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Abstract
In this paper, we formulate generalized (C, a, i, p, d)-invexity and based on these definitions, we
derive several sufficient conditions for optimality in multiobjective semi-infinite programming
problems. Further, under the assumptions of dual model we solve corresponding weak, strong
and strict converse duality theorems for these multiobjective semiinfinite programming problem.
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1 Introduction

The theory surrounding semi-infinite programming involves minimizing a function with a finite
number of variables while adhering to an arbitrary number of inequalities. When there are multi-
ple objective functions, this is referred to as a multiobjective semi-infinite programming problem.
Shapiro [7] provided an overview of the foundational theory of semi-infinite programming, exploring
various methods for establishing duality, discretization, and both first and second-order optimality
conditions. For further information and applications related to semi-infinite programming, please
consult the cited references. [2, 3, 4, 5, 6, 8, 11, 12, 33, 34].

In [28], Preda introduced the idea of (F, p)-convexity, expanding upon the concepts of F-convexity
[18] and p-convexity [16], and derived several duality results. Liang et al. in [31] later presented
(F, «, p, d)-convexity to address nonlinear fractional programming problems, which encompasses the
(F, p) convex functions. Subsequently, Liang et al. in [30] broadened the findings from [31] to in-
clude a specific category of multiobjective fractional programming problems. Yuan et al. defined
(C, a, p,d)-convexity in [13], as a generalization of (F,«, p,d)-convexity and established optimality
conditions along with duality results for nondifferentiable minimax fractional programming problems
that utilize generalized convex functions. Additionally, Long in [29] and Mishra et al. in [25] derived
sufficient optimality conditions and duality theorems employing (C, a, p, d)-convexity for nondiffer-
entiable multiobjective fractional programming and nondifferentiable multiobjective semi-infinite
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programming problems, respectively. Mishra et al. [21] also achieved optimality and duality
results for minimax fractional programming involving support functions within the framework of
(C, a, p, d)-convexity.

Invexity is crucial for establishing optimality conditions and duality results across a range of
optimization problems. Invex functions represent a broader category than convex functions, retain-
ing many of their key properties. Additionally, invexity and its generalizations can be viewed as
alternatives to convexity. For further information on invex functions, please refer to the relevant
literature [1, 9, 10, 17, 22, 23, 32].

Weir [27] examined a multiobjective programming problem that incorporates invex functions
and derived duality results under the condition that the multipliers for all objective functions are
strictly positive. Kuk et al. in [15] formulated generalized K-K-T necessary and sufficient optimal-
ity conditions, along with duality theorems, for nonsmooth multiobjective fractional programming
problems that involve V — p— invex functions. Caristi et al. [14] focused on multiobjective program-
ming with a set of constraints defined within a compact set, obtaining Kuhn-Tucker type optimality
criteria under relaxed invexity conditions. They also introduced dual problems where both weak
and strong duality properties are maintained in the same framework. Additionally, Mishra et al.
[24] developed Wolfe and Mond-Weir-type dual models, establishing duality theorems for the nons-
mooth semi-infinite programming problem discussed in [20]. Motivated by the research of Ben-Israel
and Mond [1], Caristi et al. [14] and Jaiswal and Mishra [19], we extend the definition of gener-
alized (C, a, p, d)-convexity to generalized (C, o, 7, p, d)-invexity. Additionally, we present sufficient
conditions for optimality and duality theorems. The structure of this paper is organized as follows:

In Section 2, we provide some preliminaries, our problem and some definitions. Section 3 is
dedicated to establishing definitions that will be essential for our theorems. In Section 4, we derive
sufficient conditions for optimality. Finally, Section 5 presents weak, strong, and strict converse
duality theorems that connect the primal problem with the Mond-Weir dual problem under the
framework of generalized (C, «, n, p, d)-invexity.

2 Preliminaries

In an n-dimensional Euclidean space R", let R} is the non-negative orthant . Consider the nonlinear
multiobjective semiinfinite programming problem defined as:

(SP) Min f(z)
Subject to  g;(z) £0, j € J,

Let f(z) = (fi(z),..., fp(x)), where each f;(: € p = {1,2,...,p}) and g¢,(j € J) are differentiable
functions defined on a non-empty open subset X C R™ and map to R. The set J is an index set that
may be infinite.

