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ABSTRACT. In this paper, we introduce certain class of bi univalent functions
related to shell like curves connected with Fibonacci numbers. Also we determine
initial Taylor-Maclaurin coefficient inequalities and Fekete Szego problem for the
belonging class.
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1. INTRODUCTION AND PRELIMINARIES

Let A denote the family of normalized analytic functions f of the form

f(2) =z+Zakz’“ (z€U) (1.1)

in the open disc U = {z : 2 € C : |z| < 1}. Further, let S denote the class of
functions in A which are also univalent in U.

The well-known Koebe one-quarter theorem [2] ensures that the image of U
under every univalent function f € A contains a disk of radius 1/4. Hence every
univalent function f has an inverse f~! satisfying f~!(f(z)) = 2, (¢ € U) and

FHf(w)) = w, (jw] < ro(f), 70(f) > 1/4)
where,
g(w) = f7H(w) = w — aw® + (205 — az)w® — (53 — 5agaz + a)w +...  (1.2)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent
in U. Let 3 denote the class of bi-univalent functions in U given by (1.1). For
example, functions in the class 3 are given below [13]:

z 1 1+ 2
1> —log(1—z2), =log (———).

In 1967, Lewin [8] introduced the class ¥ of bi-univalent functions and shown that
laz| < 1.51. In 1969, Netanyahu [10] showed that mazfex|az| = 4/3 and Suffridge
[14] have given an example of f € ¥ for which |ag| = 4/3. Later, in 1980, Brannan
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and Clunie [1] improved the result as |ay| < v/2. In 1985, Kedzier-awski [7] proved
this conjecture for a special case when the function f and f~! are starlike. In 1984,
Tan [15] proved that |as| < 1.485 which is the best estimate for the function in the
class of bi-univalent functions.

Let the functions f and g be analytic in U. Then we say that f is subordinate to
g, if there exits a Schwarz function w(z), analytic in U with w(0) = 0 and |w(2)| < 1
in U, such that f(z) = g(w(z)), z € U. We denote this subordination by f < g
Sokol [12] introduced shell like functions S£ and convex shell like functions KSL as
the set of functions f € U which are defined as follows

Definition 1. The function f € A belongs to the class SL and KSL if it satisfies
the following condition

2f(2) .
<p
f(2)
and
2f'(z) .
1+ <p
f(z)
with
14 7222
1—72— 7222
where T = - \/5 ~ —0.618.

2

The function p is not univalent in U, but it is univalent in the disk |z| <
(3 —+/5)/2 = 0.38. For example, p(0) = p(—1/27) = 1 and p = v/5/5, and it may
: 1
also be noticed that = ,
7l 1=
such that it fulfils the golden section. The image of the unit circle |z| = 1 under p
is a curve described by the equation given by

(102 — V5)y* = (V5 — 22)(vV5x — 1)?,

which is translated and revolved trisectrix of Maclaurin. The curve p(re’) is a closed
curve without any loops for 0 < 7 < rg = (3 —/5)/2 ~ 0.38. For ry < r < 1, it
has a loop, and for r=1, it has a vertical asymptote. Since 7 satisfies the equation
72 = 1 + 7, this expression can be used to obtain higher powers 7" as a linear
function of lower powers, which in turn can be decomposed all the way down to a
linear combination of 7 and 1. The resulting recurrence relationships yield Fibonacci

which shows that the number |7| divides [0, 1]
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numbers u,: ™" = u,T + u, 1. In [6], taking 7z=t, Raina and Sokol showed that

5(2) 14 7222
)=
p 1 — 72— 7222
1 t
= (t+ Z)——
(+t>1—t—t2
1 1 1 1
— — (t+ = _
VA A g T g
1. = (1—=7)"=7"
—(t+-)y
( t)nz::l NG
1 o0 oo
= (t + ;) Zuntn =1+ Z(un—l + un—&-l)TnZnu
n=1 n=1
where
_\n _.n 1—
P ks ek A el L) (n=1,2,..).

