vertex and edge set of L(T,) into distinct partition as described below.

For1<rz<n-1.

Ty = VooV UGS B0 €, YUHEL €85, Y UHES €, FUL L, N =0(m0dI3)}
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T, ={V,, Vs, Vo, YULE, 6,085, HULES 65, 8, YULES 65, s € JULF UL, n =1(mod 3)}
T - {{v3 Vi Vo YULE, 6,08, UL, 608 JULES e JU

* 7 uU{E,3U{F, n=0,2(mod 3)}
T, ={U, Uy, Uy, JUC R, B, £ 3UL3
T, ={U,,U,,...,u, UL, FULF,, f,,..., f. . HU{f. ,,n=2(mod3) and n=6}U{f,,n=1(mod3)}
Ty ={Uy, Uy, oo U JULES £ £ YULE UL
T, ={Us, Uy, U, YU, fo e £ 3 U UL Y

T, ={u,,u,,...u UL, YU{L,, f,,... T HU{f ,,n=2(mod3) and n=6}U{f,,n=1(mod3)}

T, ={U,,u,,....u JU{F,, f, ... fYU{f, TU{f}

T, ={Us Uy, .ou L YULE, £ F L3 Ufe T ULe

Based on the coloring technique described above, it is evident that the color classes T,,T,,T;,... and
T,., are independent sets of L(T,) and it holds inequality || T, |-|T, || <1 for a=b. This implies that
Z. (L(T,)) < A+1. Further, we have g, (L(T,))= 7 (L(T,))=A+1.Hence z (L(T,))=A+1.

Example 3.3: The graph L(T,) and its equitable total coloring is shown in figure 3.

J ] !
U 1 1 J 11

Figure 3: L(T,) and its equitable total coloring
Theorem 3.4: Let L(AT,) represent the line graph of alternate triangular snake graph, then
;(;(L(Tn)):S, n=7.

Proof: V(L(AT,))={u, :1<z<n}U{v, :1<7z<n-1} and

E(L(AT,)) :{eT :13rsEJ}U{e; 1<r<n-2JU{f, f :1<r<n-1,

where e, =u, U, ,e =vv _, f =uv, f =vu

T 7 T+l T T 7o+

We divide the vertex and edge set of L(SL,) into distinct partition as described below.
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Forl<z<n-1.

T = {u4vu9""'u5r71}U{V1’V6’--"V5r74}U{e1’ee’""65174}U
b {eé1e£s""'egr-2}U{f5’ flO""’ fSr}U{f2'1 f7"--" fslr—s}

{u2’u77""u5173}U{V4’V9’""VSrfl}U{eS’elO""’eSr}U
{&, 80 B JULE, fyv fo JULE, F 13

- {{us,um,---,uS,}U{vz,w,---,vs,_s}U{e4,eg,---,es,_l}u

T, =

*l{ey.ey, 6 JULT, oo fo  JULE, fo o £}

_ {UB’u8’""USI—Z}U{V57V10’""VSr}U{e3’e8’""eSr—Z}U
4 {e'z,e;,...,egr_3}U{f41 fgi"" fSr—l}U{fll’ f6'""’ f5'r—4}

T :{{ul,ue,...,u5,_4}U{v3,v8,...,v5,_2}U{e2,e7,...,e5,_3}U
* e et JULE,, Ty, T JULE,, fou, To )

Based on the coloring technique described above, it is evident that the color classes T,,T,,T,,T, and T,

are independent sets of L(AT, ), and it holds the inequality || T, |-|T, || <1 for a=b. This implies that

Z. (L(AT,))<A+1. Further, we have , (L(AT,))= x (L(AT,))>A+1 A+1>4+1>5. Hence

Z; (L(ATn)) = 5

Example 3.4: The graph L(AT;)and its equitable total coloring is shown in figure 4.

1l

Figure 4: L(AT,) and its equitable total coloring
Theorem 3.5: Let L(Q,) represent the line graph of quadrilateral snake graph, then . (L(Qn)) =7.

