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1. Introduction

In 2002, generalized topology and generalized continuity introduced by Csaszar in [1]. In 2005,
Csaszar introduced and studied generalized open sets ((-a-O, {-6-0, {-n-O, ¢-B-O)[2]. The
notion {-b-O introduced by Sarsak in [11]. A space Z is called a CO -space [12], if C0=Z, where CO is
the set of all representative elements of sets of { and x is called a represent element of u € {ifu c v
for each v € {(X). A subset A of generalized topological space (X, () is said to be g{ -closed [4] (resp.
o( -closed [7]), if c(A)=M whenever AcM and M is (-O (resp. {-06-0) in X. The complement of ®(
-closed (resp. gC-O ) is C-O[7] (resp. gC-O [4]). The gl-interior (resp. w(-interior) is the largest gC-O
(resp. ®C-O) set contained in A and is denoted by ig(A) (resp. i»(A)). In 2005, Csaszar introduced
hereditary class in [3]. In this work hereditary generalized topological space (Z, {, H) is denoted by
HGTS.

Definition 1.1. [3] The set y is said to be a-H-O (resp. -H-O, n-H-O, B-H-O, p*-H-O,  {* -closed),
if yEicx(y) (resp. yEC+i(y), yEic(y), yEcic(y), yEcric (y), c(y)cy).

Definition 1.2. A set y is said to be b-H-O [8], if y € icx(y)UC*i ().

Definition 1.3. [10] A set y is said to be

U.'Hg'o, 1f\|l - |gC*|g(\|l)

0-Hg-O, if y S cxig(y).

n-Hg-O, if y C igC*(y).

B-Hg-O, if y € cigCx(y).

S-B-Hg- O, if y C cxigC*(y).

g s e
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2. b-Hg-open set
Definition 2.1. The set yc(Z,(,H) is called as b-Hg-open (b-Hg-0), if wSigC*(y)Uc*ig(y).
Proposition 2.2. In HGT S, every (-O set is b-Hg-O.

Proof. A subset yCZ is {-O. Then y = i(y). Now v € i(y) C ig(y) SigC*(y) U C*ig(y). Hence v is b-
Hg-O.

Remark 2.3. The converse of Proposition 2.2 need not be true from the following example.

Example 2.4. Assume Z = {1, 2, 3, 4}, (={0, {1}, {2}, {1, 2}, {2, 3, 4}, Z}, H = {0, {1}, {3}}. Then
v = {1, 2, 3} is b-Hg-O but not {-O.

Proposition 2.5. In HGTS (Z, {, H), every gC-O set is b-Hg-O but not conversely.

Proof. Assume a subset y of HGTS (Z, {, H) is g{- O. Then y = ig(y). Now y € ig(y) S igCx(y) U
cxig(y). Hence v is b-Hg-O.

Proposition 2.6. In HGTS, every o(-O set is b-Hg-O but not conversely.

Proof. Assume a subset y of HGT S (Z, {, H) is ®(-O. Then y = io(y). Now yCiu(y) S ig(y) S igc*(y)
U cxig(y). Hence v is b-Hg-O.

Example 2.7. Assume Z = {1, 2, 3, 4}, (={®, {1}, {2}, {1, 2}, {2, 3, 4}, Z}, H= {0, {1}, {3}}. Then
v =1{1,2,3}1sb - Hg - O but not gC-O.

Remark 2.8. The notions of b-Hg-O and {-b-O are independent.

Example 2.9. Assume Z = {1, 2, 3, 4}, (={0, {1}, {2}, {1, 2}, {2, 3,4}, Z}, H = {9, {1}, {3}}. Then
vy = {4} is b-Hg-O but not {-b-O.

Example 2.10. Assume Z = {1, 2, 3, 4}, {= {0, {1}, {1, 2, 3}, {8, 4}, Z}, H ={0, {1}, {3}}. Then M
= {1, 4} is C- b- O but not b- Hg-O.

Proposition 2.11. In HGTS (Z, {, H) every b-H-O is b-Hg-O.

Proof. Assume y be a b-H-O yCicx(y)Ucxi(y)Sige*(y)Uc*ig(y). Hence v is b-Hg-O.Remark 2.12.
The converse of Proposition 2.11 need not be correct from the following examples.

Example 2.13. Assume Z = {1, 2, 3,4}, (= {0, {1, 3}, {2, 3}, {1, 2, 3}, {1, 4}, {1, 3, 4}, Z}, H = {0,
{1,2}}. Then y = {1} is b-Hg-O but not b-H- O .

Proposition 2.14. Every a-Hg-O (resp. 6-Hg-O, n-Hg-O) is b-Hg-O but not conversely.
Proof.

1. Assume y be a-Hg-O. Then yC< igCxig(y)SC*ig(y)UigC*(y). Which implies v is b-Hg-O.
2. Assume y is 6- Hg-O. Then y € Cxig(y) S C*ig(\y)UigC+(y). Which implies v is b-Hg-O.

