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Conclusion: Here, in our present investigation, we have successfully introduced a new
subclass of analytic functions ;"% [A, B, a, b] using the Generalized Ruscheweyh derivative
operator. Many properties and characteristics of this newly defined function class such as
coefficient estimates, inclusion bounds and radius problem have been studied.

1. Introduction
Let A be the class of functions of the form
(1.1) f(2)=z+Y,_, a,z™

which are analytic in the open unit disk U = {z: |z| < 1}. If fand g are analytic in U, we say that f is
subordinate to g, written f < g or f(z) < g(2), if there exists a Schwarz function w(z) in ‘U such that

f(2) = 9(w (2)).
Let P[A, B] be the class of functions h, analytic in U with h(0) = 1 and

1+Az
1+BZ’

h(z) < -1<B<A<I

This class was introduced by Janowski [18]. The class P [A, B] is connected with the class P of
functions with positive real parts by the relation

(B-1)h—(4-1) ep

Later Polatoglu [19] defined the class P[A,B,a] as:
Let P[A,B,a] be the class of functions p,, analytic in U with p; (0) =1 and
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(1.3) pi(z) < DL phere -1 <B<A<1, 0<a<L.

From (1.3), it can easily be seen that, p; € P[A,B,a], if and only if, there exists h € P[A,B] such that
(1.4) p1(z)=(1—-a)h(z)+0,0<a<1,z€U.

It is also noted that P [1,—1,0] = P, the well-known class of analytic functions in U with positive real
part. Noor [5] considered the generalized class P, [A4, B, a] of Janowski functions which is defined as
follows.

A function p is said to be in the class Py [A4, B, o], if and only if,

k

(15) p(@) = (5+3) @ - (5-3) @)
where

py, P2 €EP[A B,a], 1<B<A<I1,k>2and 0<a<1.Itis clear that P,[4, B,a] = P[A,B,a] and
P,[1,—1,0] = P, the well-known class given and studied by Pinchuk[3].

For any two analytic functions
fi(@)=Xn=0anz™ and f5(2)=X3obnz™ (z € U)
the convolution of f; and £, is defined by

(1.6) ((fi * f2)(2) = Xy=1 anbpz"

The Generalized Ruscheweyh Derivative D}* [4] is defined as follows,

Forfe A, A>0and m €ER, m > —1, we have

Z

(17) D/{nf(z) = (1_Z)m+1 *DAf(Z)I z E u
(1.8) (m + DD f(2) = mD}'f(2) + z(D}* f ()’
For function f € A of the form (1.1), we obtain the power series expansion of the
form,
(1.9) DIF(2) = z + Y2,[1 + (n — 1)A] %anzn, zeU
(n-1)
where
_F(a+n)_{1, forn=0
(@ = r@) (a@+1)@+2)..(a+n—-1), forneN
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Definition 1.1. A function f € A 1is in the class V,Z‘A[A, B, a, b] if and only if ,

m+1
(1 —§+ %—Dg;nf’(cz()z)) € P[A B a]l, zel,

where k=2, m>0, -1<S B<A<Il, 0<a<landbe C-{0}.

Assigning certain values to different parameters, we have different well-known classes of analytic
functions as can be seen below.

Special cases
(i) For a parametric value A = 1; we get the class studied by S.N. Malik, M. Arif, K.I. Noor and
M. Raza.[15]

(i) VM1,—1,a,b] = Vi(a,b,]), the well-known class defined by Latha and Nanjunda Rao in
[14].

(iii) V1[A,B,a,1] = C[A,B, a]
VI[A,B,a,2] = S*[A, B, a] ,the well-known class defined by Polatoglu [19]
(iv) VA, B,0,1] = Vi[4,B],

V2[A, B,0,2] = R, [A, B] , where V,.[A, B] and R[4, B] denote the class of janowski functions
with bounded boundary and bounded radius rotations respectively, given by Noor [9].

2. PRELIMINARY RESULTS
We need the following results to obtain our main results.

Lemma2.1. Let p(z) =1+ Y7-1qnz" € P¢[A,B,a]. Then, foralln>1,
(2.1) lgn| <

This inequality is sharp.

k(A-B)(1-a)
2

The proof follows from (1.4), (1.5) and the coefficient bound of h € P[A, B] given by Aouf [13].
Lemma 2.2. [17] Let u = uy + iu,, v = v; + iv, and Y (u, v) be a complex valued

function satisfying the conditions:

(i) ¥ (u, v) is continuous in a domain , D c C?

