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1.Introduction:

The rough set theory was introduced by Pawlak [14] in 1982 which is based on the equivalence
relations. After more than 30 years of research, the theory of rough set has been continuously improved
and widely expanded in applications. In 1994, Biswas and Nanda [3] introduced the notion of rough
groups and rough subgroups, which depends on the upper approximation. Then, Bagirmaz et al. (2016)
[13] introduced the concept of topological rough group and extended the notion of a topological group
to include algebraic structures of rough groups.

In this paper, we discussed compactness and open mapping theorems in topological simple rough
groups and we examine the relationship between compactness and continuity of quotient maps.
Further, we analysed some results related to topological rough group homeomorphism and also rough
isomorphism theorems are discussed. Finally, we defined a rough double coset space and discuss their
role in topological simple rough groups. By utilizing techniques from topology and fundamental
analysis, we establish criteria for compactness in rough double coset spaces.

2. Preliminaries:

Definition 2.1. [4] Let K = (U, R) be an approximation space and * be a binary operation defined on
U. A subset G of universe U is called a rough group if the following properties are satisfied:

(i) V X,y € G, Xxxy € G;
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(i)  Association property holds in G;

(iii) 3 e e GsuchthatV x € G, xxe = exx = X; e is called the rough identity element of rough group
G;

(iv) VX€G,3yeGsuchthat xxy =yxx =e;y is called the rough inverse element of x in G;

Theorem 2.2. [4] A necessary and sufficient condition for a subset H of rough group G to be a rough
subgroup is that:

(i) V X,y € H, xxy € G;
(i) VX €EH, xteH.

Definition 2.3. [13] A topological rough group is a rough group (G, *) together with a topology T on
G satisfying the following two properties:

(i) the mapping f: G x G — G defined by f(x, y) = xy is continuous with respect to product topology
on G x G and the topology Tc on G induced by T,

(i)  the inverse mapping g: G — G defined by g(x) = x* is continuous with respect to the topology
Tcon Ginduced by T.

Definition 2.4. [4] Let (U, R,), (U, R,) be two approximation spaces, and *, * be binary operations
over universes Uy, U, respectively. Let G; ¢ U, and G, < U, be rough groups. G, G, are called rough
homomorphism sets if there exists a surjection ¢:G; — G, such that V x,y € G; U {e}, we have

pxxy) =) * o).

If a rough homomorphism is a bijection, then we say that G; and G, are rough isomorphism.
Definition 2.5. [1] A mapping f: G, — G, is called a topological rough group homomorphism, if f is
a rough homomorphism and continuous with respect to the topology 7, on G, inducing Tg, ON G, and
a topology 7, on G; inducing Tg, ON Gy.

Definition 2.6. [1] Topological rough group homomorphism f: G, — G, is called a topological rough
group homeomorphism, if there exists a topological rough homomorphism f~! suchthat f~1o f =

1g,.

Definition 2.7. [1] Let ®: G, — G, be a topological rough group homomorphism and let e, be the
rough identity element in G,. Then

ker(®) = {g € G, : P(g) = e;}.
is called the rough kernel associated to the map .

Definition 2.8. [12] Let G be a rough group such that G is a group and H is a rough subgroup of G. If
H is a normal subgroup in G, then G/H is a rough quotient group.

Definition 2.9. [16] A rough group Gg is called a simple rough group if it contains no proper non-
trivial rough normal subgroups.

That is, Gy has only the rough normal subgroups {e} and Gg;.
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Definition 2.10. [16] A topological simple rough group is a simple rough group (G, *) together with
a topology T on G, satisfying the following two properties:

(1) The mapping f: Gg X Gi = Gg; defined by f(x, y) = Xy, X, y € Gg is continuous with respect to
the product topology on Gy X Gg and the topology t on Gy induced by T

(i)  The inverse mapping g: Gy — Gy defined by g(x) = x, X € Gy is continuous with respect to
the topology T on Gg induced by T.

Proposition 2.11. [16] Let Gy, be a topological simple rough group. If U € Gg; is an open set with e €
U, then there exists a symmetric open set V of e in Gy such that VV € U.