Here we take the non-empty feasible set S of (SP):

S={reX:gj(x)=0,j€J}

and
I:{jEJ:gj(:vo):0}
where I represents the index set of active constraints for xy € S.

Let C': X x X xR"™ — R be a function such that for any (z,z¢) € X x X, it satisfies C(; 5,)(0) = 0.
Additionally, let a: X x X - Ry N~ {0}, peR,and d: X x X — Ry, (d(z,z9) =0 iff x = ).

Definition 2.1. A function C : X x X x R™ — R is convex on R™ if and only if for any fixed point
(z,z0) € X x X and for any y1,y2 € R™, the following condition holds:

C(x,:co)(Ayl + (1 - )‘)yZ) g )‘C(m,xo)(yl) + (1 - A)C(;c,aru)(y2)v Ve (07 1)

Definition 2.2. A feasible point xo € X is considered an efficient solution for problem (SP) if and
only if there is no point x € X such that:

fx) < f(zo).

Definition 2.3. A feasible point xo € X is a weak efficient solution for problem (SP) iff there is no
point x € X such that:

fx) < f(xo).
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The necessary optimality conditions for (SP) presented below are taken from [19]

Theorem 2.4. (Necessary Optimality Conditions) Let xg be an efficient solution for (SP) and
I(xg) # ¢. If (SP) satisfies the suitable constraint qualification (see [26]) at zo then there exist
u € RP, v=(vj)jes, such that

u"'V f(xo) + 07 Var(wo) = 0, (2.1)
0 g(x0) =0,

u>0,0>0 and vj # 0 for finitely many j € I.

3 Definitions

In 2006, Yuan and Liu (see [13]) gave the definition of (C, a, p, d) convex function. We see that this
definition is not hold when a < 0. In this paper, we introduce the definitions of (C, «a, 7, p, d) invex
function and its generalizations, which will also hold when 7 < 0. These definitions will be used in
the sequal.

Definition 3.1. The vector-valued function f : X — RP is called (C, «,n, p,d)-inver at o € X if,
for each f; : X — R, there exists a vectorial function n; : X x X — R such that for every x € X
and i € p, the following condition holds:

fi(z) — fi(wo)

a;(x, )

(>) 2 Claao) (V filo))mi(w, zo) + Pim.

The function f is said to be (C,a,n, p,d)-invex on X if and only if it is (C, o, n, p, d)-invex al every
point in X.

By replacing n(z, zo) with 1 in the above definition, we will get the definition of (C, a, p, d) con-
vexity.

In this example, we try to illustrate the importance of invex functions and its generalization.
b b

Exmple. Let X = {z : 4 <z < 5}3 p=—1, a(r,x) =1, d(x,29) = (v — 20), C(w,xo)(a) =
a®(z — xg) for any (x,20) € X x X and let f(z) = cos?z. Then, we see that f(z) is not (C,a, p,d)-
cos(x — 1:0))

(x — o) ~

As we know that the definition of (C, a, p, d) convexity is not hold when o < 0. But on the other

hand we see that, the definition of (C, a, 7, p,d) invexity holds for all real values of 7.

convex at x = %, but it is (C, «,m, p, d)-invex at x = % with n(z,x) = (1 —

Definition 3.2. The vector-valued function f : X — RP is called (C,a,n,p,d)-pseudo-invez at
xg € X if, for each f; : X — R, there exists a vectorial function n; : X x X — R such that for every
x € X and i € p, the following condition holds:

fi(@)(2) < fizo) = Cla,wo) (V filzo))mi(, 20) + Pim

< 0.
The function f is said to be (C,a,mn, p,d)-pseudo-invex on X iff it is (C,a,n, p,d)-pseudo-inver at
each point in X.

Definition 3.3. The vector-valued function f : X — RP is called weak strictly (C, a,n, p, d)-pseudo-
invex at xg € X if, for each f; : X — R there exists a vectorial function n; : X x X — R such that
for every x € X and i € p, the following condition holds:

d; (=,
filx) < filwo) = Claao) (V filzo) )i, z0) + piom

The function f is said to be weak strictly (C,a,n,p,d)-pseudo-invex on X iff it is weak strictly
(C,a,n, p,d)-pseudo-invex at each point in X .