(i) (1,0) eD and Re ¥ (1,0)> 0,

(iii) Re Y (iu,, v1)< 0, whenever (iu,,v;) €D and v; < —%(1 +u?). .

If h(z) =1 + ciz + ... is a function analytic in U such that (h(z),zh’(z)) € D and Re ¢ (h(z),zh'(z)) > 0
for z € U, then Reh(z) > 0 in U.

Lemma2.3. Letp € Py[A, B,0] withk>2. Then, for |z| =r <1,

https://internationalpubls.com 1340



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 10s (2025)

2+(A-B)kr—2ABr?

2—(A-B)kr—2ABr?
< Rep(2) < lp()| < — =5

2(1-B2r2)

(2.2)

The proof is immediate by using (1.5) and the growth result of h € P [A, B], see [13].
Lemma 2.4. Let € P[4, B,0] with k> 2. Then, for |z| =r < 1.

r{(A-B)k—4B(A-B)r+B2%(A-B)kr?} Re p(z)
(2'3) |Zp (Z)I = (1-B2r2)(2+(A-B)kr—2ABr?2)

The result follows directly by using Lemma 2.3

3. MAIN RESULTS
Theorem 3.1. Let f€ V3[4, B, a, b] with-1< B <A <1, m 20, 0 < a<land

be C—{0}. Then

(O')n 1
—_n1 >
(3.1) la,| < Dt Vn=2,
Where
_ kIbl(A-B)A-a)(m+1) and ¢, (m)=[1+(n-1)A] (M+1)p—1
4 Wn-1

This result is sharp
Proof: Let

2, 2D f (@) _
(32) 1 +b Dmf(Z) - p(Z)

sothatp € Py[A,B,a]. Letp(z) =1+ X-19,2"  Then (3.2) can be written as

2(D7"* f(2) — D' f(2))=bD}*f (2) Ty qnz™
which implies that

2¢n(m)(n-1an
?:Mnl) = b(@n-1 + P2 M)Az G0z + -+ + Pno1 (M an_1q1).

Using Lemma 2.1, we obtain
kIbp|A-B)1—-a)(m+ 1)
lan| <
4(n — D¢ (m)
———— (1 + X5, pi(m)a;).

1+ po(M)|az| + -+ + Pp_1(M)|an_11)

e 1)¢ (m)

a _ (0)2-1

B2(m) — (2-1)! po(m)

Forn=2, |a,| <

Therefore (3.1) holds for n=2. Assume that (3.1) is true for n = | and consider

https://internationalpubls.com 1341



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 10s (2025)

laj+1] < l¢z+a1(m) (1 + %:2 ‘{bi(m)laiD
a 1 (@i
< ‘
= L1 (m) (1 + iz (i—l)!)
— g L i-1 z
L res(m) (1 + 2i20 [lj=1 (1 + 1))
___ o -1 g
T (1 + j)
_ (o)
U e (m)

Therefore, the result is true for n = | + 1. Using mathematical induction, (3.1) holds true for all » > 2.
This result is sharp form>0,0<a<1,b € C— {0} and k > 2 as can be seen

from the functions f,(z) which are given as

- = a0 ()R- (D) e

For different values of A, B, a, b and A, we obtain the following results [16].

Corollary 3.2. If € V,[1,—1,a,2] = Ry() , then

(k(l — a)) ~
lanl < —7— 1)!" L, vn>2
this result is sharp.
Corollary 3.3. If f€ V;,[1,—1,a,1] = Vi (a), then
k(1—a)
la,| < ( - > 2

! , Vn=
this result is sharp.