Lemma 2.12. [17] Let Gy be a topological simple rough group such that Gg, is open in Gy and W be a
neighbourhood of e in Gg; . Then there is an open set U of e in Gy such that U € U™ € W, for every
n € N —{0}.

Lemma 2.13. [7] Let Y be a subspace of X. If U isopen in Y and Y is open in X, then U is open in X.

Theorem 2.14. [5] Every locally compact subspace M of a Hausdorff space X is an open subset of the
closure M of the set M in the space X.

Remark 2.15. [16] The topological closure of Hg, cl(Hg), in Gy is a topological rough subgroup in
Gon.

Definition 2.16. [16] A continuous mapping f: X — Y is perfect if X is a Hausdorff space, f is a closed
mapping and all fibers f~1(y) are compact subsets of X.

Result 2.17. [5] A T;- space X is aregular space if and only if for every x € X and every neighbourhood
V of x there exists a neighbourhood U of x such that V € U.

Theorem 2.18. [5] A continuous mapping f: X — Y is closed if and only if for every point y € Y and
every open set U c X which contains f~1(y), there exists a neighbourhood V of the pointy in Y such
that f~1(V) c U.

Throughout this paper, we consider X be the universal set, Gy be a simple rough group with identity e
and Gy be the upper rough approximation of Gg. Also, the corresponding topologies are denoted by T
for Gy and T for Gy induced from 7.

3. Compactness:

Theorem 3.1. Let G be a topological simple rough group such that Gg is open in Gy and A be a
compact subset of Gg. If M is a closed subset of Gy with AN M = @, then there is an open
neighbourhood V of e in Gy suchthat AV N M =@ and VAN M = Q.

Proof: Since the map Ly: Gy — Gg, is continuous and M is closed, there exists an open neighbourhood

U, of e in Gy such that aU, N M = @, for all a € A. By proposition 2.9, there is a symmetric open set
7, of e in Gy such that V,V, € U,. Since A is compact, there exists an open cover U,e4 a V, such that
A S UgeaaV,. LetV = Ngeq V. Suppose there exists an arbitrary element b € A, then b € al/,. Now,
bV < bV, € aV,V, € aU, which implies bV N M = @. Therefore, AV n M = @. Similarly, we prove
VANM = Q.
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Theorem 3.2. (Second Closure Lemma) Let Gg; be a topological simple rough group such that Gg; is
open in Gg. Suppose A is a compact subset of Gy and M is a closed subset of Gg. Then AM and MA
are closed sets in G.

Proof: Let a ¢ AM. Then A~'a n M = @. Since A is a compact subset, A~1a is compact. Therefore,
by theorem 3.1, there is an open neighbourhood V of e in Gg such that A=*aV N M = @ which implies
aV/ n AM = @ and aV is an open neighbourhood of a in the complement of AM. Hence AM is a closed
subset in Gg. Similarly, MA is a closed subset in Gg,.

Theorem 3.3. Let Gy be a topological simple rough group such that Gy, is open in Gg. Suppose A4 is a
compact subset of Gg;. Then there exists an identity neighbourhood V € G such that aVa™t € W, for
every open neighbourhood W of e in Gy and a € A.

Proof: Let W be a neighbourhood of e in Gy . From lemma 2.10, there is an open set U of e in Gg; such
that U € U™ < W, for every n € N — {0}. Since A is compact, there exists an open cover A € UM
such that M is a finite subset of A. Consider V = N,cy x~1Ux. Then e € V is open in Gg. Also, by
theorem 2.11, V is open in Gg. Now we choose an element a € A such that a = ux, for some u € U
and x € M. Hence, aVa™! = uxVx~tu"! culUu~t c U3 c W, forany a € A.

Theorem 3.4. Let Gy, be a topological simple rough group such that Gy, is a group and Hg, is a subgroup
of Gg. If Hy; is open in Gg, then Hg, is closed in Gy.

Proof: The rough quotient space Gy /Hgz = {aHgy : a € Gg}. It is a disjoint open cover of Gg. Since
Hg, is open, aHsy, is also open. Therefore, the complement of Hy = Uggn,, aHy is open in Gg. Hence
Hg, is closed in Gg.