3. Assume y be n-Hg-O.Then yCigC*(y) S Cxig(y)U igc*(y). Which implies y is b- Hg-O.
Example 2.15. Assume Z = {1, 2, 3, 4}, (={0, {1, 3}, {2, 3}, {1, 2, 3}, {1, 4}, {1, 3, 4}, Z}, H= {0,
{1}, {2}}. Then y={2} is b-Hg-O but not a-Hg-O (resp. o-Hg- O, n-Hg-0).

Theorem 2.16. If y is b-Hg-O and {-6-0O, then it is -H- O.
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Proof. Let y is b-Hg-O and {-0- O. Then y € igCx(y) U c*ig(y) and y S ci (y). Now y <
IgC*(y)UC*ig(y)SC*(y), which ir%plies ci (y) € cicx(y). So yEci(y)<Scix(y). Hence v is B-H-O.
Theorem 2.17. If y is b - Hg - O and {* -closed, then it is 6-Hg-O.

Proof. Let y is b-Hg-O and (x-closed. Then y< igc*(y)UC*ig(y) and c*(y) Sy. Now y <
IgC*(y)UC*ig(y) S Cxig(y)Vig(y) = cxig(y). Hence vy is 6-Hg-O.
Theorem 2.18. If y is b-Hg-O and -closed, then it is 6-Hg-O.

Proof. Let y is b-Hg-O and (-closed. Then yCige*(y)Uc*ig(y) and cx(y)Sy by Proposition 2.9 of [6].
Which implies igc*(y) S ig(y). Now yCigC*(y)UCxig(y)SC*ig(yw)Uig(y) = cxig(y). Hence o-
Hg-O.

Theorem 2.19. If y is b-Hg-O such that ig(\y) = @, then it is 7-Hg-O.
Proof. Let y be a b-Hg-O and ig(y)=0. Then yCigc*(y)UCxig(y) = igC*(y). Hence v is t-Hg-O.
Theorem 2.20. If wcZ is b-Hg-O and ye€H, then it is o-Hg-O.

Proof. Let y is b-Hg-O and y€ H. Then y< igcx(y)Uc*ig(y) and cx(y) = y by Remark 2.10 of [6].
Now yCigC*(y)Ucxig(y) = ig(y)Uc*ig(y)=c*ig(y). Hence v is o-Hg-O.

Theorem 2.21. If ycZ is b-Hg-O and H=P (Z) then it is 5-Hg-O.

Proof. Let y is b-Hg-O and H = P (Z) Then y C igCx(y)UC*ig(y) and cx(y)=y by Remark 2.10 of [6].
Now yCigC*(y)Ucxig(y)=ig(y)Uc*ig(y)=c*ig(y). Hence y is -Hg-O.

Definition 2.22. For ycZ, ipHg(y) is the largest b-Hg-O set contained in .
Definition 2.23. A subset y of HGT S (Z, {, H) is called Do(c, Hg)-s, if ig(y)=ibHg ().
Theorem 2.24. For a subset y of HGT S (Z, , H), the following conditions are equivalent.

1. y is gC-0,
2. v is b-Hg-O and Dy(c, Hg)-s

Proof. (1)=(2) Let y is gC-O. Then vy is b-Hg-O. So y = ig(y) and y = ibH(y). Therefore ig(y) =
ibH(y). Hence v is Dy(c, HQ)-s

(2) = (1) Let y is b-Hg-O and Dy(c, Hg)-s Then y = isH (y) and ig(y) =ibH(y). Therefore ig(y)=y.
Hence v is gC-O.

Remark 2.25. The notions of y is b-Hg-O and Dy(c, Hg)-s are independent.

Example 2.26. Assume Z={1, 2, 3, 4}, (={®, {1, 3}, {2, 3}, {1, 2, 3}, {1, 4}, {4, 3, 4}, Z}, H={0,
{1}, {2}}. Then y = {2} is b-Hg-O but not Dy(c, Hg)-s and M = {4} is Dy(c, Hg)-s but not b-Hg-O
set.

3. New types of Sets

Definition 3.1. A subset ycZ is called

1. ax-Hg-s, if igCxig(y) = i(y).
2. ox-Hg-s, If cxig(y)=i(y).
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3. nx-Hg-s, if igcx(y)=i(y).

4. bx-Hg-s, if cxig(y)Uigc*(y)=i(y).

5. Px-Hg-s (Bx-Hg-s), if cigcx(y) = i(y).

Remark 3.2. The notions of a*-Hg-s (resp. ox-Hg-s, n*-Hg-s, b*-Hg-s, B*-Hg-s) and a-g-O (resp. o-
Hg-0, n-Hg-O, b-Hg-0, B-Hg-O) are independent.