Theorem 3.4. For real b > 0,

VIVA,B,a,b]l S V4[1,-1,8,b+ 1], zel,

where B (0 <B < 1) is one of the roots of

(3.3)  mmb?(m+2)’)(1—a)? —b(m+2)A - a)[n(B+1) +n(B- D]+ (B*-1) =0,

where

_ (1=b)+B(1+b) _ _ _

_ (@=-b)+p(1+b) _
(35) M2 = “macg [AB+1D = (A+1)]
and
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1+b)(m+1)A-p)
B b(m+2)(1—a)

Proof: Suppose f € V,Z‘fl[A, B, a,b] and set

_ 2 2 D/T{Hlf(z)
(3.6) p(z) = 1 b+1 +b+1 DI*f(2)

where p is analytic in U with p(0) = 1. Then, by simple computations together with
(3.6) and (1.9) yield

2, 2D f(2) _ u2zp’ (2)
(3.7) 1-242 TG — (L) i [p(Z) )
where g, = 22241 - 2 =2 _1
M=0np H2 = (m+1)(b+1)’ B3 =y :

Since f € V™[4, B, a, b), it follows that (1 — p1y) + iy [p(2) + 222 (Z)] € P.[A,B,al,

p(2)+p
Or, equivalently
(A-a-p1) | H2zp' (2)
(3.8) W-l-m[p(z)-l_p( ™ ] € PkAB]
Define
z Us z

PO = A A-om T Uty A=l

and by using convolution techniques given by Noor[3], we have

U2zp' (2) k1 U2zp;'(2) k1 U2zp;' (2)
PO+ 1 <4 2) < O+ T u3> - (Z - 5> <p2(z) or u3>

By using (3.8), we see that

A-a—-wm) [ H2zp;' (2) l
+ ((z) + ———| € P[AB],
1-a) 1-al"7 p(@+us
where z e U, 1=1,2.
Now, want to show that p; € P[4, B, ], where (0 < 8 < 1) is one of the root of (3.3).

Let p;(z) = (1 —Bhi(2) + B, i=1,2.

Then,
— g — _ _ zh;(z)
(e —i(=p)  wa=p h()+ OB P e pian
n(@ + =gy

Using the fact illustrated in (1.2), we have
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{(B — D[(n + phi(2))(hi(2) + w,) + wypzhi(2)] — (A — D) (hi(2) + wz)} cp
(B + D[(n + 1hi(2)) (hi(2) + w,) + wyuzhj(2)] — (A + 1) (hi(2) + w2))

U2 _ u3t+pB _ l-a-pu(1-P) _ m(@-B)
g P27, N7 1-a and p = 1-a
Y (u, v) by choosing u = h;(z),v = zh;{(z) and note that the first two conditions of Lemma 2.2 are

where w; = . We now form the functional

clearly satisfied. We check condition (iii) as follows.

_{B =Dl + pu)(u + wp) + @] — (A — (U + wz)}
{(B + D[ + ) (u + w2) + wuv] = (A + D) (u + w3)}

Y(u,v)

_ mtwpB-Dv+n+pu(ut+,))(B-1)—-(A-1)]u}
n2tw u(B+Dv+[(m+u(u+w,))(B+1)—(A+1)]u}

where n; = wy[M(B—1)—(A—-1)]and n, = wy[n(B+1)— (A + 1)].

Now,

{n + w(wvy — u%)(B — 1D+ [+ pwy)(B—1) — (A —1)]iuy}
{2 + u(wivy —ud)(B+1) + [(n + uux)(B + 1) — (A + Dliu,}

Y(iup,vy) =

Taking real part of Y (iu,, v1), we have

Re Y(iuy, vq)
[-M1 + u(wyvy — u%)(l — B)][nz + m(wyvy — u%)(B + D] - [+ pw)(B—1) —(A—D][(M + pw,)(B-

—[nz + wlwyvy +uz)(B+1)]2 = [(n + pw,)(B+ 1) — (A + D]?us
As wq > 0,u > 0, so applying v; < — % (1 + u3) and after a little simplification, we have

A1+B1u%+C1u‘2L

(39) Re lIJ(iuZ,Vl) < D,

where

1
A = " [27; — w u(B — D)][2n; — wu(B + 1],

1
B, = _Eﬂ(wl +2)[m(B+1) —wu(B* = 1) + (B — D] + (n + pw,)* (B> — 1)
—2( + pw;)(AB — 1) + (4> - 1),

1
€ = =5 12(1 = B2)(w1 +2)?,

and
D; = [0y + u(wivy + ux)(B+ DI? + [(n + pw2)(B + 1) — (A + D)]%u3.