Theorem 3.5. Let G be a topological simple rough group such that Gg is a group and Gg, is open in
Gg. If A is a compact open neighbourhood of e in Gg, there is a compact subgroup Hg of Gg; such that
Hg € A.

Proof: Since A € G, is an open neighbourhood of e, there exists a symmetric open neighbourhood V
of e in Gy such that V'V € A and by lemma 2.10, V € V™ C A, for every n € N — {0}. Now consider
Hy = Unen-(o} V" Then Hy is open in Gy and Hy S A. Since Gy is open in Gy, Hy; is open in Gg.
Let us prove Hy, is a subgroup of Gg. Let a,b € Hy. Thena € V™ and b € V™, for some n,m € N —
{0} which implies ab € V™™ € Hg. Also, a € Hy impliessa e V*anda™t € (V") 1 = (v )" =
V™ € Hg. Therefore, Hy;, is a subgroup of Gg. Applying theorem 3.4, Hy, is closed in Gg. Hence Hy, is
a compact subgroup of Gg;.

Proposition 3.6. Let Gy be a topological simple rough group such that Gg; is a group and Hg be a
locally compact subgroup of a Hausdorff topological group Gg. Then Hg, is closed in Gy.

Proof: Since Hg be a locally compact subgroup of a Hausdorff topological group Gg, Hg is open in
cl(Hg), closure of Hy and cl(Hg) is a topological rough subgroup in Gg. Therefore, by theorem 3.4,
Hg, is closed in Gg;.

Theorem 3.7. Let Gy be a topological simple rough group such that Gg; is a Hausdorff topological
group and Hy, is a compact subgroup Gg. Then the rough quotient mapping ¢: Gz — Gy /Hg, is perfect.
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Proof: Let M be a closed subset of Gg. Then by the second closure lemma, M Hg, is closed in Gg. That
is, (M) is closed in rough quotient space Gy /Hg. Therefore, the rough quotient mapping ¢ is closed.
Let b € Gy/Hg and a € Gy such that ¢(a) = b. Then ¢ ~1(b) = aHg, is a compact subset of G;.
Hence, by the definition of 2.14, the rough quotient mapping ¢ is perfect.

Theorem 3.8. Suppose M is a compact subset of a topological simple rough group Gg such that Gy is
a group. Then there exists a smallest rough subgroup Hg in G containing M such that Hy, is o-
compact.

Proof: Let A = M U {e} U M~1. Since M is a compact subset of a topological simple rough group Gg,
A is compact in Gg. Now define the multiplication mapping f;: G& — Gy by fi(xq, X, .., x;) =
XX, ... X;, for x4, x5, ..., x; € Gy and for every i € N. Since Gy is a topological simple rough group
and continuous image of compact set is compact, the mappings f; are continuous which implies f;(A")
is compact in Gg; , for every i € N. Therefore, the rough subgroup Hy = U™, f;(AY) is generated by
M. Hence Hg, is o-compact.

Theorem 3.9. (Open Mapping Theorem 1) Let Gy and Hy be topological simple rough groups such
that Gy and Hg, are open in Gy and Hg,. Let m: Gy, — Hy, be a surjective mapping topological rough
group homomorphism. If Gy is a compact space and Hy; is a Hausdorff space, then the mapping  is
open.

Proof: Since Gg, is a compact space and Hy, is a Hausdorff space,  is closed. Also, by the continuity
of 7, the mapping = is a quotient map that means a subset U € Hg, is open if and only if #=(U) is
open in Gg. Let us prove m is an open mapping. Let V be an open set in Gg. Then n‘l(n(V)) =K,V
is open in Gg, where X, is the rough kernel of . Now consider U = w(V) that implies ==*(U) is
open in Gg. Since m is a quotient map, U = (V) is open. Hence the mapping m is open.

Proposition 3.10. Let Gy be a topological simple rough group and Gy be an open set in Gg;. Suppose
the subset A € Gy and int(xA N Gg) # @. Then int(A4) # @, where int means interior of the set.

Proof: Consider an arbitrary element b € int(xA N Gg). Then there is a point a € A such that b = xa.
Since Gy, is a topological simple rough group and Gg; is an open set in Gg, there is a neighbourhood U
of a in Gy such that xU S int(xA N Gg) which implies xU < xA thatis, U € A. Hence, int(A) # @.