Example 3.3. Assume Z={1, 2, 3, 4}, (={0, {1, 3}, {2, 3}, {1, 2, 3} {1, 4}, {1, 3,4}, Z}, H= {0, {1},
{2}}. Then y={1} is a-Hg-O (resp. o-Hg-0O, n-Hg-O, b-Hg-O, B-Hg-O) but not ax-Hg-s (resp. o*-
Hg-s , mx-Hg-s, bx-Hg-s , p*-Hg-s) and M={2} is a*-Hg-s (resp. 6*- Hg-s , m*-Hg-s, bx-Hg-s, B*-Hg-
s) but not a-Hg-O (resp. o-Hg O, n-Hg-0, b-Hg-0, B-Hg-0).

Definition 3.4. The subset y € Z of is called

1. ax-B-Hg-s ((ax-B-Hg-s), if y=UNV, where U is {-O and V is ax-Hg-s.
2. o*-B-Hg-s (o%-B-Hg-s), if y=UNV, where U is {-O and V is o*-Hg-s.
3. nx-B-HQ-s (nx-B-Hg-s), if y=UNV, where U is {-O and V is m*-Hg-s.
4. b*-B-Hg-s (b*-B-Hg-s), if y=UNV, where U is -O and V is bx-Hg-s.
5 B*-B-Hg-s (B*-B-Hg-s), if y=UNV, where U is {-O and V is p*-Hg-s.

Theorem 3.5. If ycZ is b-Hg-O and n*-Hg-s, then it is o-Hg-O.

Proof. Let y is b-Hg-O and m*-Hg-s. Then wyCSigc*(y)Uc*ig(y) and igCx(y)=ig(y). Now vy C
IgC*(y)UCkig(y)SCxig(y)Uig(y) = c*ig(y). Hence v is o-Hg-O.

Theorem 3.6. If ycZ is b-Hg-O and o*-Hg-s, then it is 7-Hg-O.

Proof. Let y is b-Hg-O and 6*-Hg-s.Then yCigcx(y) U cxig(y) and cx*ig(y) = ig(y). Now
Y CigCx(y)UCxig(y)SigC*(y)Vig(y)=igc*(y). Hence v is m-Hg-O.

Proposition 3.7. Let (Z, {, H) be a strong HGTS and ycZ. Then the following holds:

1. If v is ax-HQ-s, then y is a*-B-Hg-s,
2. If v is 6*-HQ-s, then v is o*-B-Hg-s.
3. If y is m*-Hg-s, then v is m*x-B-Hg-s,
4, If y is b*-Hg-s, then vy is b*-B-Hg-s,
5 If y is Bx-Hg-s, then y is B*-B-Hg-s.

Proof. Let y be a nx-Hg-s. If we take M=Z€(, then y=MNy and hence v is a ©*-B-Hg-s.
Proof of (2), (3), (4), (5) are similar of Proof of (1).
Proposition 3.8. For a subset yw a HGTS (Z, {, H), the following properties are hold:

1. If vy is an o*-Hg-s and gC-O, then y is ax-Hg-s.
2. If v is an w*-Hg-s and g(-O, then v is ax-HQ-S.
3. If vy is an bx-Hg-s, then y is m*x-HQ-s.
4, If y is an bx-Hg-s, then vy is o*-HQ-S.

Proof. (1). Let v is o*-Hg-s and gC-O. Then igc*ig(y)cC*ig(y) = i(A).
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Therefore igc*ig(yw)=i(A). Hence v is ax-Hg-s.

(2). Let y is mx-Hg-s and gC-O. Then igcxig(y)Cigc*(y)=i (A). Therefore igC*ig(y)=i(A). Hence v is
ax-Hg-s.

(3). Let y b*-Hg-s. Then igcx(y)Cigc*(y)Ucxig(y)=i(y). Therefore igc*(y)= i(y). Hence y is nx-Hg-
S.

(4). Let y bx-Hg-s. Then cxig(y)Cige*(y)Ucxig(y)=i(y). Therefore cxig(y)=i(y). Hence vy is o*-H-s.
¢

Theorem 3.9. Let (Z, ¢, H) be a strong HGT S where Z is CO -space and y < Z. Then the following
conditions are equivalent.

1. v is C-O,

2. vy is a-Hg-O and ax-B-Hg-s,
3. v is 6-Hg-O and o*-B-Hg-s.
4, v is 1-Hg-O and n*-B-Hg-s,
5 vy is B-Hg-O and B*-B-Hg-s.

Proof. (1) = (2), (1) = (3), (1) = (4), are obvious.

(2)=(1). Let y is both a-Hg-O and a*-B-Hg-s. Then yCigCxig(y)=igCxig(M NN), where M€( and N
is ax-Hg-s. Hence \pgigC*ig(M)ﬂigC*ig(N). Now yEMNySEMN[igxig(M)NI(N )]=MNi(N)=i(y).
Hence vy is £-O.

(3)=(1). Let y is both 6-Hg-O and o*-B-Hg-s. Then yScxig(y) = cxig(MNN), where M€( and N is
o*-Hg-s. Hence \pQC*ig(M)ﬂc*ig(Na. Now yEMNySMN[cxig(M )Ni(N)]=MNi(N )=i(y). Hence vy
is -O.