The right hand side of (3.9) is negative if A; < 0 and B; < 0. From A; < 0, we have f to be one of
the roots of

mnzb?(m+2)2(1—a)? —=b(m+2)(1 - a)[n(B+1) +n,(B—- D]+ (B2-1) =0

https://internationalpubls.com 1344



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X

Vol 32 No. 10s (2025)

With 0 < <1 and also for 0 < B <1, we have B;<0.

Since all the conditions of Lemma 2.2 are satisfied, it follows that h; € P, i=1,2 and consequently
p € P,[1,—1,B]. Hence from (3.6),

fevmiL-1,8b+1].

By choosing the parameters A =1,B=—1,b =1, m = 0, we obtain the following known result,
proved in [11].

Corollary 3.5. Let f € Vj, y(a). Then f € Ry 2(B), where S is a root of
282 - (Ra—-1)—1=0
With 0 < B < 1, which is

B =%[(2a— 1) +/4a? —4a+9].

For a = 0,k = 2 in Corollary 3.5, we have the following well known results [2].

V,2(0) = C S Ry, (%) =5 (%) for z € U.

Theorem 3.6. Let £ € V[A,B,0,b], m >0, b>0(real), k=2 and 0<a ==""2<1. Then

D} f(z) maps |z| < 1, onto a convex domain, where 7y is the least positive root of the equation
(3.10) a;r*+ard+azr?+a,r+4Q2a—1) =0with0<r < 1,
where
a, = 4a’*A’B? — 4(a — 1)?*B*
a, = 2a(2a—1)(B— A)B%k
as; = 8a?(a—2) +8a(1 — a)AB — a?(A — B)?k?
a, = 2a(2a —3)(A — B)k.
This result is sharp.
Proof: Since f € V3[4, B, 0, b] then

DYt (z) _ b(p(x)-1)+2
Df(z) 2

(3.11)

where p € Pi[A4, B, 0]. Using the identity (1.9), we have from (3.11),

z(D]'f(2)) _ b(p(2)-1)(m+1)+2
(3.12) S :

Logarithmic differentiation of (3.12) yields

(z(D}*f(2))')" _ B zp'(2)
orr@y PO p(z) — 1 +%
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where a = @. Then we have

z(D}'f (2))’
(D' f (@)

129’ (2)
p@) —1+1

Re<1+ >2aRep(z)+(1—a)— ,

and hence, by using Lemma 2.3 and Lemma 2.4,
z(D;"f (Z))">
(D} f (2))'

2(1 —a)(1 - B?r?) 2ar{(A — B)k — 4B(A — B)r + B*(A — B)kr?}
2+ (A— B)kr — 2ABr? (2 + (A — B)kr — 2ABr?)¢ }

Re<1+

> Re p(2) {a +

SRR
provided
T(r) =a;r* + a,r3 + azr? + a,r + 42a— 1) > 0,
where
a, = 4a?A*B? — 4(a — 1)?B*
a, = 2a(2a—1)(B— A)B%k
as; = 8a?(a—2) + 8a(1 — a)AB — a?(A — B)?k?
a, = 2a(2a—3)(A—-B)k
and
§=2R2a—-1)—a(A—B)kr +2(B? —a(4 + B)B)r?.

We have T(0) > 0 and T(1) < 0. Therefore, D" f(z) maps |z| < 1, onto a convex domain, where
1, is the least positive root of the equation T'(r) = 0, lying in (0,1).

For D}" f;(z) such that

D" fi(2) _ b(pk(z) — 1) + 2
D} f1(2) 2

2+4+(A-B)kz—2ABz?
2(1-B2z2)

where py(2) = , we have

(z(D7'f1(2))")"  ayr*+ar® +agr? +a;r +4Q2a—-1)
(D'fi(2))" (2 + (A— B)kr — 2ABr2)¢ B

for z = ry. Hence this radius 7y is sharp.

By choosing the parameters A =1,B=—1,k=2,b =2and m =0, we obtain the following
known result, see[2].
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Corollary 3.7: Let f € S’. Then f maps |z| <1, onto a convex domain, where 1y, is the least
positive root of the equation

r*—2r3—6r2-2r+1=0

with 0 < r < 1, which is 7, = 2 — /3. This is also sharp.
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