Theorem 3.11. (Open Mapping Theorem Il) Let G and Hy be two locally compact Hausdorff
topological simple rough groups such that Gy and Hg, are open in Gy and Hg. Suppose a surjective
mapping m: Gy — Hg 1S @ continuous rough homomorphism and Gg is a o-compact space. Then m is
an open mapping.

Proof: Let U S Gy be a symmetric identity neighbourhood. Since G is locally compact, there exists
a symmetric open neighbourhood N of e in Gy such that cl(N) is compact and cI(N)cl(N) < U, where
cl(N) is the closure of N. Since N is open, xN is open, for every x € Gg. SO, Uyeg, XN COVErs Gy.
Therefore, Gz = Gy N Uxeg,, XN. Since Gy, is a a-compact space, there exists a countable set {x; };en;
such that Gz = Gx N U;ey x;N. Since cl(N) is compact and m is continuous, m(Gg) = m(Gg) N
Uien T(x;cl(N)), for every x; €Gg implies Hg = Hyi N Uiey m(x;) m(cl(N)) = Hg N
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Uien ¥i m(cl(N)), where y; = m(x;) € Hy. Thus, y; m(cl(N)) is closed in Hg, for every i € N.
Therefore, Hy N y; m(cl(N)) is closed in Hy. Since Hy is locally compact, int (Hy N y; w(cl(N))) #
@, for every i € N. By proposition 3.10, we get int(m(cl(N))) # @. Then there exists an open set V
Hg; such that V € mw(cl(N)). Let v € V. Then there exists a point n € cI(N) such that 7(n) = v.
Therefore, e’ € vV c v In(cl(N)) = n(n Hm(cl(N)) € n(n~ cl(N)) € n(cl(N)cl(N)) €
n(U). Hence m is an open mapping.

4. Topological rough group homomorphism:

Proposition 4.1. Let Gy and Hy be topological simple rough groups such that Gy and Hg; are open in
G and Hg. Let the map f: Gy — Hy be a continuous topological rough group homomorphism.
Suppose for every open neighbourhood N of e in Gg, f(N) has a non-empty open set in Hy. Then f
is an open mapping.

Proof: Let U be an open neighbourhood of e in Gy such that U=*U € N. But by the hypothesis, £ (U)
has a non-empty open set in Hg. Consider that open set V in Hg. So, V™1V is an identity
neighbourhood. Therefore, V-1V < f(U)~1f(U) = f(UU) € f(N) which implies f(N) has an
identity in Hy. Let b € f(N). Since f is a continuous topological rough group homomorphism, there
exists an arbitrary element a € N such that f(a) = band aU € N. Also, V < f(U) and bV is an open
neighbourhood in Hy; . Then bV € f(alU) € f(N). Hence the map f is open.

Proposition 4.2.

(i) Let Gy, Hy and Ky, be simple rough groups. Let f: Gy — Hy and g: Gz — Ky be rough group
homomorphisms, where g(Gg) = Ky and Ky < Ky, where K¢ and K, represent the rough kernel of
f and g. Then h: Ky — Hg, is a rough group homomorphism such that f = h o g.

(i) Let Gy, Hi and Ky be topological simple rough groups such that Gg, Hy; and Kg; are open in
Gg, Hy; and Kg;. Suppose g~1(U) € f~1(V), for every identity neighbourhood U in Ky, there exists
an identity neighbourhood V in Hgy, then h: Ky — Hy, is continuous.

Proof:

(i) Since f and g are rough group homomorphism and f =hog, h is a rough group
homomorphism.

(i) Let U be an identity neighbourhood in Hg. By the hypothesis, there exists an identity
neighbourhood V in Hg such that g=*(V) € f~1(U). Consider N = g~1(V). Therefore, f(N) € U
and h(V) = f(N) which implies h(V) € U. Hence h is continuous at e in Ky, which implies h is
continuous.

