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1. Introduction

Throughout this paper, G = (V,E) is a simple finite graph of n vertices. For theoretical
terminology about graph which is not given here, we refer to Harary [7]. For a vertex v € V,
the open neighbourhood of vis N (v) = {u € V/uv € E} and the closed neighbourhood
of the set N[v] = N (v) U {v}. For a set X c V, its open neighbourhood N(X) =
Uyer N(v) and NLLX] = N(X) U X is the closed neighbourhood. A set D < V is a dominating
set [6,10] of G if every vertex in V — D is adjacent to some vertex in D. The boundary
B(X) of aset X is defined to be the set of vertices in V' — X dominated by vertices in X, that
is B(X) = (V—-X)NnN(X). The differential 9(X) of X is defined as |B(X)| — |X|. The
differential of a graph G is 4(G) = max{0(X)/X cV}. If S < V and a(G) = a(S), then
S is a 0-set. The differential of a set was first defined by Hedetniemi and later studied by
Mashburn et al. and Goddard and Henning [3,4,9,13]. A graph G is complete graph if every
distinct pair of vertices are adjacent. A complete bipartite graph is a special type of bipartite graph
where every vertex of one set is connected to every other vertex of other set. A complete binary
tree is a special type of binary tree where all the levels of the tree are filled completely except
the lowest level nodes which are filled from as left as possible. A graph G is said to be dominant
differential if it contains a d — set which is also adominating set. Some examples are complete
graph and wheel graph.
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The total graph T (G) [1,2,5,8,11,12,14] of G is the graph whose vertex set is V (G) U
E (G) with two vertices of T (G) being adjacent if and only if the corresponding elements of
G are either adjacent or incident and |V (T (G))| = L.

In this paper, we study the differential value of total graph of some standard graphs and its bounds.

2. Results

Theorem 1. For any graph G of n vertices, 1 < (T(G)) < ——= n(n )

n(n D for

Theorem 2. If T (G) is the total graph of a graph G, then a(T(G)) <
n= 2.

Proof. We have to prove by induction method. We have to prove that the result is true for n
= 2. Whenn =2, then 3(T (6)) <= Z&2 =

= 1. Itis always true. We assume that the result

istrue forn = k. Then, a(T (G)) < M We have to prove that the result is true forn =

k + 1. Consider G withn = k + 1 vertices. Removing a vertex v e T (G) and |V (T(G))

— V| = K, hence Induction othesis, 0(T(G) —{v}) + k< ———— +k=X =
{Vv}=k h by induction hypothesis, a(T(G) — {v}) k(kl) 12<+2k

—k22+k = —k(k+1)- So, (T (G)) < —k(k“) Therefore, the result is true forn = k + 1 and the
result is true for all n. So, a(T(G)) < “(“ D)
Theorem 3. If G is a complete graph, then 3(T(G)) = =D forn > 2.

Proof. Given that G is a complete graph. Consider S is a d—set of T(G). When n is even,
choose any arbitrary vertex u,in S and choose next vertex u, which is not adjacent with u,. Choose
next vertex u; which is not adjacent with u; and u,. Continuing this process until |S| =

Clearly, S is a dominant differential of T (G). Therefore, (T(G)) = |B(S)| — |S|

[n(n;l) — %] — 2 = n(nz—l)' If n is odd, we choose the vertices in S as we discussed in the

above case and S dominates all the vertices except one in the case. Therefore,
1 n-1 _ n(n-1) n(n-1)
—1]- .

(T(®)) = [n(n“) = = . In both the cases, 3(T(Q)) = .

2 2 2

2

Hence the proof.

Theorem 4. Given a positive integer k, there exist a graph on n vertices whose total graph
on [ vertices with (T (G)) =k

Proof. If n is odd, we consider the graph with n = kzis vertices whose total graph has kzﬁ

copies of k3 with exactly one vertex as common, say v. Clearly, d— set of T(G) contains v
only. Hence a(T(G)) = k. If n is even, when n = 4, we consider the circulant graph C, .

