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1. Introduction

Linear differential operators are crucial in geometric function theory, a branch of mathematics that
studies the properties of functions and their translations in geometric contexts. In particular, linear
differential operators are used to study the characteristics of conformal mappings, quasi-conformal
mappings and other types of mappings between Riemann surfaces and other geometric objects.

Numerous aspects of functions and mappings, including their regularity, smoothness, and geometric
features like curvature and conformality, are explored using linear operators.

Let A be the class of functions f of the form

f(2)=z+ X072, (1.1)
which are analytic in the open unitdisc U = {z € C; |z| < 1}.
Let T denote the subclass of A in U, consisting of analytic functions whose non-zero coefficients from
the second terms onwards are negative. That is, an analytic function f € T if it has Taylor series
expansion of the form

f2)=2z—- X%,a2, (a; = 0) (1.2)
which are univalent in the open unit disc U.
Using the idea of convolution, Annapoorna S and Dileep L [4], introduced a Linear differential

operator AS%Z : A —> A defined by
ASyn f(2) = [(1 = D1+ G — D8]" + A10(a, )] * f(2) .

For Functions f € A of the form (1.1), we have
ASyy f(2) = z+ £, BY(a,¢,j,n; q)a; 2/ (1.3)
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where

(a)j—1

Bl (a,c,jniq) = |(1=D[1+( - D8 +2
7=Hq

(1.4)

neNy, 1>0, § >0 and a,c € R\Z.

Here (a)j is the Pochhammer symbol defined interms of the Gamma function by,

@) = a+j) _ {1, forj=0
] I'(a) aa+1)(a+2)--(a+j—1), forjeN

We Obtain the AL-Oboudi differential operator [2], for a range of parametric valuesof ¢ - 17,1 =
0.

The Carlson-Shaffer operator [5], is obtained for a range of parametric valuesof g - 17,1 = 1.

For a varied parametric values of 2 = 0, we get the differential operator investigated by Dileep L and
Mallige Rajeev [9].

We obtain the operator studied by Dileep L and S Latha [8], forq = 17,8 = 1.

Now using linear differential operator ASS™, we define the following subclass of T. Let

Aq’
T.(a, B, 6, 4; q) be the subclass of T consisting of functions which satisfy the conditions
astnsY)
R{ 62( Sia/) - } > a, (1.5)
Bz (As3af) +(1-R)AS,f

forsome a, (0 < a, B <1)and n €N,.

For a different parametric values of ¢ - 17,8 = 1 and A = 0 the above class reduces to the class
defined by Dileep L and S Latha [8].

2. Prime Results:

Theorem 2.1: A function f defined by (1.2) is in the class T,,(«, B, 8, 4; q) if and only if
i Bf(a, cjimqalj—a+af—afjl<l-a, (2.1)

where, ¢, 8 (0 < a, B <1)and n € N,.

Proof: Suppose f € T,(a, B, 8, 4; q). Then

2(AS3qf)’

R 7
Bz (ASEF) + (1 — PIASES

>a

R{ z— 25 jBf(a, ¢, j,n; q)a; 7/ } o
Blz-X5Z, jBi(a,c.jm@)a; 2|+ (1 = B[z - X2, Bf(a,c,j,n; q)a; 2]
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{ Z—Z;iszf(@CJﬂﬁq)ajzj } a
Z‘Zj‘iz Bf(a,c,j,n;q) [BG-D+1]a;z/

Let z — 1, then we get

1—2 jBf(a,c,j,n;q)aj > a4l —Z BY(a,c,j,n; )[B( — 1) + 1]a;

j=2 j=2
Z jBY(a,c,j,m; q)a; — az By (a,c,j,m; G —1) +1la; <1-a
j=2 j=2

J= J

Z BY(a,c,j,n; Qajlj—a+af —apfjl] <1-a.
j=2
Conversely, assume that (2.1) be true. We have to show that (1.5) is satisfied or equivalently

2(ASyef)’

5 7 . 1[<1—a.
Bz (ASA:Zf) + (1 - BASSTS

But

z— %%, jBi(a,cj,n q)a;z/ B 1‘
z-372, B{(a.cjm G -1 +1la; 2/

22 BY(a,c,j,n; )a; ( — 1D(B — 1)z
z2-3%%, B{(acjmIBG —1) +1la; 2/

%32, By (acimq)a; (j-1)(B-1)|z|
= 12I-X%, BR(acim@)BU-1+1la; |z]]
22, BR(acjm@a; -1D(B-1)
1-3%2, B (acjm@)B(-D+1la;’
The last expression is bounded by 1 — « if

Z B/'la(ar C)j’n; CI)Cl] (] - 1)(,8 - 1) < (1 - CZ) 1- Z B)(?(a) C,j,n; Q)[ﬁ(] - 1) + 1]a]
Jj=2 j=2

z BY(a,c,j,n; Qajlj—a+af—afjl<1-a,
=2

which is true by hypothesis. This completes the assertion of Theorem 2.1
(]

For parametric values of ¢ - 17,6 = 1,4 = 0 and different values of n (n =0, 1) in the above
theorem, we have the following results of A O Mostafa [15].

Corollary 2.2: (i) A function f defined by (1.2) is in the class T (a, B) if and only if
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s

-
1l
N

—a+af—aBjlaj <1-a

(i) A function f defined by (1.2

—

is in the class C(a, B) if and only if

2][j—a+aﬁ—a,8j]aj <l-a.
j=2
Corollary 2.3: If f € T, (e, B, 8, 4; q), then
1-a
B (a.c.jm@)lj-a+ap-apjl’
Theorem 24: Let 0<a<1 0<B, <pB,<1,neN, then T,(a B264q)C
Th(a,B1,6,4;9).
Proof: From the Theorem 2.1,
Y Biac)m e li-a+ap, - apy]
j=2
< XYis Bl(a,c,j,m; Qa;lj—a+apf; —apjl<1-a.