Corollary 4.3. Let Gy, Hy and Ky be topological simple rough groups, where Gy, Hy, and Ky, are open
in G, Hy and Ky Let f: Gz — Hyg and g: Gz — Kg be continuous rough group homomorphisms such
that g(Gg) = Ky and K¢ € Ky, where K¢ and ¥, represent the rough kernel of f and g. Suppose g
is open, then there exists a continuous rough group homomorphism h: Ki — Hg such that f = ho g.
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Proof: By proposition 4.2 (i), there exists a rough group homomorphism h: Kg; — Hg; such that f =
ho g. Let U be an open set in Hy. Then h=1(U) = g(f~1(U)). Since f is continuous and g is open,
h~1(U) is open. Therefore, h is continuous and hence h is continuous rough group homomorphism.

Proposition 4.4. Let Gy and Hg, be topological simple rough groups such that Gg and Ky are groups.
Let £ be a subgroup of G and normal subgroup of Gg;. Let M = p(£) be a subgroup of Hg, and normal
subgroup of Hg;. Suppose p: Gy — Hy, is a rough homeomorphism. Then the quotient map y: Gg/L —
Hg, /M is a topological rough group homeomorphism which is defined by y(aL) = bM, for a € Gy
and b = p(a).

Proof: Consider the quotient maps p: Gg — Gg/L and p': Hy — Hy /M. Then ' o p = y o u. Since
the maps 1/, p and u are open continuous rough homomorphisms, the map y is an open

G—m—f’,ﬁ;

;

Gy/ L——> Ha/M

continuous homomorphism. Let aL € Gg/L and y(al) = M. Then u'(b) = M and bM = M
which implies b = p(a) € M. Since p is a rough homeomorphism and M = p(£), p(a) = p(c), for
some ¢ € L which implies a = c. Therefore, a € £ implies the kernel of y is £ that mean the
quotient map y is injective. Hence the quotient map y is a topological rough group homeomorphism.

5. Rough isomorphism:

Theorem 5.1. (Rough Isomorphism Theorem - I) Let Gy and Hg; be topological simple rough groups
such that Gy, is a group. Let p: Gy — Hy; be a topological rough group homomorphism and K, be the
rough kernel of p. Then the map ¢: G_m/jcp — Hg, is a continuous rough isomorphism which is defined
by cp(a?Cp) = p(a), for every a € Gg. Also, if p is open, the map ¢ is a rough homeomorphism.
Proof: Let u: Gi — Gg/ X, be a quotient map. Then p = ¢ o p.

(1) @ Is injective:

Since p is a topological rough group homomorphism and ¥, be the rough kernel of p, for some a,
b € Gy, aX, = b¥, which implies ab™! € X,. Then p(a)p(b)~! = p(ab~") = €', where €’ is the
identity in Hyg;. Therefore, p(a) = p(b) implies that ¢ is one-one.

(i) ¢ issurjective:

Let x € Hy. Then there exists an element a € Gy such that p(a) = x. Since @(aX,) = p(a), for
every element of Hy, is in the image of ¢. Hence ¢ is onto.

(iii) ¢ is rough homomorphism:

Let a, b € Gy. Then aX,, bX, € Gy /¥,. Since p is a topological rough group homomorphism,
¢(abx,) = p(ab) = p(a)p(b) = ¢(aX,)e(bX,). Therefore, ¢ is a rough homomorphism.
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(iv) ¢ iscontinuous:

Since p is continuous and u is a quotient map, ¢ = p o u~ 1 is continuous. Hence the map ¢: G_m/:lcp -
Hy, is a continuous rough isomorphism.

(V) @ is a rough homeomorphism if p is open:

Let U be an open neighbourhood in Gg. Since p is open, p(U) is open. Then @(U) = p(u~t(V)) is
open. Therefore, ¢~ is continuous. Hence ¢ is a rough homeomorphism.

Theorem 5.2. (Rough Isomorphism Theorem - Il) Let G and Hy be topological simple rough
groups. Let p: G — Hg be a topological rough group homomorphism such that Gy and Hg are
groups and £ be a normal subgroup of Hg;. Define M’ = p~1(£) and X, be the rough kernel of p. Then

the map ¢: (G_m/JCp)/(M/Kp) — Hg /L is a topological rough group homeomorphism.