Proof: V(L(Q,))={u, :1<z<n-T}U{v, :1<7<2n-2}U{z, :1< 7z <n-1} and

E(L(Qn))z{er,e;,x;,x::1£r£n—2}U{xT,x',,e;,e;":1£r£n—1}, where e, =2.2,,€e =V,V,

€ =2V, X =UV, 1, X. =UV, , X =V, Z_,, X =2V,

7! U1 271 't T 250+

er = V2r—lv2

T+1"

We divide the vertex and edge set of L(Q,) into distinct partition as described below. There are two

cases
Case (i): Suppose n is even

T ={z. 2. 2, JU{U, .U, Y ULes 606 ULE, 68, )
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T, ={2,,2,,.... 2, ,}U{u ., u_YJe e, ...e e e, ....e  FU{X .}
T, ={V,, Ve, oo, Vo s HULX. o, X FU{E 6, 8, o}

T, ={v,, Ve, Vo o FULX, 50 X, 00 X, FULE, 85008, )

T, ={x:1<r<n-U{X :1<r<n-2}

T, ={x 1<z <n—4}U{X :1<r<n-2}

T, ={u_:1<r<n-5}U{e :1<r<n-1}

Case (ii): Suppose n is odd

T, ={z.2,...2, ,YU{u, ;. u, YU{e,.e,,....e JHU{e,.e,,....e.  JU{X .}
T, ={z,,2,,....,z, JU{u, ,.u. }U{e €,,....e, . }U{e, €, ...6, .}

T, ={V,, Vs, oo, Vo HULX o, X FULE B8

T, ={V,, Vo, Vo o JULX, 50 X0, X FULE, 64008, 5}

T, ={x 1<z <n-4}U{x :1<r<n-2}

T, ={x:1<r<n-4U{X :1<r<n-2}

T, ={u :1<r<n-5}U{e :1<r<n-1}

Based on the coloring technique described above, clearly the color classes T,,T,,..., and T, are

independent sets of L(Q,), and it holds the inequality ||Ta |—|T, ||sl for a=b. This implies that
7. (L(Q,))<7. Further, we have z, (L(Q,))= x (L(Q,))>A+1=6+1>7.Hence z, (L(Q,))=7.

Example 3.5.1: The graph L(Q,) and its equitable total coloring is shown in figure 5.

Zy Z Z3 = Zs

Figure 5: L(Q,) and its equitable total coloring
Example 3.5.2: The graph L(Q;) and its equitable total coloring is shown in figure 6.

]

Z > Z3 Z

Figure 6: L(Q;) and its equitable total coloring
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Theorem 3.6: Let L(AQ,) represent the line graph of alternate quadrilateral snake graph, then

% (L(AQ,))=
Proof: V(L(AQ,)) = {u 1<r<{ J}U{v 1<z <n}U{z, :1<7<n-1} and
E(L(AQn))z{e,:1£r£n—2}U{e;,e;:1£r£n—1}U{xT,x'T:131£EJ},

where e, =2z, € =Vz, € =2V ;, X, =UV, , X =UV,_.

5+l ey Mt T+l 1

We divide the vertex and edge set of L(AQ,) into distinct partition as described below.

!

T, {sz 41+ 7n2}U{er-1 <7< \‘ZJ }U{ €3 -'fe;-z}U{UL%J}

n

T {2202, JULE €. ,nl}u{ sbJ-s}u{u

N

T, = {x2 Xyryeee x{EJ}U{vl,vy..,vn2}U{e1,e3...,en2}U{x£2J_1}

T, ={v2,v4,...,vn1}U{e2,e4...,en3}U{x2, Xyyeeny XBJ}U{el'}
T, ={u,:1<7<| % |-BU{e. :2<7<n-2}

Based on the coloring technique described above, clearly the color classes T,,T,,T,,T, and T, are

independent sets of L(AQ,), and it holds the inequality || T, |—|T, <1 fora=b. This implies that

Z.(L(AQ,))<5. Further, we havey,(L(AQ,))=x (L(AQ,))>A+1>4+1>5.

7.(L(AQ,))=

Example 3.6.1: The graph L(AQ,) and its equitable total coloring is shown in figure 7.

y [

Figure 7: L(AQ,) and its equitable total coloring
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