, T
Vb 2
This shows that the relevant connection of p with the sequence of Fibonacci
numbers u,,, such that u, = 0, u1 = 1, up19 = up, + U,y for n=0,1,2,... and they got

plz) =1+ Zﬁnz"
n=1
=1+ (uo + uz>72 + (Ul -+ U3>T222
—|—Z(un—3+un—2+un—1+un)7”z”
n=3

=14+ 72437222+ 4323 + 742 + 117925 + .

Let P(pB) ,

0 < 1, denote the class of analytic functions p in U with p(0) = 1
and Re{P(z)}

<p
> (. Especially, we will use P instead of P(0).

Firstly, let p(z) =1+ p12z + p22® + ... and p < p. Then there exists an analytic
function usuch that |u(z)| < 1in U and p(z) = p(u(z)). Therefore, the function
1+ u(z)
h(z) = 42
(2) 1 —wu(z)
is in the class P(0). It follows that

=14 cz+e22+ ...

and
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~ (2 2\ 22 3\ 23
p(u(z)) =1+ py {% + (cg - 31) 5 + (03 —cica+ j) -+ }

2
P 4 a 22+( LayE 2
— co— = | =+ (cs—cic - =+..
P2 5 275 )5 3 1C2 1) 9

2 2 4

1 S\ ~ 1 2\ . &
+ {5 (03 _6162+Z1) P1+§Cl (02 - 51) D2 +§1p3}23+...

and similarly, there exists an analytic function v such that |v(w)| < 1 in U and
p(w) = p(v(w)). Therefore, the function
1+ v(w)
klw) = — ")
(w) 1 —v(w)
is in the class P(0). It follows that

dw d?\ w? a3\ w?
U(UJ)—T—F(CZQ—?)?—F d3—d1d2+z 74—

plu()) =1+ 2 ¢ {1 (CQ - C‘) it C_p} g (1.3)

=14+ dyw + dyw? + ...

and

2 2 2 4

1 3\ .1 i\ - di
+ {5 (d3 — didy + j) Pt Edl (dQ - é) P2+ glp?)}ws + ..

Recently many authors introduced and investigated subclasses of bi-univalent
functions related to shell - like curves([5],[9]).

Definition 2. The function f(z) in (1.1) belongs to the class ./\/li‘f\ if it satisfies the
following condition

(A, F(2)) ( -
1—-+5
2

st <1+ 292} (- 5 Ff »

(1
(2)

~ —0.618.

— (A>1) (1.5)

1—72—17222

b)z >’\ 147222
~
z)

where T =

- 14 722° .
Theorem 1. [3] The function p(z) = T —— belongs to the class P(B) with
B =+/5/10 ~ 0.2236. The following lemma will be useful to prove our result.
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Lemma 1. [11] Let peP with p(z) = 1+ c12 + c22” + ..., then

len| <2, for n>1.

2. INITIAL COEFFICIENTS

In this section, we introduce a new subclass of ¥ associated with A-pseudo bistar-
like functions with respect to symmetric points related to shell-like curves connected
with Fibonacci numbers. Motivated by the works of Dziok et al. in [3] on the class
of convex shell like functions connected with Fibonacci numbers we obtain the initial
Taylor coefficients |as| and |az| for the function class by subordination.

Theorem 2. If f is given by (1.1) is in the class Mﬁi then

il

\/W [“;” (14 b)2 —[2],(1 + b)] + 78]y — ML+ b+ )] + (ML +b) — [2],)%(1 + 37)]

las| <

and

il

(AL +0) = [2]y)*]

las| < |

(Agf(2)) (ﬁ%) =1+[[2], — M1+ b)] asz

+ {([ﬂq — A1 +b+b%))az + A (%;1)(1 +0)2—(1+ b)[2]q) a%} %

+ [([4 = AL+ b)(1 +b)*)ag + AN = 1)(L+ ) (L + b+ b?)
2] AN -DA+0)*  AA+DA+2)(1 +b)?
2 6

— A[3Jy(1 +b)azas + (

— ABlg(L+b+0b%))a3] 2° + ...
(2.1)
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and
(1-0)z A
A =1 1 — 12
gt (5] — 1 [0+ - Bl el

{ lx (<A - 1>2<1 O g4 b)) 1201, - AL+ b+ 0?)]| a2

— [Blg = A1+ b+b)az) fw* + [{5[4]; — M2](1 + b+ b?)
— A[Blg(L+b) = BA(L +b)(1 4 %) } asaz + {BA(L + b)(1 + b°)
AA+ DA +2)(1+0)?