For other cases, we consider the circulant graph G = C, , in which "2;6 copies of P, which is

attached with a vertex, say u of C,,. Let S be the d—set of above graphs. Consider S = {u, v}
where v ¢ N(u). So, 9(T(G)) = k.
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Observation 5. For any graph G with n vertices, 8(T(G)) # 2.

n?-3n+4

Theorem 6. For any graph G with n vertices, 1 < a(T(G)) —-0(G) <

Proof. Given that G is a graph of n vertices. The maximum value of the differential of any

total graph is less than or equal to n(" D and clearly 8(G) < n — 2. Therefore, a(T(G)) —
n(n 1) _ n?-3n+4

(GQ) < —(n—=-2)= S

Observation 7. For any graph G with n vertices, a(T(G)) —0(G) = ﬂ if and only if G

is a complete graph.

Theorem 8. If G = K; ,_4 is a star graph, then 8 (T(Kl,n_l)) =2n-3

PI’OOf Let V(Kl,n—l) = {U, V1,V ...vn_l} a.nd E(Kl,n—l) = {el, €y ... en_l} Where e; = vv;,
i=1,2,..n—1 and v is a head vertex of the star graph. By the definition of total graph,
V(Kyp_1) ={v1, 05 .Vp_1,€1,65 cen_q} and |V(Kyn_q1)| =2n+ 1. Since deg(v) = 2n

and S = {v} is the differential set, then o (T(Kl,n_l)) =2n-—3

3|2|, n=01,3 (mod 5)
Theorem 9. For any graph G = C,, then 3(T(R,)) = lz—nJ +1, n =4 (mod5)

l J+2 n = 2 (mod 5)
Proof. let V(C,) = {vy,v,, ....., v, } be the vertices of cycle of length n (n = 3) and E(C,) =
{e1, €5, .....,en} be the edges of the corresponding vertices {vq, vy, ....., v,}. Then, V(T(C,)) =
(v, V2, o, Uy €1, €9, v, e} AN E(T(G)) = {vjvjp /1 <i<n—1}U{eej /1 <i<n-1}U
{vie,/1 <i<n}ufewy /1 <i<n-—1}U{e,vy,ene;, v }tand hence |V(T(C,))| = 2n. LetS
be the differential set of T(C,). Whenn = 0 (mod 5). Consider S = {vy, e3, Vg, ..., Vp_a, €n_t bea
d — set and hence. |S| = Z?n and |B(S)| = =. Then, 3(T(G)) = |B(S)| - IS| = 3[ J When n =
1 (mod 5). Consider the differential set S = {vl, €3, Vg e+, €n_3,Vn_s} and C(S) = {e,_1, V_1}.
Clearly, |S| = lz?nj and |B(S)| = [s?nJ So, a(T(6)) =3 lz?nJ When n = 3 (mod 5). Consider the

differential set S = {vy, e3, Vg, ....., €55,V } and C(S) = {e,,_1}. Clearly, |S| = [2?"1 and |B(S)| =
[%"J So, a(T(G)) =|B(S)|—|S| =3 [z—nJ Whenn = 4 (mod 5) Consider the setS = S; U S, where

Sl = {U1,83, Vg eeevvy€n—6,Vn— 3} and SZ - {vn 1} Then 6(52) =1. SO a(T(G)) = 3[ J + 1.
Whenn = 2 (mod 5). Consider thesetS = S; U S, where S; = {vq,e3, Vg, vov.., €p_a, Un_gtand S, =
(-1} . Then 3(s;) = 2. S0, 8(T(6)) = 3|2| + 2.

Theorem 10. For any path G = P,(n = 5), then
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2n—1
(3 n , n = 1,3,4 (mod 5)

a(T(RY) = 4 3[2n_1 +1, n=2(mod5)
2n—1-
SlSe

+ 2, n = 0 (mod 5)

