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1.0 Introduction

Differential equations are mathematical models of problems emanating from almost every field of
study, where measurement can be taken. They are of different types and exhibit different phenomenon.
Stift ordinary differential equations are special class of problems of differential equation which are
mostly found in engineering sciences and other areas of studies, [1]. So many researchers are involved
in finding solution to the initial valued problems of stiff ordinary differential equations of the form:

y, :f(x'y)r y(x 0) =Yoo X € [a'b]'y eR (1'1)

as can be seen in [1] and [2]. As it has been stated in [2], about the availability of the analytical solution
of (1), there is a need for a suitable numerical method to solve (1.1).

Dauda et. al., [3], presented a second derivative block hybrid method suitable for the continuous
integration of stiff ordinary differential equations and was stated to compete favourably with some
strong stability stiff integrators. In [4], Rufai et. al., derive a new continuous hybrid block method
using Chebyshev polynomials of the first kind as basis function and the new proposed method for the
solution of initial value problems of systems of stiff ordinary differential equations. It can also be seen
in Skwame et. al., [5], Kumleng et. al., [6], Ajie et. al., [7] and Kumleng et. al., [8], how new methods
are presented for the solution of problems of the form (1.1).

Interpolation and collocation approach has been adopted in many literatures for the construction of
block method of solving differential equations. Kumleng et. al., [8], adopted the approach and methods
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of uniform orders 10 and 11 were constructed. In a similar approach, [1] generated a block method of
order 7. It can also be seen in [9], where a new block method of order 4 has been formed. Other methods
in which this approach is adopted are [10], [11], [12]. Kayode ef at., [14], presened a continuous two
step trigonometrically-fitted second order method for the solution of linear and nonlinear initial value
oscillatory problems. The coefficients of the developed approaches are determined by the approximate
solution’s frequency and step size, a discrete trigonometrically -fitted second order ordinary
differential equation was recovered as a by-product. , The stability and other properties qualities are
described to demonstrate the method’s usefulness and efficiency. And real-world oscillatory problems
of ordinary differential equations implemented to the suitability of the new method.

We present a second derivative block method for the solution (1.1). The new block method is derived
from a four step Adams-Moulton method.

2.0 Derivation of the Method

Harnessing the concept of interpolation and collocation technique, we consider the following method
for our new method:

T = (s +h ) B fass () + B2 Y V(WG 2.1)
j=0 j=0

where
(2.1) is the approximation of a continuously differentiable solution of (1.1)
as(x), B;(x) and y;(x) are the continuous coefficients

h is the step size of the method with a step number, k = 4

Vn+j 1 the approximation to the theoretical solution of (1.1) at x,,; and,

the first and second derivative of yp.j are frij = f(Xn4j¥n+j) and gnyj = 9(Xnsj) Ynjo frtj)-
respectively.

Adopting the technique in [8] and other work, we obtain a matrix defined by D, as follows:

(D, Ds
D_(Dz D4.>
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(x, +3h)° (x,+3h)” (x,+3hn)°% (x,+3h)° (x,+3h)°
6x5 7x8 8x/ 9x8 10x;

6(x, +h)> 7(x,+h)°® 8(x,+h)7 9(x,+h)® 10(x, + h)°

6(x, +2h)° 7(x, +2h)° 8(x,+2h)” 9(x,+2h)® 10(x, + 2h)°

\6(xn +3h)° 7(x,+3R)® 8(x,+3h) 9(x,+3n)® 10(x, + 3h)°

6(x, +4h)°> 7(x, +4h)® 8(x,+4h)” 9(x, +4h)® 10(x, + 4h)°

30x; 42x5> 56x8 72x7 90x8
30(x, + N)*  42(x, +h)®> 56(x, +h)°® 72(x,+h)” 90(x, + h)®
D, =| 30(x, +2h)* 42(x, + 2h)° 56(x, +2h)® 72(x, +2h)” 90(x, + 2h)®
\BO(xn +3h)* 42(x, +3h)° 56(x, +3h)° 72(x, +3h)7 90(x, + 3h)®
30(x, + 4h)* 42(x, +4h)°> 56(x, +4h)® 72(x, +4h)” 90(x, + 4h)®