6

—20A+ D)1 +b)(L+b+b") +

Lo, (1 b ) - B +21)(1 +b)?

+2A[3]g(1 4 b) — 5[], a3 — {[4]y = A1+ b)(1+b%)} as] w’ + ...

(2.2)
By Comparing (2.1) and (1.3) gives,
2], — AL +b)] as = %T (2.3)
A {(1 e pa b)} G438~ MU+ + 1) 0y = 3 (CQ - %§> r+ 3,
(2.4)
ML+D) — 2o = G (2.5)

([ 20 00 - e m] o2 -1 b008] Y (205 )

1 2 2
= 5 <d2 —ﬁ> T+ ﬂ37’2

2 4
(2.6)
Adding (2.3) and (2.5),
c=—d = C% = d% (27)
Squaring (2.3) and (2.5) and adding,we have
1
2001 +b) — [2],)%a; = Z—l(c% +di)r? (2.8)
PNCEY 29)

P+ ) — [2])?
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Adding (2.4) and (2.6) and using (2.4) implies

(T+XN)
2

2\
2

(2.10)

(146)* = [2]4(1 +b)| a5+2 [[3]q —A1+b+ bz)} a5 = g(CQ‘i‘dg)—cf (7' — 37’3)

Using (2.7) in (2.8), we have

s AL+ b) — [2,)?

C
T2

Substitute for ¢? in (2.10), we have
[7[*[c2 + do
AT [“;—”(1 +0)2 — [2],(1+ b)] +7[[8]g = AL+ b+ b))+ (A(1+b) — [2]4)2(1 4 37)]

Using lemma |c,| < 2,|d,| < 2

|as|® <

il

las| <
\/w [“L;)(l +b)2 —[2],(1+ b)] + 7 (8] = ML 404 02)] + (A1 +b) — [2],)2(1 + 37)|

By subtracting (2.6) from (2.4) and simplifying,

2((30y — AL +b7))as — 2((8],~ AL+ b+6))ad = ~(co—da) (1 - 3—) @ &)

2 4 4
Applying equation (2.7) and |c,,| < 2, |d,| < 2, we have
2 7(c2 — do)
= 2.11
%= B A b+ 02 (2.11)
P i
@ +b) = 2197 [(1Blg = AL+ 0+ 0%))]
0

3. FEKETE-SZEGO INEQUALITY

Fekete and Szego [4] introduced the generalized functional |ag — pua3|, where p is
some real number. Due to Zaprawa [16], in the following theorem we determine the
Fekete-Szego functional for f € Mi‘i

Theorem 3. If f is given by (1.1) is in the class M?i then,

-
211 — plu (T, A b,q) i [(1— p)|Q4(7, A, b, q) >

3, — M1 +b+02

las—vad| < . ([3]q (T )

if [(1 = @) (, A, b,q) <

([38]g = M1 + b+ b?)) ([38]g = A1+ b+ b?))
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Proof. By using the values of ay and ag,

22 T(c2 — da) 2
N P T E S Vi
T
|CL3 - /’La§| < + (1 - M)Ql(Ta >‘7 bv Q) (31)

([3]g = A1 + b+ b?))

Where
Qi(1, N\, b,q) = (1+)) 9 :
A |5 (140 = 21 +0) [ +7[Bly = AL+ b+ 02)] + (A1 +b) — [2],)*(1 +37)
If
(1= p)u(r, 2, b,9) > [Bl, — A(1T+ b+ b2))
th;n’ a3 — pay| < 201 = plh(r, A, b,q)

T

=iz s Em = xar o)

and suppose
-

([3]g = AL+ b+ b?))

(1 - :u’)Ql(T7 )\7 bv (J) S
then

2T
3l — A1+ b+ b?))

|ag — paz| <
(]

where
-

A0, ¢)([3]; = A1+ b+ 02))

1— oyl <
| u|_Ql(
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