(4)= (1). Let y is both n-Hg-O and n*-B-Hg-s. Then yCigcx(y)=igcx(MNN), where M€( and N is
nx-Hg-s. Hence y<igcx(M)Nigc*(N). Now yEMNySEMN[igex(M)Ni (N )]=MNi (N ) = i(y). Hence
v is C-O.

(5)= (1). Let y is both B-Hg-O and B*-B-Hg-s. Then y<cige*(y)=cigtx(MNN), where ME€( and N is
B*-Hg-s. Hence yCcigex(M)Ncigt*(N). Now yEMNySMN[cigex(M)Ni (N)]=MNi(N) = i(y). Hence
v is C-O.

Remark 3.10. The notions of a-Hg-O (resp. 6-Hg-O, n-Hg-O, B-Hg-O) and a*-B-Hg-s (resp. o*-B -
Hg-s, m*-B-Hg-s, B*-B-Hg -s) are independent.

Example 3.11. Assume Z = {1, 2, 3, 4}, (={0, {1, 3}, {2, 3}, {1, 2, 3} {1, 4}, {1, 3, 4}, Z}, H={9,
{1}, {2}}. Then y={1} is a-Hg-O (resp. o-Hg-O, n-Hg-O, B-Hg-O) but not ax*- B-Hg-s (rep. o*-B-
Hg-s, m*-B-Hg-s, p*-B-Hg-s) and M={2} is a*-B-Hg-s (rep. 6*-B-Hg -s, n*-B-Hg-s, B*-B-Hg-s) but
not a-Hg-O (resp. o-Hg-O, n-Hg-0, p-Hg-0).

Theorem 3.12. Let (Z, {, H) be a strong HGT S where Z is CO -space and ycZ. Then the following
conditions are equivalent.

1. vy is C-O,

2. v is 6-Hg-O and b*-B-Hg-s
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3. v is t-Hg-O and b*-B-Hg-s

4. v is b-Hg-O and b*-B-Hg-s

Proof. (1) = (2) = (4) and (1) = (3) = (4) are obvious, since Z is b*-B-Hg-s

(4) = (1). Let y is b-Hg-O and b*-B-Hg-s. Then y<igc*(y)Uc*ig(y) =igtx(MNN)UC*ig(MNN), where
y=MNN, MeL and A% is bx-Hg-s Hence yEMNyEMN
[igc*(MNN)UC*ig(MNN)]S[MNigcx(M)Nige+(N)JU[MNcxigM)Nexig(N)]S[MNigex(N)JU[MNcxig
(NYI=MN[igex(N)UCig(N)=MNi(V)=i(y).

Remark 3.13. The notions of 6-Hg-O (resp. n-Hg-O, b-Hg-O) and b*-B-Hg-s are independent.

Example 3.14. Assume Z = {1, 2, 3, 4}, (={0, {1, 3}, {2, 3}, {1, 2, 3} {1, 4}, {1, 3, 4}, Z}, H={9,
{1}, {2}}. Then y={1} is 6-Hg-O (resp.  w-Hg-O, b-Hg-0) but not b*-B-Hg-s and M={2} is b*-B-
Hg-s but not 6-Hg-O (resp. n-Hg-O, b-Hg-0).

Theorem 3.15. Let (Z, {, H) be a strong HGTS, where Z is CO -space and ycZ. Then the following
conditions are equivalent.

1. v is C-0,
2. vy is 0-Hg-O and o*-B-Hg- s,
3. vy is 6-Hg-O and o*-B-Hg-s .

Proof. (1) = (2). Let a subset y of Z is {-O. Then it is a-Hg-O and o*-B-Hg-s.

(2)=(3). Let a subset y of Z is both a-Hg-O and 6*-B-Hg-s. Then it is both 6-Hg-O and o*-B-Hg-s.
(3)=(2). This is from Theorem 3.9.

Remark 3.16. The notions of a-Hg-O and o*-B-Hg-s are independent.

Example 3.17. Assume Z={1, 2, 3,4}, (={®, {1, 3}, {2, 3}, {1, 2, 3} {1, 4}, {1, 3, 4}, Z}, H={®, {1},
{2}}. Then y={1} is a-Hg-O but not 6*-B-Hg-s and M={2} is 6*-B-Hg-s but not a-Hg-O .

Theorem 3.18. Let (Z, {, H) be a strong HGTS where Z is CO -space and wcZ. Then the following
conditions are equivalent.

1. vy is C-O,

2. v is 0-Hg-O and n*-B-Hg-s,

3. v is 1-Hg-O and n+-B-Hg-s.

Proof. (1)=(2). Let a subset y of Z is {-O. Then it is a-Hg-O and ©x-B-Hg-s.

(2)=(3). Let a subset y of Z is both a-Hg-O and n*-B-Hg-s. Then it is both n-Hg-O and n*-B-Hg-s.
(3)=(2). This is from Theorem 3.9.

Theorem 3.19. Let (Z, {, H) be a strong HGTS where Z is C0O -space and ycZ. Then the following
conditions are equivalent.