For f(z) € T,(a, B3, 6,4;q).Hence f(z) € T, (a,B1,6,4;q).

|aj| <

Theorem 2.5: Let f(z) € T, (a, B, 6, 4; q). Define f,(z) = zand
l1—a
BY(a,c,j,n;Qlj —a+ af — apyj]
for some ¢, (0<a, B<1),ne Nyandze U. f € T,(a B, 8 4;q) if and only if f can be

expressed as f(z) = Y31, u; fj(z) where u; = 0and Y52, puj = 1.

Proof: If f(2) = Y52, 1) fj(2) with X525 = 1, p; =0, then

Zjl j=2J3i”';

fi(@)=z+

o

ZBf(a,c,j,n; Ol —a+af —apfjlp; 1-o
Bf(a,c,j,m; Qlj — a + aB — apj]

j=2

Y wl-0=0-pi-a<i-a.
=2
Hence f(z) € T,(a,B,8,2;q).

Conversely, let f(z) = z— Y%, a;z/ € Ty(a, B, 8,4;q), define

_ Blacjmlj-a+af-apjllaj],

= (1- J=23
and define uy = 1 — Y52, uj. From Theorem 2.1, Y72, u; < 1 and so py = 0.
Since .Ujfj(Z) = uif +aq z, Zﬁﬂij fj(Z) =Z— Zﬁz aij = f(2). =
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Theorem 2.6: The class T, (a, B, 8, 4; q) is closed under convex linear combination.
Proof: Let f,g € T,,(a, B, 6, 4; q) and let

f(z)zz—Zajzj, g(z)zz—ijzj.
j=2

j=2
For n such that 0 < n < 1, it suffices to show that the function defined by

h(z) =1 —-n)f(2) +ng(z), z€U
belongsto T, (a,B,6,4;q) . Now

h(z) =z - Z[(l —n)a; +nb;]7’,

j=2

Applying Theorem 2.1,t0 f,g € Tp(a, B, 8, 4; q) we have
Z B,{S(a, ajimQlj—a+ap — aﬁj][(l —na; + nbj]
j=2

=1-n ZBf(a, oinQl—a+af—afjla;+n ZB,‘f(a,c,j,n; Qlj — a+ ap — aBj] b;
A -

j=2 j=
<Q-nNl-a)+n(l-a)=1-a.
This impliesthat h € T,(a, B, 68, 2; q). -

Corollary 2.7: If f,(2), f»(z) € T,(a, B, 8, 4; q) then the function defined by
9(2) =3 [f1(2) + f2(2)] isalso in T, (at, B, 6, 2; q).

Theorem 2.8: Letform = 1,2,-,j fin(2) =z — Xil,0jm 7z €T, (a, B, 6, 2;q) and
0 < B < 1suchthat Y, _, Bm = 1, then the function F(z) defined by

F(z) = {n:z Bmfm(2) is alsoin T,(a,B,8,4;q).
Proof: Foreachm € {1,2,---,j} we obtain

ZBf(a,c,j,n; Oli—a+ap —apjlla] <1-a.
=2

F@) =Y Bm (2 — 22, 01m 7))

0o J
=2= ) | ) nam
m=1

j=2

Since,

00 J J
Y Bacimli-a+ab-agil |y buam|< Y BA-0< 1-a
j=2 m=1 m=1

Therefore, F(z) € T, (a,B,8,4; q). (]

https://internationalpubls.com 386



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 10s (2025)

Theorem 2.9: Let f(z) € T,(a, B, 8, 4; q). Komato operator of f is defined by
1
(c+ 1) 1\ F(tz)
e (10g )
I'(y) t t

0
c> -1, y=0 thenk(z) € T, (a,B,6,4;q).
Proof: We have

k(z) =

dt,

1
) 1\\" 1! r'(y)
j+c—-1 -
Of ot (og(5) @ =g i=23
C+D| [ 1\ . 1\
_ c - _ j C4jt+c—1 _
k(z) ) ft (log( )) z dt Zz fa] t (log<t>> dt
0 j=2 0
o+ 1y
o S o
i \C+]
j=2
Y
Since f(z) € T,(a,B,8,4;q) and (E) < 1, we have

c s . i . c+1 4
E Bi(a,c.jm; Qlj —a + af — apj] (m> a < (1-a).
j=2

Theorem 2.10: Let f(z) € T,(a,B,6,4;q), then for every 0 < { < 1 the function

H(o = 1-0f@ +¢ [ [P ar
0

Proof:We have H;(z) = z — X3, (1 + % - C) a;z’.

Since (1 + f — C) <1, j=2,s0byTheorem 2.1,

Z <1 +J£,— () BY (a,c.j,m; )lj — a + af — aBjla
j=2

< zBf(a,C,j,n; Plj —a+af —afjla; <1-a.
=2

Therefore, H;(z) € Ty(a, B,8,4; q).

3. Conclusion: Here, in our present investigation, we have successfully introduced a new subclass
of analytic functions T,(a, B, 8, 4; q) using the Linear differential operator. Many properties and
characteristics of this newly defined function class such as coefficient estimates, distortion theorem,

extreme points, integral theorem have been studied.
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