Proof: Consider the rough quotient map u: Hy — Hg/L which is an open continuous rough
homomorphism. Then u o p : Gy = Hg /L is also a continuous open rough homomorphism. Let p’ =
u o p. Then the rough kemel of p', ;s = {a € Gy : p'(a) = L}. Since p'(a) = u(p(a)) = p(a)L,
K, ={a€Gy: p(a) € L} But M =p~'(£) = {a € Gy : p(a) € L}. Therefore, X, = M. By
theorem 5.1, Gg /M is topological rough group homeomorphism to Hg; /L. In the similar way, define
the map ¢:Gy/¥X, - Hz/L by ¢(aX,) = p(a)L. Then the rough kernel of ¢, X, = {aX, €
Gy/K, : @(aX,) = L} which implies X, = {aX, € Gx/X, : p(a) € L}. But M =p~1(L) =
{a € G : p(a) € L}. That is, the element a € M mapped to the identity £ in Hg /L. Therefore, the
element a¥,, € M /XK, mapped to the identity £ in Hg, /£ which implies the rough kernel of ¢, Ky =
M /¥,. By theorem 5.1, (Gg/X,,) /(M /K,) is topological rough group homeomorphism to Hy /L.

Theorem 5.3. (Rough Isomorphism Theorem - I11) Let G be a topological simple rough group and
let £ be a normal rough subgroup of Gg. For any topological rough subgroup Hg, of Gy, if Gy , Hy; and
L are groups, where L is the upper approximation of £, then the rough quotient map y: HzyL/L —
@ (Hg) is a topological rough group homeomorphism, where ¢: G — Gy /L is a rough quotient map
and @ (Hg,) is a subgroup of Gy /L.

Proof: By our assumption, HzL = ¢~ (@ (Hg )). Let u: HrL — @(Hy) defined by u(al) = ¢(a).
Since ¢ is homomorphism, the rough quotient map u is homomorphism. Then the rough kernel of y,
¥, = {a € HyL : p(al) = e, is the identity of ¢ (Hg)}. But the identity of Gg/L is £ and ¢ (Hy) is
a subgroup of Gg/L. So, K, = {aL € HxL : ¢(a) = L} = L. Therefore, by the theorem 5.1, the
rough quotient map y: HzL/L — ¢ (Hg) is a topological rough group homeomorphism.

6. Rough double coset spaces:

Definition 6.1. Let Gy be a rough group such that Gy is a group and Hg, Ky be rough subgroups in
Gg. If Hy, Kg be subgroups in Gg, then

Ky\Gy/Hy = {KuxHy : x € Gy}

is a rough double coset space (Dg). Also, for any x,y € Gy, either KyxHy = KgyHg OF KgxHg N
KyyHy = 0.
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Lemma 6.2. Let Gy be a rough group such that Gg, is a group and Hg;, Kg; be rough subgroups in Gg.
If Hy;, Ky be subgroups in Gg, then all the double cosets form a partition of Gg,.

Proof: Let x,y € Gg. Then the corresponding cosets are Ky xHgy;, KgyHg. These are either disjoint or
coincide. Consider an arbitrary element z € KyxHy N Ky yHg, thatis, z = k;xhy = k,yh,, for some
ki, k, € Ki and hy, h, € Hy. Therefore, x € KiyHg Which implies KgxHg © Ky yHg. Similarly, we
can prove KyyHg © KgyxHg. Hence, KexHy = Kz yHg.

Lemma 6.3. Let Hy, and Kg; be rough subgroups of a topological simple rough group Gy such that Gy
is a group and Hg, Ky, are subgroups of Gg. If A is a compact subset in D and the rough quotient map
@: Gy > Dg is defined by ¢(x) = KyxHg, for x € Gg, then there exists a compact subset B in Gg
such that ¢(B) = A.

Proof: Let U be an identity neighbourhood in Gy which has a compact closure. Since A is compact,
there exists a cover U, @ (x;U), where xy, x,, ... x, € Gg. Thatis, A € U, ¢(x;U). Now consider
B = ¢ 1(A) n UL, x;cl(U), cl(U) means closure of U. Since cl(U) is compact, ¢ ~1(A) lies in the
compact set U™, x;cl(U). Therefore, B is compact and ¢(B) = ¢(p~1(4) N UL, x;cl(U)) = AN
Uiz1 @ (x;cl(U)) = A.