D3=

From the inverse of the D matrix, and by putting x — x,, = u, the values of the continuous coefficients
in (2.1) are obtained and presented as follows:
az; =1

(58509h7 — 102771h8u — 122274h°u? + 457350h*u> — 446265k u* + 198135h%1° — 40810hu® + 315047)(3h — )3
(12607 — 14420,ﬁh +57015u°h? — 88065u*h® + 38910u3h* + 552612h° + 8289uh® + 8289h7)(3h — p)*
hB, = Ssons ——(216h° + 216h5u + 144h*u? — 480h3u® + 810h%u* — 315hu® + 35u°) (h — u)*
(57591h° + 19197h8y + 6399h7 % — 320427h%u® + 807111h%u* — 850515h* 5 + 466335h3u® — 138075h%u” + 20860hu® — 1260u°)(3h — 1)
hB, = (3699h7 + 3699h°u + 2466h°u? — 57990h*u® + 115065h3u* — 87255h%u5 + 28490hu® — 3150u”)(3h — u)®

h%yy = (1017h7 + 1017h%u — 12762h%u? + 24270h*1® — 20205h3u* + 8379h%u°® — 1666hz° + 12627)(3h — 1)®

h?y, = ———(837h7 + 837h5y + 558h%u% — 17610h*u> + 24795h3u* — 13293h%u° + 3052hu® — 252u7)(3h — p)®
h?y, = 320n9 ——(3h — w)3(3h* + 12h3u + 29h%u? — 16hz° + 2u*)(h — )3

(1647h8 + 1098h7p + 549h0u? — 17676h°u> + 39675h*u* — 35874h3u® + 15729h%ub — 3248hu” + 252u®)(3h — p)?
(135h7 + 135h%u + 90R%u? — 2190h* 3 + 4365h3u* — 3339A%u5 + 1106hu® — 12647)(3h — 1)?

hpy =

4354560}19

hp, =

272160}19
hf3 = —————
Bs 272160}19
4354560}19
725760}19
90720h8

hZ
Y3 = 90720}1B

Ry, =

725760h8
(2.2)
To obtain the continuous form of the new method, we substitute the values of the continuous
coefficients into (2.1). This is presented in the following form:

F(X) = ypas + ( m(sssowﬂ —102771hSu — 122274h54? + 457350h* 43 — 446265h3u* + 1981350245 — 40810huS + 3150u7)(3h — p) )f

(126047 — 14420u6h +570155h — 880654 *h® + 38910u°h* + 55264°h° + 8289uh® + 8289h7)(3h — 1°) furas
+ (=55 (216h° + 216h% + 144h* % — 480K + 8100 u* — 315" +351%) (h — 1)°) o

+ (27216011"

+< m(57591h9 +19197h8u + 6399h7u? — 320427h5u3 + 807111h5u* — 850515h%u5 + 466335h3u6 — 138075h2u7 + 20860hu® — 1260u°) (3h — y))fn+3
+ ( m(3699h7 + 3699h8y + 2466h5u% — 57990h* 4 + 115065h%u* — 872550245 + 28490hu® — 315017) (3h — )3 )fn+4

+ ( ———= (101717 + 1017 — 12762h%? + 24270h*u? — 20205h°p* + 8379h2° — 1666h2° + 12627) (3h — 1) )

+ (55555 (B37A7 + 837y + 558h°i% — 17610h*? + 24795h%u* — 13293h%4° + 3052hpu° — 25207)(3h — 1)*) G

+ (55 Bh = W Bh* + 1283 + 29072 — 16hz° + 2u) (h = 1)*) Gz
+ (5 (1647h° + 10981t + 549h)% — 17676h% + 39675h*u* — 35874 " + 15729h%u® — 3248hy” + 2524%) Bh — 1)?) G

+ (m(wsm +135h%u + 90 % — 2190h*® + 4365h%u* — 3339h%u° + 1106hu° — 12647)3h — 1)° ) Guss