Definition 3.4. The vector-valued function f : X — RP is said to be strong (C,a,n, p, d)-pseudo-
invex at xg € X if, for each f; : X — R there exists a vectorial function n; : X x X — R such that
for each x € X and i € p, the following condition holds:

fi(@) < fi(20) = Clayaq) (V filwo))mi(, x0) + piii””ii
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The function f is said to be strong (C,a,n, p,d)-pseudo-invex on X iff it is strong (C,a,n,p,d)-
pseudo-invex at each point in X.

Definition 3.5. The vector-valued function f : X — RP is said to be (C,a,n, p,d)-quasi-invex at
xo € X if, for each f; : X — R there exists a vectorial function n; : X x X — R such that for each
x € X and i € p, the following condition holds:

di(z, o)

<0.
ai($,$0) o

fi(z) = fi(z0) = Clo,n0)(V fi(zo))ni(z, 20) + pi

The function f is said to be (C,a,n, p,d)-quasi-invex on X iff it is (C, ,n, p, d)-quasi-invez at each
point in X.

Definition 3.6. The vector-valued function f : X — RP is said to be weak (C, v, n, p, d)-quasi-invex
at xg € X if, for each f; : X — R there exists a vectorial function n; : X x X — R such that for
each v € X and i € p, the following condition holds:

di(xv .’EO)
a;(z, o)

A

fi(z) < fi(zo) = Claze)(Vfi(zo))ni(z, 20) + pi 0.

The function f is said to be weak (C, a,n, p, d)-quasi-invex on X if and only if it is weak (C, o, m, p, d)-
quasi-invex at each point in X.

4 Optimality
For the nonlinear multiobjective semiinfinite programming problem (SP), we state the following

optimality conditions.

Theorem 4.1. If there exist a feasible solution xo for (SP) and, @ € RP and v = (;) e are vectors

which satisfies
TV f(xo) + 7 Vgr(xo) = 0,

5Tg(mO) = Oa (41)
% >0,7>0 and U; # 0 for finite many j € 1.

Also, if f is strong (C,at,n', pt,d*)-pseudoinvex functzon at xo and gr is (C,a?,n?, p?, d?)-quasi-
invex function at xo w.r.t. the same n(x,x0) (i.e.,n* = n* =n) with

P (z,20)
E Ui p 1 —|— g va o2(z, 70) = 0. (4.2)
i=1 & jeI 0

Then, xo is an efficient solution of (SP)

Proof. Assume that z is not an efficient solution of (SP), then for a feasible solution x € S, we have

fi(x) < fizo).
Since gr(xo) = 0, hence
91(x) = gr(zo).

Since f is strong (C,al,nt, pt, d')-pseudo-invex at zg and gy is (C, %, n?, p?, d?)-quasi-invex at xg,
therefore we have

L dY (@, o)
, A RPN
C($75D0)(vf’t(x0)) (5U xo) +p104 (.T 960) = 07
and 2 )
2 a7\, To <
C(m,zo)(VgI(xO))n(ma .1'0) + Pr OZ%((E, 1.0) = 0.
Since C' is convex, thus from the above inequalities, we get
"1 1
Cla,z0) Z ;E’Vfi(xo) + Z ;@Vf}j(xo) n(z, o)
i=1 jel
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where

Since C(x,10)(0) = 0, thus from equation (4.1) we have
- o)
Zﬂ 11 + 2.7 ”JP 2@z
i=1 i jel

which go against our assumption (4.2). Thus z is an efficient solution of (SP). O

Example: Consider the semiinfinite problem as follows:
(SP 1) Minimum f(x)

st.gj(z) =£0,j€J, z €R,
where the functions ' : X — R? and g; : X — R, (X =R) are defined as:

F(z) = (fi(2), fo(2)) = (2* - 22,2° — 2?)

and
g1(z) = 2*(z - 2),
(z) = 5 + 1,
1
gr(x) =+ o k=3,4,..
Also the function C': R x R x R — R is defined by C(, 4,)(a) = —a?(z + x), the function

