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1. Introduction

In 1965, Zadeh[1] introduced the concept of fuzzy set which takes the values between 0 &1. Later
many authors developed different algebras , concepts and results in fuzzy sets. In vast theories we are
studied few literature on algebraic structures. Uzair Ahmed developed Optimal Solution of Fuzzy
Relation Equations. In fuzzy set only true values are included. But in some situations indeterminacy
and falsity included. To counter this situation. Smarandache introduced and developed concepts of
Neutrosophic sets. Later many authors start working on NS sets. Hemabala Srinivasa Kumar[14-16]
developed algebrac structures in Neutrosophic multi fuzzy sets. In this paper particularly emphasize
finding the maximum solution of Neutrosophic fuzzy relation equations through the use of alpha

operator and inverse relations.
2. Preliminaries

Fuzzy Set 2.1 Fuzzy set was first defined by Lofti A.Zadeh[1] in 1965. He defined a fuzzy set as a
collection of objects with membership values in the interval [0,1]. These membership values represent

the grades of membership with the properties and distinct features of the collection.
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Fuzzy sets are mathematically defined as follows: “A subset A of universe X with the membership

function p(x) which may take any value in the interval [0,1] is called fuzzy set”.

Uy - X — [0,1] is called a fuzzy subset of X.
Neutrosophic fuzzy set 2.2

Let X be a non empty set. A neutrosophic fuzzy set V'on X can be defined as follows
N={< x,(tn (%), i (), F (%) >/x € X}
Where £5(x) : X -[0,1]
in(x) : X -[0,1]
F(x) : X -[0,1]
0 < supty (x) + supin(x) + supfy(x) <3

£ (x) is the truth membership value, 4, (x) is the indeterminacy membership value and #,-(x)falsity

membership value.

Properties 2.3:

Let X be a non empty set and Nand M neutrosophic fuzzy sets of X. Then
LNUM={<Xtxun (), ixum O, Fxvum () >/x € X},

where £, ar (x) = max (£t (x), £ 3 (x))
A uae () = min (4 (x), 4 5 ()

Fauae () = min (F (), # 5 (x)),
2N NM ={<X tyna (), iy nae (), v () >Ix EX },

where tNﬂM (X) =min (t]\f (X),t]v[ (X))
ixna () =max (iy (x),4 (x))

Fnvaae () =max (Fy (), £ (X)),

Definition 2.4: A neutrosophic set V' is contained in another neutrosophic set M if

tn () <t (x), iy () =da () F (X) = Fa0 (x)

Definition 2.5: Two neutrosophic sets V' and M are said to be equal if

ty (1) =130 (), iy (0) =450 () Fu (0) = Far (X)
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Definition 2.6:

A lattice is a partially ordered set (poset) L in which any two elements “x” and “y” have a greatest
lower bound (inf) denoted by x A y = min(x, y) and a least upper bound (sup) denoted by x vy =

max(x, Y).
Definition 2.7:

A brouwerian lattice is a lattice L [2] in which for any given elements “a” and “b”, the set of all x € L

such that a vV x < b contains a greatest element, denoted “a o b”, the relative pseudo complement of a
inb.

Definition 2.8:

For any given a and b in lattice L € [0,1], a - operator is defined as

lifa<b
bifa>b

It is also called Sanchez operator

aabZ{

Example 1:
For different values of a and b , o - operator will defned as:
0.800.5=0.5,0.500.6 =1, 0.300.3 =1, 0.600.3 =0.3
Properties of a - Operator 2.9:

1. If b=0 then “a a b” will be given as

lifa=b
bifa>bhb

2. Ifa=0then “a ab” will be given as:

0 ab=1hh

aaOZ{

3. Ifb=1 then “a ab” will be given as:
aal=1

4. Ifa=1 then “a o b” will be given as:
lab=b

5. a - operator is not commutative.

aab # b aa(Not Commutative)
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6. a - operator is not associative.

aa(bac)#(aab)ac (Not Associative)

3. Neutrosophic composition of the a — operator type

In this section we will discuss the methods of finding the maximal solution of neutrosophic fuzzy
relation equation with respect to unknowns R and Q. We will discuss the methods for finding the
maximal “Q” and maximal “R” respectively for NFRE of the form R ° Q = T. Here “V” denotes the

maximal solution.
Definition 3.1:

Consider two neutrosophic fuzzy relations R € X x Y and Q € Y x Z. Relationship between these

two neutrosophic fuzzy relations when using @ composition is defined as

R @ Q < X x Z with the membership function defined as:

troo (%, 2) = (A {urr (o Yapgr v, 2LV {ur (6 Y apg (v, 2LV {ure G, ) apgr (v, 2)3)
VXeX,yeYandzeZ
Example 2:

let X = {Xq, X2, X3}, Y ={y1, Y2, 3} and Z = {z3, 2o, z3}

Consider two fuzzy relations R € X x Y and Q € Y x Z which are given below respectively .We are

to compute T € X x Z using “@” composition

y1 yz y3
x [(01,0.2,07)  (0,0,0) (0504,0.1)
,| (10,0)  (0.6,030.1) (0.80.10.1)
X, |(0.3,0.3,04) (0.4,02,0.4) (0.1,05,0.4)

R=

Y, (1,0,0) (0.9,0,0.1) (0.6,0.4,0)
Q=y, [(05,0.2,0.3) (0,0,0) (0.2,0.1,0.1)
y;| (0,0,01) (0.6,0.30.1) (0.1,0.2,0.3)

T(X, 2) = prao(x,2z) VXx€XandzeZ
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R@Q= (A{(0.1a1),(0 «0.5),(0.5 a0)},V {(0.20),(0 «0.2),(0.4 a0}, v
{(0.720),(0 20.3),(0.1 «0.1)}]=(0,1,1)

R@Q= (A{(0.1a0.9),(0 0),(0 a0.6)},v {(0.220),(0 a0),(0.4 @0.3)}, v
£(0.720.1),(0 a0),(0 0.1)}]=(1,1,1)

R@Q= (A{(0.1a0.6),(0 «0.2),(0 «0.1)},V {(0.220.4),(0 «0.1),(0.4 «0.2)}, v
£(0.720),(0 a0.1),(0 «0.3)}]=(0.1,1,1)

R@0Q= (M{(1al),(0.6 «0.5),(0.8 20)},v {(0«0.1),(0.3 0.2),(0.1 a0)}, V
{(00),(0.1 «0.3),(0.1 «0.1)}]=(0.5,1,1)

R@Q= (A{(120.9),(0.6 «0),(0.8 a0.6)},V {(0c0),(0.3 20),(0.1 0.3)}, V
{(00.1),(0 «0),(0.1 0.1)}]=(0,1,1)

R@Q= (A{(120.6),(0.6 @0.2),(0.8 0.1)},v {(0a0.4),(0.3 a0.1),(0.1 «0.2)}, V
{(020),(0.1 20.1),(0.1 0.3)}]=(0.1,1,1)

R@Q= (A{(0.31),(0.4 @0.5),(0.1 a0)},V {(0.320.1),(0.2 a0.2),(0.5 «0)}, V
{(0.420),(0.4 «0.3),(0.4 0.1)}]=(0,1,0.3)

R@Q= (7{(0.320.9),(0.4 a0),(0.1 a0.6)},v {(0.320),(0.2 a0),(0.5 «0.3)}, V
{(0.420.1),(0.4 @0),(0.4 «0.1)}]=(0,0,0.1)

R@Q= (A{(0.320.6),(0.4 «0.2),(0.1 a0.1)},v {(0.3¢0.4),(0.2 0.1),(0.5 a0.2)}, v
{(0.420),(0.4 «0.1),(0.4 «0.3}]=(0.2,1,0.3)

Z, 7, 1,
x [ (011) (111  (0.111)

X, | (05L11) (0,11)  (0.111)
X, [(0,1,0.3) (0,0,0.1) (0.2,1,0.3)

T(X, 2) = pra@o(x, 2)=

Lemma 3.2:

If we have two fuzzy relations R € X x Y and Q € Y x Z then the following inclusion will hold: #5
<lR-10R - Q ' HR-10R - @ =1+ Hh-ter-q =1 ITREQOrQcR

where “°”” denotes the max min composition and “@” is the composition made by o - operator.
Proof:

Let A be the neutrosophic fuzzy set

Consider, A=R'@R-Q)C Y x Z.
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1a(y, z) = {ug-1(y, X)apirog (x, 2)} VXx€EX

= {ur(x, y)apiroq (%, 2)} VX € X

= (b Ce ) (v (uhGo O Ap(6,2))), 11} since R€Qand o operator
WO Db b ,2) = (hCoa((uhCey) Apb(3,2)) AV, (v uh (G0 A
ub(t, z))) 1,1}

KEGh?) = G Va((h G ) ARG, D)) AVeay (v ik (G 0) A (6, 2))

ph(y, z)=1
ph(y, z)=1

ua(y,z)  >{ur(e, y)a((ur(x, y) A pe(y, 2)}
since aa(aAb)>b
Ay, z) > po(y, 2)
Example 3:

Consider X = {x1, X2, X3}, Y ={y1, Y2, y3} and Z = {z1, 2, z3}.