1. vy is C-O,
2. vy is 0-Hg-O and B*-B-Hg-s,
3. v is B-Hg-O and B*-B-Hg-s.
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Proof. (1)=(2). Let a subset y of Z is {-O. Then it is a-Hg-O and B*-B-Hg-s.

(2)=>(3). Let a subset y of Z is both a-Hg-O and B*-B-Hg-s. Then it is both f-Hg-O and p*-B-Hg-s.
(3)=(2). This is from Theorem 3.9.

Remark 3.20. The notions of a-Hg-O and nx-B-Hg-s are independent.

Example 3.21. Assume Z={1, 2, 3, 4}, (={@, {1, 3}, {2, 3}, {1, 2, 3} {1, 4}, {1, 3, 4}, Z}, H={®, {1},
{2}}. Then y={1} is a-Hg-O but not n*-B-Hg-s (resp. p*-B-Hg-s ) and M={2} is n*-B-Hg-s (resp.
B*-B-Hg-s ) but not a-Hg-O.

Theorem 3.22. Let (Z, {, H) be a strong HGTS where Z is CO -space and ycZ. Then the following
conditions are equivalent.

1. vy is C-O,
2. vy is 6-Hg-O and p*-B-Hg-s,
3. vy is B-Hg-O and B*-B-Hg-s .

Proof. (1) = (2). Let a subset y of Z is {-O. Then it is 6-Hg-O and p*-B-Hg-s.

(2)= (3). Let a subset y of Z is both 6-Hg-O and pB*-B-Hg-s. Then it is both f-Hg-O and p*-B-Hg-s.
(3)= (1). This is from Theorem 3.9.

Remark 3.23. The notions of 6-Hg-O and B*-B-Hg-s are independent.

Example 3.24. Assume Z={1, 2, 3, 4}, (={0, {1, 3}, {2, 3}, {1, 2, 3}, {1, 4}, {1, 3, 4}, Z}, H={9,
{1}, {2}}. Then y={1} is 6-Hg-O but not B*-B-Hg-s and M={2} is f*-B-Hg-s but not 5-Hg-O.

Theorem 3.25. Let (Z, {, H) be a strong HGTS, where Z is CO -space and ycZ. Then the following
conditions are equivalent.

1. vy is C-O,
2. vy is 1-Hg-O and B*-B-Hg-s,
3. y is B-Hg-O and B*-B-Hg-s.

Proof. (1) = (2). Let a subset y of Z is {-O. Then it is n-Hg-O and B*-B-Hg-s.

(2)=>(3). Let a subset y of Z is both n-Hg-O and B*-B-Hg-s. Then it is both B-Hg-O and B*-B-Hg-s.
(3)=(2). This is from Theorem 3.9.

Remark 3.26. The notions of n-Hg-O and B*-B-Hg-s are independent.

Example 3.27. Assume Z = {1, 2, 3, 4}, (={0, {1, 3}, {2, 3}, {1, 2, 3} {1, 4}, {1, 3, 4}, Z}, H={9,
{1}, {2}}. Then y={1} is n-Hg-O but not f*-B-Hg-s and M={2} is B*-B-Hg-s but not n-Hg-O.
Definition 3.28. A subset y of a HGTS (Z, {, H) is called

1. &x-Hg-s, igCxig(y)=ig(y).

2. ox*-Hg-s, if cxig(y)=ig(y).

3. mx-Hg-s, if igC+(y)=ig(y).

4 ®x-Hg-s, if Cxig(y)UigC+(y)=ig(y).
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5. Ax-Hg-s, if CigCx(y)=ig(y).
Definition 3.29. A subset y of HGF S (Z, {, H) is called

1. Ex-B-Hg-s, if y=UNV, where U is g{-O and V is £*x-Hg-S

2. o*-B-Hg-s, if y=UNV, where U is g(-O and V is 6*-Hg-s.
3. nx-B-Hg-s, if y=UNV, where U is g{-O and V is nx-Hg-s.
4, ®*-B-Hg-s, if y=UNV, where U is g(-O and V is ®*-Hg-s
5 Ax-B-Hg-s , if y=UNV, where U is g{-O and V is A*-Hg-s

Theorem 3.30. If wcZ is both n-Hg-O and (*-closed, then it is w*-HQ-S.

Proof. Let y is both n-Hg-O and {*-closed. Then ySigC*(y) and c*(y)Cy. Now igC*(y)C Cx(y)Cy.
So, y=igC*(y). Thus ig(y) = igC*(y). Hence y is w*-HQ-S.

Theorem 3.31. If ycZ is both 6-Hg-O and {*-closed, then it is {x-Hg-S

Proof. Let y is both 6-Hg-O and {*-closed. Then ySc*ig(y) and cx(y)Cy. Now cxig(y)Cex(y)Cy.
So, y=cx*ig(\y). Thus ig(y) = igC*ig(\y). Hence v is Ex-Hg-s

Theorem 3.32. Let (Z, {, H) be a strong HGTS where Z is CO -space and LcZ. Then the following
conditions are equivalent.