7 : X x X — R is defined by n(z,z9) = (22 — x9) and the set S of feasible solutions for (SP 1) is
1
deﬁnedbyS:{xGR:gj(x)§0}:{x€R:x§f§}

1
We can check that f;(i = 1,2) are strong (C,«a;,n;, pi,d;)-pseudo-invex at xg = —3 with
ai(z,2z0) = 1, m =1, p; = 0 and d;(z,z0) = 1, also g;(j € I) are (C, o ,n;, pj,d;)-quasi-invex

1
at xp = —3 with aj(x,20) =1, n; =1, p; =0 and d;(x, x¢) = 1. Clearly, n; =n; =n and zp = —3

is a feasible solution for (SP 1) that meets the requirements of Theorem 4.1, in which @ = (1, 1)

1
=3 I={jeJ:gj(xzo) =0} = {3} is the index set of active
1
constraints. We conclude that there is no point « € S such that f(z) < f(xo). Hence, zg = —3 is

an efficient solution of (SP 1).

and v = (0,0,1,0,...,0,...). For zg

Theorem 4.2. If there exist a feasible solution xo for (SP) and, T € RP and T = (U;)jes are vectors
which satisfies

TV f(xo) + ¢ Vgr(xo) = 0,

ETg(IO) = Oa

v

@> 0,520 and T; # 0 for finitely many j € I.

Also, if f is weak strictly (C,at,nt, pt, d)-pseudo-invex at x¢ and gy is (C, %, n?, p?, d?)-quasi-invex
at xo with respect to same n(z,xo) (i.e.,n' =n? =n) with

P
SRRETCENS i (i

’ jeI

Then, g is an efficient solution of (SP).

https://internationalpubls.com 1144



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 10s (2025)

Proof. Assume that z( is not an efficient solution of (SP). Then for a feasible solution = € S, we
have

fi(x) < fizo).
Since gr(xo) = 0, hence
g91(z) = gr(zo).

Since f is weak strictly (C,al,nt, pt, d)-pseudo-invex at zo and gy is (C, a2, 7?2, p?, d?)-quasi-invex
at xg, therefore we have 1
i (CL‘, IO)

d; (z, o)
Clawo)(V filzo))n(z, o) + p;

<0,

and

d3(z, x0)
29T
Cla,z0) (Vg1 (x0))n(z, 20) +p17a%(z7xo>

The remaining part of the proof is similar to proof of Theorem 4.1. O

<0.

Theorem 4.3. If there exist a feasible solution xo for (SP) and, © € RP and T = (U;) e are vectors
which satisfies
TV f(xo) + 7 Vgr(xo) = 0,
o1 g(z0) = 0,
w>0,7>0 andv; #0 for finitely many j € I.

Also, if f is weak (C, o', n' d")-quasi- invex at xo and gy is strictly (C, a2, n?, p?, d?)-pseudo-invex
n', o' n

at xo with respect to same n(z,xo) (i.e.,n' =n? =n) with
P {E , Lo
Yot S S T 20
=1 JeI

Then, ¢ is an efficient solution of (SP).

Proof. Assume that z( is not an efficient solution of (SP). Then for a feasible solution = € S, we
have

fi(z) < fi(xo)-
Since gr(xo) = 0, hence
g1(w) = gr(wo)-
Since f is weak (C,at, 0!, pt, d")-quasi-invex at x¢ and gy is strictly (C,a?,7?, p?, d?)-pseudo-invex

at xg, therefore we have

d}(z, z0)

C ; , P <o,
(m,mo)(vf (900))77(33 *TO) + p; Oé} (1’, 950) =
and 2 )
C 241\, o)
(z,ro)(VgI(x0>)n(x .T()) + Pr a%(l‘,l’o) <
The remaining part of the proof is similar to proof of Theorem 4.1. O

Theorem 4.4. If there exist a feasible solution xo for (SP) and, © € RP and T = (U;) e are vectors
which satisfies
@'V f(z0) + 0} Vgr(zo) =0,
o g(zo) =0,
u>0,v2>0 andv; # 0 for finitely many j € 1.