Lemma 6.4. Let Gy be a topological simple rough group such that G is a group and Gg, is open in Gg.
Suppose Ky, and Hy, are closed in Gg and Kg; is compact in Gg. Then Dy is a closed set in Gg.

Proof: Since Hg, is closed in Gy, xHg, is closed in Gg. Then using theorem 3.2, Ky xHg, is closed in Gy
that is, Dg is a closed set in G.

Proposition 6.5. Let Hy and Ky be rough subgroups of a topological simple rough group Gg; such that
Gg is a group and Hg, Ky, are subgroups of Gg. If K is a compact subset in Gy and Hy, is a closed
subset in Gg, then the rough quotient map ¢: Gy, — Dy is open.

Proof: Let U be an open set in Gg. Then ¢~ 1@ (U) = KxUHsy, is open in Gy which implies ¢(U) is
open. Therefore, the rough quotient map ¢ is open.

Proposition 6.6. Let Hyi and Ky be rough subgroups of a topological simple rough group Gg such that
Gg is a group and Hy;, Ky, are subgroups of Gg. Then the rough double coset space Dy is regular.

Proof: Consider an arbitrary point ¢ € Dg and ¢(x) = c, for some x € Gg. Then ¢ ~1(c) = KyxHg.
From theorem 4.2, ¢ ~1(¢) is closed which implies {c} is closed in D¢. Therefore, for any ¢ € Dg, the
rough double coset D¢ is a T;- space. Let U be an open neighbourhood of ¢ in Dg. Then there exist
identity neighbourhoods V and W in Gy such that ¢ (Vx) € U and WW <€ V. Also, by theorem 3.3,
there exists a symmetric identity neighbourhood N € W in Gg, such that xNx~1 € W, for every x €
Ky which implies NKg © KgqW. Since ¢ is an open mapping, ¢ (Nx) is an open neighbourhood of
@(x) in Dg and o(Nx) < U. Now let us prove the closure of ¢ (Nx) is contained in U. Let ¢ (Ny) be
an open neighbourhood of y in Gy and y be an accumulation point of ¢ (Nx).That is, y in closure of
@(Nx). Then o(Ny) Nn @ (Nx) # @ implies Ny N KxNxHg # @. Therefore,

So, closure of ¢ (Nx) is contained in U. Hence D is a regular space.
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Proposition 6.7. Let Hyi and Ky; be rough subgroups of a topological simple rough group Gg such that
Gg, is a Hausdorff topological group and Hg, Ky are subgroups of Gg. Then the mapping p: Gg /Hy —
D¢ defined by p(xHg) = KyxHg, for every x € Gy is open and perfect.

Proof: Let the mappings ¢: Gi — Dg and ¢*: G — Gg/Hy, defined by ¢ (x) = KgxHg and ¢* (x) =
xHg, for x € Gg. Then @ = p o @*. Since ¢ and ¢* are continuous and open, p is an open mapping.

G

7\

G/ Hy ———— D
o)

Let c € Dg such that ¢(x) = c, for some x € Gg. Then ¢~ 1(c) = KyxHg and the preimage p~1(c) =
0" (KyxHg) = ¢*(Kxx), Kyx S Gg. Since continuous image of a compact set is compact, the set of
all preimages, p~1(c) is compact in G /Hg;, for every ¢ € Dg. Now let us prove p is closed, using the
theorem 2.16. Let N be an open neighbourhood of ¢*(Kyx) in Gg/Hg. Then, Kux S ¢*~1(N) which
implies there exists an open neighbourhood U € Gy, such that KyxU S ¢@*~*(N) that is, ¢*(KxxU) S
N.LetV = ¢(xU) be an open neighbourhood of ¢ € Dg. Therefore,

p71(V) = pHp(xW)) = ¢ (9 (o (xV))) = ¢*(KyxUHg) = ¢*(KyxU) S N.

Hence, p is closed which implies p is a perfect mapping.
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