1. v is gC-0,

2. vy is a-Hg-O and &x-B-Hg-s,
3. vy is 6-Hg-O and o*-B-Hg-s,
4, v is 1-Hg-O and n+-B-Hg-s.
5 vy is B-Hg-O and Ax-B-Hg-s

Proof. (1) = (2), (1) = (3), (1) = (4), are obvious.

(2)= (1). Let y is both a-Hg-O and &x-B-Hg-s Then yCigC*ig(y)=igc*ig(UNV), where U is gC-O and
V is  &x-Hg-s  Hence  yCSigc*ig(U)NigCxig(V).Now  yCSUNySUN[igcxig(U)Nig(V)] =
ig(U)Nig(V)=ig(y). Hence v is gC-O.

(3) = (1). Let y is both 6-Hg-O and o*-B-Hg-s. Then yEScxig(y)=c*ig(UNV), where U is g(-O and V
is o*-Hg-s. Hence yCcxig(U)Nexig(V). Now ySUNySUN[cxig(U)Nig(V)] = ig(U)Nig(V)=ig(y).
Hence v is gC-O.

(4)= (1). Let y is both m-Hg-O and n*-B-Hg-s. Then y<igcx(y) =igcx(UNV), where U is g(-O and
V is mx-Hg-s. Hence nggc*(U)migé*(V). Now ySUNy cUN[igex(U)Nig(V)] = ig(U)Nig(V)=ig(y).
Hence v is gC-O.

(5)= (1). Let y is both B-Hg-O and A*-B-Hg-s Then y<cigc*(y) =cigc*(UNV), where U is g(-O and
V is Ax-Hg-s Hence y € cCigC*(U)Ncigc*(V). Now ySUNyCSUN[cige*(U)Nig(V)]=ig(U)Nig(V)=ig(v).
Hence v is gC-O.

Remark 3.33. The notions of a-Hg-O (resp. o-Hg-O, n-Hg-O, B-Hg-O) and {*-B-Hg-s (resp. o*-B-
Hg-s, nx-B-Hg-s, Ax-B-Hg-s) are independent.
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Example 3.34. Assume Z={1, 2, 3, 4}, (={0, {1, 3}, {2, 3}, {1, 2, 3} {1, 4}, {1, 3, 4}, Z}, H={0, {1},
{2}}. Then y={3, 4} is 0-Hg-O (resp. n-Hg-O, br-Hg-O) but not ®*-B-Hg-s and M={2} is ®*-B-
Hg-s but not 6-Hg-O (resp. n-Hg-0, b-Hg-O).

Theorem 3.35. Let (Z, {, H) be a strong HGTS where Z is CO -space and ycZ. Then the following
conditions are equivalent.

1. v is g€-0,

2. v is 6-HQg-O and ®*-B-Hg-s

3. v is m-HQg-O and ®*-B-Hg-s

4. v is b-Hg-O and ®*-B-Hg-s.

Proof. (1)=(2)=(4) and (1)=(3)=(4) are obvious, since Z is ®*-B-Hg-s

(4)=(1). Let y is b-Hg-O and ®*-B-Hg-s Then y<igc*(y)UC*ig(y)=igcx(MNN)UC*ig(MN N), where
y=MNN, M is gC-0 and \Y is ®x-Hg-s. Hence
C[MNigex(N)JU[MNcxig(N)[=MN[igc*(N)uc*ig(N )|=MNig(V)=ig(y).

Remark 3.36. The notions of 6-Hg-O (resp. n-Hg-O, b-Hg-0) and ®*-B-Hg-s are independent.

Theorem 3.37. Let (Z, {, H) be a strong HGTS, where Z is CO -space and ycZ. Then the following
conditions are equivalent.

1. v is gC-O.
2. vy is 0-Hg-O and n+-B-Hg-s.
3. v is 1-Hg-O and n+-B-Hg-s.

Proof. (1)=(2). Let a subset y of Z is g(-O. Then it is a-Hg-O and n*-B-Hg-s.

(2)=(3). Let a subset y of Z is both a-Hg-O and n*-B-Hg-s. Then it is both y is ©-Hg-O and n*-B-
Hg-s.

(3)=(2). This is from Theorem 3.32.

Theorem 3.38. Let (Z, {, H) be a strong HGTS where Z is CO -space and LcZ. Then the following
conditions are equivalent.

1. v is gC-0,
2. v is 0-Hg-O and o*-B-Hg-s,
3. vy is 6-Hg-O and o*-B-Hg-s.

Proof. (1)=(2). Let a subset y of Z is g(-O. Then it is a-Hg-O and o*-B-Hg-s.
(2) = (3). Let a subset y of Z is both a-Hg-O and 6*-B-Hg-s. Then it is both 6-Hg-O and c*-B-Hg-s.
(3) = (1). This is from Theorem 3.32.