Also, if f is weak strictly (C,at,nt, pt,d')-pseudo-invex at xo and gy is strictly (C,a?,n?, p*,d?)-
pseudo-invex at xo with respect to same n(x, o) (i.e.,n* = n? =n) with

P 2

= 1 di(@, @) o 2 di(@20)
E wip +§ vjp =0
i=1 o i (2, 20) jel " f(ac o)

Then, g is an efficient solution of (SP).
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Proof. Assume that z( is not an efficient solution of (SP). Then for a feasible solution x € S, we
have

Ji(z) < fi(xo).
Since gr(zo) = 0, hence
gr(x) = gr(zo)-

Since f is weak strictly (C,al,n!, p!,d")-pseudo-invex at x¢ and g; is strictly (C,a?,n?, p?, d?)-

pseudo-invex at xg, therefore we have 1(:3 o)
d;(z,x0)
C(z,mo)(vfl(xo))n(xa '1:0) + pzl
and L )
Zr,Xo
C 2L <.
(Lﬂ))(v‘gl(‘xO))n(x .1'0) +p IO[%(QE 1,0) <
The remaining part of the proof is similar to proof of Theorem 4.1. 0

Theorem 4.5. If there exist a feasible solution xo for (SP) and, © € RP and ¥ = (U;)jes are vectors
which satisfies
HTVf(JZ()) + f?Vg;(xo) =0,

@Tg(xo) =0,

w>0,7>0 andv; #0 for finitely many j € 1.

Also, if f is strong (C,at,n', pt, d")-pseudo-inver at :co and g is strictly (C,a?,n?, p?, d?)-pseudo-
invex at xo with respect to same n(x, o) (i.e.,nt =n* =n) with

p
; iﬁfo 2.0}

JjeI

d2($ ZL'())

720.
](x xo) —

Then, ¢ is an efficient solution of (SP).

Proof. Assume that ¢ is not an efficient solution of (SP). Then for a feasible solution x € S, we
have

fi(z) < fi(@o)-
Since gr(xo) = 0, hence

g1(z) = gr(zo).
Since f is strong (C,al,nt, pt, d')-pseudo-invex at z¢ and g7 is strictly (C,a?,n?, p?, d?)-pseudo-
invex at xg, therefore we have

1
O(Lwo)(vf’i(xo))n(xv ZC()) + pzl 0417

and d2( )
Z, Tg
Cloan) (Vr(wo)n(a o) + o 3

The remaining part of the proof is similar to proof of Theorem 4.1. O

0.

N

Since it is clear from the definitions that, an efficient solution is also a weak efficient solution for
(SP) but the converse need not be true, therefore Theorem 4.1 - Theorem 4.5 are still valid for weak
efficiency.

Theorem 4.6. If there exist a feasible solution xo for (SP) and, © € RP and T = (U;) e are vectors
which satisfies
'V f(z0) + 0] Vgr(zo) = 0,
@Tg(xO) = Oa
w>0,7>0 and v; # 0 for finitely many j € I.
Also, if f is (C,at,nt, pl,d")-pseudo-invex at xo and gr is strictly (C,a? n?, p?, d*)-pseudo-inver at
xo with respect to same n(x,xq) (i.e., 771 =n? =) with

3: xo lU 950)
Zulpz (z, zg +JZ€;v]p (z, wo) 0

H\/

Then, g is a weak efficient solution of (SP).

https://internationalpubls.com 1146



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 10s (2025)

Proof. Assume that x( is not a weak efficient solution of (SP). Then for a feasible solution x € S,
we have

fi(z) < fi(xo).
Since gr(xo) = 0, hence
91(x) = gr(xo).

Since f is (C,at,nt, pt,d")-pseudo-invex at x¢ and g7 is strlctly (C,a?,n?, p?, d?)-pseudo-invex at
Tg, therefore we have T, To

d i(@,mo)
Claswe) (V fi(zo))n(z,20) + pi
and 2 )
C 2 LR T0)
(1,10)(V91(x0))n(xa .1'0) + Pr a%(:v, 1,0) <
The remaining part of the proof is similar to proof of Theorem 4.1. O

Theorem 4.7. If there exist a feasible solution xo for (SP) and, w € RP and T = (U;) e are vectors
which satisfies
@'V f(z0) + 07 Vgr(zo) =0,
ETg(IO) = Oa
w>0,7>0 and v; # 0 for finitely many j € I.