(2.3)

The continuous scheme (2.3) is interpolated at some points for u = 0, h, 2h and 4h, thereby, yielding
4 discrete methods. These can be presented as:
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1 0 0 O0][Yn+1 0 0 0 11[Yn-3
0 1 0 O0]|Yn+2 _ 0 0 0 1||Yn-2
0 0 1 O]|Yn+3 0 0 0 1 J’n 1
0 0 0 11DVn+s 0 0 0 1
89371 103 38341 59681 1 _O 0 0 15395517
272160 630 272160 4354560 4354560
6616 208 1576 1153 frs1 00 o 24463 |[fnss
+h 8505 315 8505 68040 ||fn+2 n 68040 ||fn+2
921 81 711 411 frnss 0 0 0 6501 fns1
1120 70 1120 17920 |[Lfn+a 17920 (L f»
8192 416 8192 3202 00 o 3202
L 8505 315 8505 8505 : 8505
- 31207 81 1243 2237 - 0 0 0 26051 -
/ 90720 320 18144 7257601 - 725760
_ 152 2 248 43 In+1 0 0 0 421 In-3
L h2 567 5 2835 11340 || In+2 N 11340 gn 2 (24)
_ 27 _ 8 _ 183 __2 ||9n+3 0 0 O 339
1120 320 1120 1792 || gp4a 8960
_ 51z S12 L 0o 0 o0 &
2835 2835 2835 L 2835

3.0  Analysis of the Block Methods

A summary on the order, error constant and the convergence of the proposed block method are given
using the technique presented in [1]. The block method (2.4) is represented by a matrix finite difference
equation in block form as:

AOY, = AWy + h{BOE, + BOf 1+ h2{cWVg,, + 96, } @3.1)
where,
Ym = [yn+1 Vn+2 Yn+3 yn+4]T, VYm = [yn_3 VYn-2 Yn-1 yn]T, Fm =

[fas1 fosz fres faal®, fm =fn-s fo—z Jfa falT, Im = [In-3 Gn-2 9In-1 In]"
and G,, = [In+1 Gn+z In+3  In+a]T
and the matrices AW, 4@, B®, B©® ¢ @and ¢ are 4 by 4 matrices.
3.1 Zero-stability
As in (12), the roots of the first characteristics polynomial, p(4), defined by:
p(A) = |14 — AD|
satisfies |r| < 1, are, |[r| = 0,0, 0, or 1. Therefore, the new block method is zero-stable.
3.2 Order and Error Constants
The new block method is of uniform orderp = [10 10 10 10]7, with an error constant of Cp+1 =

[ 551 4 1 8 ]T
314344800 1964655 431200 1964655
33 Consistency

By definition, the order is p = 1 implies that the new block method is consistence, see [1].

3.4  Absolute stability region

The absolute stability region of the new block method is obtained using [13]. The method, (2.4) is
reformulated as a general linear method and is plotted using the Matlab program as revealed in the
figure 1 to be A-stable.
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Im(z)

1
0 2

3.5 Convergence

4

1 1 1
6 8 10 12

Re(z)

Figure 1: Region of Absolute stability of the new block method

According to [1], the new block method is convergent, since it’s consistent and zero-stable.

4.0  Numerical experiments

To demonstrate the performance of the new block method, we consider two linear stiff ordinary
differential equations of the form (1.1). We present the calculated absolute errors in tables and the

solution curves are shown in figures.

Example 1: This problem is taken from [1]:

on the range, 0 < x < 1 and a step size, h

y' = —1000y 4+ 999e7*,

With exact solution: y(x) = e™*.