Theorem 3.39. Let (Z, {, H) be a strong HGTS, where Z is C0 -space and LcZ. Then the following
conditions are equivalent.
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1. v is gC-0,

2. v is a-Hg-O and A*-B-Hg-s,

3. v is B-Hg-O and A*-B-Hg-s.

Proof. (1) = (2). Let a subset y of Z is g(-O. Then it is a-Hg-O and Ax-B-Hg-s.

(2) = (3). Let a subset y of Z is both a-Hg-O and A*-B-Hg-s Then it is both f-Hg-O and A*-B-Hg-s.
(3) = (1). This is from Theorem 3.32.

Theorem 3.40. Let (Z, {, H) be a strong HGTS, where Z is C0 -space and LcZ. Then the following
conditions are equivalent.

1. v is g€-0,

2. vy is 6-Hg-O and A*-B-Hg-s,

3. vy is B-Hg-O and A*-B-Hg- s.

Proof. (1) = (2). Let a subset y of Z is g(-O. Then it is 6-Hg-O and A*-B-Hg-s

(2) = (3). Let a subset y of Z is both 6-Hg-O and A*-B-Hg-s. Then it is both f-Hg-O and A*-B-Hg-
S.

(3) = (1). This is from Theorem 3.32.

Theorem 3.41. Let (Z, {, H) be a strong HGTS, where Z is CO -space and ycZ. Then the following
conditions are equivalent.

1. v is gC-0,

2. vy is T-HQg-O and A*-B-Hg-s,

3. y is B-Hg-O and A*-B-Hg-s.

Proof. (1) = (2). Let a subset y of Z is g(-O. Then it is n-Hg-O and A*-B-Hg-s

(2)=(3). Let a subset y of Z is both t-Hg-O and Ax-B-Hg- s. Then it is both B-Hg-O and Ax-B-Hg-s.
(3) = (1). This is from Theorem 3.32.

4. Decomposition of (g, &) -Continuity

Definition 4.1. A map v:(Z, {, H— (W, &) is (b- Hg, &)-c, if j (V) is b-Hg-O for each £-O set V in
(W, 9).

Definition 4.2. A map v:(Z, {, H)—(W, &) is (R*g, £)-¢ ((R*g, &)-c), (resp. (Db(c, Hg), &)- ¢), if v (V)
is R*g set (resp. (Db(c, Hg)-s for each &-O set V in (W, &).

Definition 4.3. A function v:(Z, {, H)—(W, &) is said to be (a*-B-Hg, &)-c (resp. (n*-B-Hg, &)-c, ( o%*-
B-Hg, &)-c, (bx-B-Hg, &)-c, (B*-B-Hg, &)-c), if v'i(V ) is ox-B-Hg-s (resp. n*-B-Hg-s, o*-B-Hg-s, bx-
B-Hg-s, p*-B-Hg-s) for each £-O set V in (W, &).

Definition 4.4. A function v:(Z, {, H)—(W, &) is said to be (§*-B-Hg, &)-c (resp. (I1¥-B-Hg, &)-c, ( X*-
B-Hg, &)-c, ( ®x-B-Hg, &)-c, ( A*-B-Hg, &)-c ), if v'i(V ) is Ex-B-Hg-s (resp. m*-B-Hg-s, A*-B-Hg-s )
foreach & - O set V in (W, &).
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Theorem 4.5. For a map v:(Z, {, H)—(W, &) where Z is CO -space, the following results are equivalent.

1. wvis(gg 9)-c,
2. v is (b-Hg, &)- ¢ and (Db(c, Hg), &)-c.

Proof. The proof is clear by Theorem 2.53.

Theorem 4.6. For a map v:(Z, {, H)—(W, &) where Z is CO -space, the following results are equivalent.

1. vis (G, &)-c,

2. v is (0-Hg, £)-c and (ax-B-Hg, £)-c,
3. v is (o-Hg, &)-c and (c%-B-Hg, &)-c,
4. v is (n-Hg, )-c and (n*-B-Hg, &)-C,
5 vis (B-Hg, £)-c and (B*-B-Hg, &)- C.

Proof. The proof is clear by Theorem 3.9.

Theorem 4.7. For a map v:(Z, {, H)—(W, &) where Z is CO -space, the following results are equivalent.
1. vis (g &)-c,

2. vis (o-Hg, §)-cand (b - B - Hg, §) - c,

3. vis (n-Hg, §)-c and ( bx - B - Hg, &) - c,

4. vis(b-Hg, &) -cand (bx-B-Hg,¢&)-c.

Proof. The proof is clear by Theorem 3.12.

Theorem 4.8. Let (Z, {, H) be a strong HGTS for a function v:(Z, , H) —(W, &), Z is CO -space. Then
the following conditions are equivalent.

1. vis (G &)-c,
2. vis (a-Hg, £)-c and (6*-B-Hg, &)- c,
3. vis (o- Hg, £)-c and ( o*-B- Hg, &)-C .

Proof. The proof is clear by Theorem 3.15.