Yi Y2 Ys
x, [(0.5,0.9,0.8) (0.6,0.3,0.2) (0.4,0.5,0.1)
R=x,|(0.30203) (02,07,06) (0.80202)
(1,0.3,0.2) (0.0,0.7,0.6) (0.6,0.3,0.2)

X

w

Zl ZZ 23
v, [(0.7,0.8,0.6) (0.8,02,0.1) (0.5,0.4,0)
Q=Y,|(050.10.2) (04,0505) (0.9,0.10.1)
Y,| (L02,01) (0306,05) (0.80.20.1)

X1 X2 X3
v, [(05,09,08) (03,02,03) (10302)
R*=y,|(0.6,0302) (020.7,06) (0.0,0.7,0.6)
Y, [ (0.4,0.5,0.1) (0.8,0.2,0.2) (0.6,0.3,0.2)
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Zl ZZ ZS
x, [(0.5,0.3,02) (0.5,05,05) (0.6,0.3,0.2)
,1(0.8,02,02) (0.3,0.2,0.3) (0.8,0.2,0.2)
,1(0.7,0.3,02) (0.8,0.3,02) (0.6,0.3,0.2)

RoQ =x

X
Zl ZZ 23

Y (0 7,1 1) (O 8,1,1) (0.5,1,1)

R*@RoQ=y,|(0511) (0.511) (0.611)
y:| (L11) (0311) (111)

So this example shows that uf) < (g 1@ - @) » Hr-1@® - @ = 1

Hﬁ—l@(R . @ = 1 Hence it clearly satisfies the lemma
Lemma 3.3:
Assume that we have two fuzzy relations R € X x Y and T € X x Z then the following inclusion holds:

R o (R '@T) c T where “°” denotes the max-min composition and “@” is the composition of o -

operator. The proof of this lemma is analogous to the proof of lemma
Lemma 3.4:
Consider we have two fuzzy relations R € X x Y and Q € Y x Z then the following inclusion holds:
RE(Q@®R-Q ™™
Lemma 3.5:
Consider we have two fuzzy relations Q € Y x Zand T € X x Z then the following inclusion holds:
Q@T ™) *-QcT
Theorem 3.6:

LetRS X xYand T < X x Z be the two fuzzy relations, S(Q) be the set of fuzzy relations Q € Y x
ZsuchthatR°Q=T.S(Q)={Q€EY*XZ|R>Q=T} # ¢, ifandonly if R!@T € S(Q) then “R*@T”
is the the greatest element in S(Q).

Theorem 3.7:

LetR<S X xYandTc X x Z be the two fuzzy relations, the set of fuzzy relations Q € Y x Z such
that R - Q € T contains a greatest element R*@T.
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Proof:

Let S(Q) ={Qe(Y*Z)|R°-QCS T} #¢.
letQ S S(Q):R-Q=T

then we have R'@ (R - Q) € R!@T,

butQ € R™*@ (R° Q)

then it shows

Qc R!@T

we have R1@T € S(Q).

Then it shows that R—1@T € S(Q).

then R1@T will be the greatest element in S(Q).

Hence R™1@T be the greatest element in S(Q).

ThenQV=R '@ T which is the maximum relation “Q” satisfying the equation R e Q=T

4. Conclusion:

Our findings suggest that the identification of an optimal solution among various alternatives in a given

problem can be achieved through the utilization of nonlinear fuzzy regression equation. After

conducting extensive calculations using NFREs in the context of our proposed scenarios in civil

engineering, we have been able to discern the most favourable outcome among the presented options.

The application of fuzzy relation operations played a crucial role in assessing and determining the best

project outcome. A potential avenue for future research could involve optimizing the influence factors

rather than solely focusing on identifying the best project.
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