Also, if f is (C,at,nt, pt,d")-pseudo-inver at x¢ and gr is (C,a?,n?, p?,d?)-quasi-inver at x¢ with

respect to same n(x,xo) (i.e.,nt =n* =n) with
P 2
di(z,x0) d5(x, zo)
. A1 i\ .27 >
E ;P + E v,;p5 =0
i=1 CHEERY jel ’ 7 aj(w, xo)

Then, g is a weak efficient solution of (SP).

Proof. Assume that x( is not a weak efficient solution of (SP). Then for a feasible solution x € S,
we have

fi(z) < fi(zo).
Since gr(zo) = 0, hence
gr(x) = gr(zo)-

Since f is (C, at,nt, p!, d')-pseudo-invex at ¢ and g7 is (C, a?,n?, p?, d?)-quasi-invex at x¢, therefore
we have

d}(z, x0)
. 12 A 207
C(Tvxo)(vfl(xo)) (éC .%'0) + P Oé}($,$0) < 07
and 2 )
2 41\T, Lo

Cla,20)(Var(z0))n(z, z0) + sz 0.
The remaining part of the proof is similar to proof of Theorem 4.1. O
5 Duality

We now prove duality relations between nonlinear multiobjective semiinfinite programming problem
(SP) and Mond-Weir-type dual problem (MWD):

(MWD) Max f(y) = (f1(9): - [p(¥)),
Subject to ZUZVL + ZUJVQJ (5.1)
=1 jeJ

vl g(y) 20,0 = (vj)jes,v; € Ry and v; # 0 for finitely many j € J,

P
> wi=1lu;>0(i=1,.,p)ycX CR",

=1

where f; and g; are differnetiable functions from X to R, and X is nonempty open subset of R".
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Theorem 5.1. (Weak Duality) Let xo and (yo,u,v) be feasible solution for (SP) and (MWD)

respectively, and
p .To,yo 2 ] anyO)
Z Io Yo) + Z bt Io Yo)
i=1 ’ jeJ ’

IIV

0. (5.2)

(a) Let f be strong (C,at,nt, pt,d")-pseudo-invez at yo and vTg be (C,a?,n?, p?, d?)-quasi-invex
at yo with respect to a common kernal n(z,xo) (i.e.,n' =n*=n).

(b) Let f be weak strictly (C,at,n', p*, d*)-pseudo-inver at yo and v¥g be (C, a2, n?, p?, d?)-quasi-
invex at yo with respect to a common kernal n(x,xq) (i.e.,n' =n? =n).

(c) Let f be weak (C,at,nt, pt,d')-quasi-inver at yo and vTg be strictly (C,a?,n?, p?, d?)-pseudo-
invex at yo with respect to a common kernal n(z,xo) (i.e.,nt =n? =n).

(d) Let f be weak strictly (C,at,n', p*, d*)-pseudo-invex at yo and v’ g be strictly (C,a?,n?, p?, d?)-
pseudo-inver at yo with respect to a common kernal n(x, zo) (i.e.,nt =n* =n).

(e) Let f be strong (C,al,nt, pt,d")-pseudo-invezx at yo and v'g be strictly (C,a? n?, p?, d?) -
pseudo-inver at yo with respect to a common kernal n(x, zo) (i.e.,nt =n* =n).

If any one of the following assumptions will hold, then the following inequality will not hold

f(@o) < f(yo)- (5:3)

Proof. (a) Suppose that the assumption (a) hold. Since z¢ and (yo, u,v) are the feasible solution for
(SP) and (MWD). Therefore,
v;9j(20) = 0 = v;9;(yo)-
Also, vTg is (C, a2, n?, p?, d?)-quasi-invex at yy, which implies that

2 d?(x07 yO)

Clao o) (03V 95 (y0)) (0, Yo) + P53 2(20,0) <o. (5.4)

Let (5.3) holds, then by the definition of strong (C, al,n!, pt, d')-pseudo-invexity, we have

d Y
Clao o) (V fi(40))0(z0, o) + pi —% (%0, Yo)

af (20, 0) =0 >9)