Theorem 4.9. Let (Z, {, H) be a strong HGTS for a function v:(Z, {, H)—(W, &), Z is CO -space. Then
the following conditions are equivalent.

1. vis (G &)-c,
2. vis (a - Hg, &)-c and (nx-B-Hg, &)-c,
3. v is (n-Hg, &)-c and ( nx-B-Hg, &)-c.

Proof. The proof is clear by Theorem 3.18.

Theorem 4.10. Let (Z, {, H) be a strong HGTS for a function v:(Z, {, H)—(W, &), where Z is CO -
space. Then the following conditions are equivalent.

1. vis (G, &)-c,
2. vis (a-Hg, £)-c and (B*-B-Hg, &)-c,
3. vis (B-Hg, &)-c and (B*-B-Hg, &)-c.

Proof. The proof is clear by Theorem 3.19.
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Theorem 4.11. Let (Z, {, H) be a strong HGTS for a function v:(Z, {, H)—(W, &), where Z is CO -

space. Then the following conditions are equivalent.

1. vis (G &)-c,
2. vis (o-Hg, &)-c and (B*-B-Hg, &)-c,
3. vis (B-Hg, £)-c and ( p*-B- Hg, &)-C.

Proof. The proof is clear by Theorem 3.22.

Theorem 4.12. Let (Z, {, H) be a strong HGTS for a function v:(Z, {, H)—(W, &), where Z is CO -

space. Then the following conditions are equivalent.

1. vis (G &)-c,
2. v is (n-Hg, &)-c and (B*-B- Hg, &)- C,
3. vis (B-Hg, &)-c and ( B*-B- Hg, &)-C.

Proof. The proof is clear by Theorem 3.25.

Theorem 4.13. Let (Z, {, H) be a strong HGTS, where Z is c0 space for
vi(Z, ,H)—(W, &), where Z is CO -space. Then the following conditions are equivalent.

1 vis(gh 9)-c,

vis (a-Hg, £)-c and (E*x-B-Hg, &)-c,

v is (o-Hg, £)-c and (Z+-B-Hg, £)-c,

v is (n- Hg, &)-c and (ITx-B-Hg, &)-c,
vis (B-Hg, £)-c and (Ax-B-Hg, &)-c.

SARE I A

Proof. The proof is clear by Theorem 3.32.
Theorem 4.14. Let (Z, {, H) be a strong HGTS, where Z is c0 space for

vi(Z, ¢, H)—(W, &), where Z is CO -space. Then the following conditions are equivalent.

1. vis(gG 9)-c,

2. v is (o-Hg, &)-c and (®*-B-Hg, &)-c,
3. v is (n-Hg, &)-c and (®*-B- Hg, &)-c,
4. v is (b-Hg, &)-c and (O*-B- Hg, &)-c.
Proof. The proof is clear by Theorem 3.35.

Theorem 4.15. Let (Z, {, H) be a strong HGTS, where Z is cO space for

vi(Z, {, H)—(W, &), where Z is CO -space. Then the following conditions are equivalent.

1. vis(gG 9)-c,
2. v is (a-Hg, £)-c and (ITx-B-Hg, &)-c,
3. v is (n- Hg, &)-c and (I1x-B-Hg, &)-c.

Proof. The proof is clear by Theorem 3.37.

Theorem 4.16. Let (Z, {, H) be a strong HGTS, where Z is c0 space for
vi(Z, {, H)—(W, &). Then the following conditions are equivalent.

1. vis (gg, &)-c,
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2. vis (a- Hg, £)-c and (X+-B-Hg, &)-c,
3. vis (o-Hg, £)-c and (Z+-B-Hg, &)-c.

Proof. The proof is clear by Theorem 3.38.

Theorem 4.17. Let (Z, {, H) be a strong HGTS, where Z is cO space for a function
vi(Z, , H)—(W, &). Then the following conditions are equivalent.

1. wvis(gg 9)-c,
2. vis (a-Hg, £)-c and (A*-B-Hg, &)-c,
3. v is (B-Hg, &)-c and (A*-B- Hg, &)-cC.

Proof. The proof is clear by Theorem 3.39.

Theorem 4.18. Let (Z, {, H) be a strong HGTS, where Z is c0 space for a function
vi(Z, C, H)—(W, &). Then the following conditions are equivalent.

1. vis(gG9)-c,
2. vis (o-Hg, &)-c and (A*-B-Hg, &)-c,
3. vis (B-Hg, £)-c and (A*-B-Hg, &)-c.

Proof. The proof is clear by Theorem 3.40.

Theorem 4.19. Let (Z, {, H) be a strong HGTS, where Z is c0 space for a function
vi(Z, C, H)—(W, &). Then the following conditions are equivalent.

1. vis (gg, &)-c,
2. v is (n-Hg, &)-c and (Ax-B-Hg, &)-c,
3. v is (B-Hg, &)-c and (A*-B- Hg, &)-C.

Proof. The proof is clear by Theorem 3.41.
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