Proof. let V(B,) = {v,,v,, ....v,} be the vertlces of path of length n (n>3) and E(B,) =
{el, e, oe.., €1}, Then, V(T(Pn)) = {vy, vy ., Uy, 01,83, wonh, €1} ANd |V(T(Pn))| =2n—1.
When n = 1 (mod 5). Consider the differential set of a total graph S = {v,, ey, ....., €55, V,,_4} and
€(S) = {v,}. Then, [B(S)| =|=22| and Is| = |22 so, a(T(6)) =3 || when n=
3 (mod 5), Consider the differential set of a total graph S = {v,,eq4,.....,€5_4,V,_1}. Then

a(T(G)) =3 [Zn 1J Whenn = 4 (mod 5). Consider the differential set S = {v,, e4, ....., €_5, Vp_2}
2n—1

and C(S) = {v, ex_1}. Then (T(6)) = 3|
differential sets S=S,uU{v,_4} or S=SuUf{v,} o S=SU{e,_4} where S, =
{vy, €4, ., €n_3,Vn_s}. Then 9(T(G)) = 3[2n 1J +1. When n=0(mod5), the possible
differential set S = S; U S, where S; = {v,, ey, ..., €n_6, Vn_3} and S, = {e,_,}. Then, 3(T(G)) =

[2" 1] +2.

J. When n = 2 (mod 5), there are three possible

Theorem 11. If G = Ky, «p, is a complete bipartite graph, then o (T(Kmlxn1 )) =(my+Dn-—
m;.
Proof. Since G = K, xn, is @ complete bipartite graph, the vertex set can be partitioned into two

disjoint non empty sets V3 (G) = {uy, uy ... up, }and V,(G) = {vy, vy, ... vy, }. Here, V (T(Kmlxnl)) =
w/1<i<mju{v/i<j<n}ule;/1<i<my,1<j<n} and |V (T(Kmlxnl))

ny + myn, . Clearly, the differential set S = {ul,u2 } Since u, is adjacent with 2n, vertices

=:Tn1'+

and u, is adjacent with n, vertices and so on. Therefore 9 (T(Kmlxnl)) =Q2ni—-1D+ M, -1+
c+(y—1)=0my + Dny —

Theorem 12. If G is a complete binary tree, then
2k+3

oT@) =1 o,

,k is an odd integer

,k is an even integer

Proof. Let Sy be the set of all vertices in level k and |S,| = 2 where 0 < k <mandm isa
positive integer.
case(i) k is an odd integer. Clearly, S;,_; US,_3 U ..US, US,isad —set.

A(T(G)) = 2k+1 + 2kt 4 2k=3 4 .. ¢ 24 +22-1

e e e R

2k+1 2k+1 2k+1 2k+1
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2k+1

k+1
2k+1
1-(32)

k+1
2

2k+1

Juny
|
A/—\
N N|H
le N
\-/\/

=2"+1><£><[1—
3

2k+3_4

==

|-1-]

)|

2KF[1 4272 4 274 4 o 4 27RH3 4 p7RHI] g

k-3

1+ (2) + () + ot ()T + ()]

-1

1
2k1+1 ] -1
2k+3_7]
3

case(ii) k is an even integer. Clearly, S;,_; US,_3 U ..U S3 U S, isa d —set.
A(T(G)) = 2k +2k-1 4+ 2k=3 4 ... 4 25+ 23 +1

Zk—l

2k+1

_1 + Py +

2k+1

()
()

2k+1

2k—3

2k+1

23
2k+1

25
2k+1

ot ot ]+1

2KF[1 4272 4 274 4 o 27K L p7RA2] 4

k—4

14 (2) + @) 4 (BT @) |

+1

=2’<+1>;§x[1— %]+t

252 1<

Theorem 13. If G = P, X P,_isagrid graph with then 8(T (P, x B,)) = l — 2n,whenn, > 2.
Proof. Let T(P2 X Pnl) be the total graph of the grid graph and the vertex set of the graph is

V (T(Pz X Pnl)) = {1711, ...vlnl, le, v2n1,u11, 'e
where  w;; = v;vgyp), GLJj =12,..,n; and |V (T(P2 X Pnl))| =5n, —2 =1 Consider the

differential set of the given grid graph G is S = {vy11, V14, W12, Uss, V23, oo Va(ny 1) Uangs Va(ny—2) )

2k+3_5

|

,ulnl,ell,u.el(nl_l),QZI,"..ez(nl_l)}

which is also an y —set. Therefore, 0 (T(P2 X Pnl)) =1-2y(G) =1-2n,.
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