Let
T = Zul + Zva
jeJ

Then, by the convexity of C(,, ) () and equations (5.1),(5.2),(5.4),(5.5), we get

p
(17 UV,
0>> — Claowo) (Vilyo))n(zo, yo) + > fc(wmyo)(vgj(yo))ﬂ(zo,’yo)
i=1 jeJ

u; 1 di(o,%0) vj o @2 (0, Y0)
+Z a7+z Lpi L ——=

(Io,yo) ies T jaz(mo,yo)

1 P
Z Clao,po) - > wiViio) + Y _vVgi(wo) | | n(wo,0)
=1 JjeJ

P

1 l o,yo $07y0)
o1 (Sun ety 5 e

=1 i ( (0, %0)

v

0.

Which gives a contradiction. Thus, the proof of part (a) is complete.
Similarly we can prove part (b) - (e). O

Theorem 5.2. (Strong Duality) Let f and v'g be satisfy any of the five assumptions specified in
Theorem 5.1. If xog € S is an efficient solution for (SP) and (SP) satisfies a suitable constraint
qualification (see[26]). Then, 3u € RY u > 0, T = (U;)(jes), U; € Ry, such that (xo,, T) is an
efficient solution of (MWD) and the respective objective values of (SP) and (MWD) are equal.
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Proof. Since ¢ € S is an efficient solution for (SP) and a suitable constraint qualification is satisfied

(see[26]). Therefore by Theorem 4.1, there exist ueRY u> OL@: (vj)(jesy, vj € Ry, such that
(zo,u, v) is a feasible solution for (MWD). Suppose that (zo,u,v) is not an efficient solution for
(MWD), this implies there exist a feasible solution (yo, ug, vo) for (MWD), s.t

(f1($0), ooy fp(xO)) < (fl(yo)v eeey fp(yO))a

which contradicts Theorem 5.1. Hence, the proof is complete. [
Theorem 5.3. (Strict Converse Duality) Let the assumptions of Theorem 5.2 be satisfied and f
be strictly (C,at,nt, pt,d*)-pseudo-invex at yo. If xo and (yo,Uo, Vo) are feasible solutions for (SP)
and (MWD) respectively, then o = yo.

Proof. Suppose that xo # yo. By strong duality theorem 37 € R, 7 > 0, 7 = (T) (jes), U; € Ry,
such that (x0,@,v) is an efficient solution for (MWD). Hence,

f(xo) = f(y0)~ (5~6)

Since x¢ and (Yo, Up, Tg) are the feasible solution for (SP) and (MWD), this implies that

To;95(x0) =0 = To;9;(Yo)- (5.7)

By definition of (C, a2, n?, p?, d?)-quasi-invexity, we have

C AV, gd?(xo,yo) <0 2 5.8
(20,50) (V0j 95 (yo))n (o, yo) + Pgm =0, (n°=n). (5.8)
Again, by the assumption on f;(i = 1,2, ..., p), we have
1 d ($Oa yO) 1
Claowo) (VSilyo))n(zo, yo) + pi —r—— = <0, (" =mn). (5.9)

a; (xovyo)

Let us denote

Therefore from equations (5.8)-(5.9) and the convexity of C,, ,0)(), we get

U (2
o>Z 2 Clag.o) (VFi(40))1 (0, 40) )+ 2 Clagn (V9 (90) (0. 90)
i=1 JjeJ

- 2
Uo; 1 dz (I07 yO) UOJ 2 dj (SL’O, ?JO)
+Z ai +Z 2330 IR

(90071/0) a2 (iﬂo,yo)

i=1 jeJ

1 p
2 Clzg,y0) - ZUOini(yo) + ZﬁojVQj(yo) n(z0,Y0)

i=1 jed
afo,yo 2 J 33073/0)
E O’L i § ij l' )
ies 05 Y0
> 0.
Which gives a contradiction, i.e., our assumption is wrong. Therefore xg = yg. O

6 conclusion

In this paper, we formulted generalized (C, «, 7, p, d) invexities, which are the generalized version of
(C,a,n,p,d) convexity. Using these definitions, we have stablished several optimality and duality
results for multiobjective semiinfinite programming problems. The results of this paper are more
general than the corresponding results present in the literature [19]. These definitions we can use to
extend more results of literature.
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