= 0.1:

Example 2: This problem is taken from [2]:

21 19
y'(x)=119 -21
40 —-40

the exact solutions for 0 < x < 10, are:

Result:

-21
20

40

() = |

y(0) =1
_3’1(9‘) 1
v2(0),  y(0) = [ 0]
_3’3(95) -1
e—x
-

Table 1: Errors in New block method and in [1] with Exact solution: Example 1

X Errorin [1] Error in New block method
0 0 0

0.100000000000000 1.88737914186277e-15 0

0.200000000000000 2.10942374678780e-15 0

0.300000000000000 8.88178419700125e-16 1.11022302462516e-16
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0.400000000000000 1.55431223447522¢-15 1.11022302462516e-16

0.500000000000000 9.99200722162641e-16 1.11022302462516e-16

0.600000000000000 1.22124532708767e-15 0

0.700000000000000 1.49880108324396e-15 0

0.800000000000000 9.99200722162641e-16 0

0.900000000000000 4.99600361081320e-16 0

1 8.32667268468867¢-16 1.11022302462516e-16

1¢ T T

O y-Numerical solution
0.9 ‘Q y-Exact solution
0.8 -8 -
§

0.7 @ -
206 9 -
= o}

Zos5-
= 0.4 -

0.3

0.2 -

0.1

0 :
0 1 2 3 - 5 7 8 9 10
x(seconds)

Figure 2: Showing the New block method with Exact solutions: Example 1

Table 2: Comparison of error in the new block method with the exact solution in Example 2

X Error of yl1 Error of y2 Error of y3
0 0 0 0
0.1000 0 0.0260987027814653 0.00206310803809157

0.2000 0.0122373815672981

0.3000 0.000387854389990783

0.4000 6.54313444264920e-06

0.5000 9.51042133906510e-07

https://internationalpubls.com

0.000719747107311319 0.00107577664370589
3.24631645365336e-06  5.40015326179073e-05
9.83441426322118e-07 9.66591002920572e-07

3.83220316313437e-08  3.02159582896780e-08
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0.6000 3.64403553165804¢-08

0.7000 4.43050762743980e-10

0.8000 2.69109318162819e-11

0.9000 1.84649517898094e-12

1

3.18495230189342¢-14

4.77281492106130e-10

2.67659783226293e-11

1.81354931072519¢e-12

6.90142387682613e-14
1.68198788230711e-14

2.72539843546488e-09

8.80135840652426e-11

5.81808897278642¢-13

8.58072112004154e-14
4.72864743371380e-15

1 I I ]
©  y1-Numerical solution
0.8 -||— O y3-Numerical solution |
| ¥3-Numerical solution
v1-Exact solution |
v2-Exact solution
v3-Exact solution

y(Solution)

1 | | | | | | | | | |
0 1 2 3 4 5 6 7 8 9 10
x(seconds)

Figure 3: Showing the New block method with Exact solutions: Example 2

5. DISCUSSION OF RESULTS

The confirmation of the region of absolute stability is presented in figure 1. The region containing the
entire left-half plane, reveals that the new block method is A-stable, thereby ensuring unconditional
stability for all step sizes. The region of absolute stability is larger than that of the fourth-order Runge-
Kutta (RK4) method, making it more stable for a wider range of problems.

Table 1 shows the comparisons between the error in the proposed methods with the presented in [1].
With the same step number and step size, the new method has slightly more error stability compared
to the error in [1]. The numerical and exact solutions for example 1 are presented in figure 2, with the
numerical solution competing favorably with the exact solution.

The representation of the absolute errors in the new method with the exact solution, in table 2, shows
a healthy competition with the exact solution. Similar favoritism is observed in figure 3 of this work.
Furthermore, convergence of the new method ensures a reduction in inherent error, in comparison with
other existing methods.
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6. CONCLUSION

The generalized four step Adam Moulton Method has been presented in this research. Following the
technique adopted in [1], four discrete methods were constructed. Stability analysis demonstrates that
the method satisfies essential properties such as consistency, zero-stability; and the stability region is
plotted using MATLAB, visually confirming A-stability. Furthermore, numerical results obtained in
examples land 2 confirm the method’s ability to handle stiff ODEs efficiently. Tables and graphs are
presented to provide a clear comparison between the new method and existing approaches. The paper
does not analyze the computational cost of the proposed method. Including execution time, function
evaluations, and memory usage.
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