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1. INTRODUCTION

One of the sample survey objectives is to estimate the unknown population parameters of the study
variable such as population total, mean, proportion, ratio and variances etc. A procedure is desirable
that provides a precise estimator of the parameter of interest by surveying a suitably chosen sample of
individuals. Supplementary/ additional information provided by an auxiliary variable which is
correlated with the study variable enhances the precision of the estimators. Survey statisticians take
advantage of this information whenever it is available to explore the efficient estimators. Ratio,

product, regression and their modified estimators are best examples in this regard.
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In practice almost all surveys suffer from non-response. Problems with no response are often caused
by rejection of topics, absences and sometimes due to the lack of information. The pioneering work of
Hansen and Hurwitz (1946), states that “A sub-sample of initially non-responsive individuals is
recontacted using a more expensive method, suggesting the first attempt by mail-based questionnaire
and the second attempt by a face-to-face interview”. When estimating population parameters such as
the mean, total or ratio, sampling experts sometimes use auxiliary information to improve efficiency

of the estimates.

It is known that the efficiency of an estimator of the population mean of the study variable y can be
increased by using auxiliary information which is highly correlated with the study variable y. Rao
(1986), Khare and Srivastava (1995, 1997), Okafor and Lee (2000) and Singh and Kumar (2008, 2009,
2010) have proposed some estimator for population mean of the study variable y using auxiliary

information in presence of non-response.

Recently, Haq et al. used an additional information of the auxiliary variable called ranked auxiliary
variable to develop efficient estimators for the estimation of mean. These estimators are developed

only to cope with the simple random sampling scheme.

Here, a new challenge/idea arises to search for a more optimal estimator using dual auxiliary
information to deal with non-response scheme. This challenge is successfully accomplished and new

optimal estimators for finite population mean are developed under non-response scheme in this paper.

The remaining part of the paper is organized as follows: In section 2, notations under non-response are
introduced. In section 3, existing estimator under non-response. In section 4, proposed estimator for
estimating finite population mean using the original and ranked auxiliary information are defined. In
section 5, theoretical comparison is done between existing and proposed estimator. An empirical study
is carried out to evaluate the performance of the proposed estimators which validate the theoretical

results in section 6. Conclusions are enclosed in the last section.
2. NOTATION

For a finite population U = (U, U,, U; ...Uy) of size N and a random sample of size n is drawn
without replacement. Let the characteristics under study, y (say) takes value y; on the unit U;, (i =
1,2,3 ... N). In survey on human population, it is often the case that n; unit respond on the first attempt
while n, (= n — n,) units do not provide any response. In the case of non-response at the initial stage,
Hansen and Hurwitz (1946) proposed a double sampling plan for estimating the population mean

having the steps given below:
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a) A simple random sample of size n is drawn and the questionnaire is mailed to the sample units

b) A sub-sample of size r = (n,/k), (k = 1) from the n, non-responding units in the initial

attempt is contacted through personal interviews.
In the Hansen and Hurwitz method the population is supposed to be consisting of response stratum of
size N; and the non-response stratum of size N, = (N —N;). Let Y—— N .y, and Sy =
—Z Y ,(y; = Y)? denote the population mean and variance of the study variable y. Let ¥; =

N_Zi=11 yi and SJ;y = Zl ' (y; — ¥1)? denote the mean and variance of the respondent group (or

! Z ,(y; — ¥,)? denote the mean and variance

strata). Similarly, let ¥, = Zl ,yi and 52(2)
of the non-respondent group (or strata). The populatlon mean can be written as
7 = W171 + W272

1

where W, = (%) and W, = (%) The sample mean y, = niZ?;lyi denote the mean of the n,
1

responding units and y, = %Z?jlyi denote the mean of the n, non-responding units.
2

Let y,, = E =1 Y; denote the mean of the r sub-sampled units where r = 2 Hansen and Hurwitz
T k
(1946) suggested an unbiased estimator for the population mean Y of the study variable y is given as:
V' =wiy + wayor (2.1)
where w; = % andw, = % are responding proportions and non-responding proportions of the sample.

The variance y™* is given below:

1-f W,(k—1)
S5*) — V2 2 2
vy =Y [( - >C +———C (2.2)
2 2 55(2)
where C; = and Cya) = .
Let x;(i = 1,2, ... N) denote the auxiliary variable correlated with the study variable yi(i =
1,2,..,N). Let X = % N x;and S2 = Z Y . (x; — X)? denote the population mean and variance

! Z?':ll(xi — X,)? denote the mean and

of the auxiliary variable y. Let X; = Nizi ; and 52(1)
1
variance of the respondent group (or strata). Similarly, let YZ— Z 2 y; and 5(2)

—Zl ,(x; — X,)? denote the mean and variance of the non-respondent group (or strata). Let x =
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% ™ 1 x; denote the mean of all the n units. Let x; = nilz?il x; denote the mean of the n; responding

units and x, = niZ?jl x; denote the mean of the n, non-responding units.
2

Let ik, = % -1 X; denote the mean of the r sub-sampled units where r = % With this background,

define an unbiased estimator of population mean X is given as:
f* = Wlfl + WZfZT (23)
The variance of x* is given below:

1-f

V(x) = X? [(T) cz 4 2k — D

C,f(z) (2.4)

2 _ 5% 2 S¥2)
where €y = > and () = —

2.1 Bias and Mean Square Error (MSE) of the Proposed Estimators

Let us define the following terms:
}_/* = 7(1 + 80)
f* - X(l + 81)

i =Re(1+¢)

E(e,) = E(e;) = E(g,) = 0 (2.5)

E(e2) = (1 ;f) C2 + %_1)65@: = B (say) (2.6)

E(e?) = (%) CZ + Mcﬁmi = A (say) (2.7)

E(eoer) = l(?) PyrCyCy + Mpyx(z)cy(z)cx(z)l = C (say) 2.8)
1= ) o 4 W=D

E(e2) = [(T) Ci + Crzx(Z)l = D (say)

1-f

W,(k —1
E(gog,) = [(T) Pyr, CyCr, + ¥

pyrx(Z)Cy(Z)Crx(Z)l = E (say)
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1-f W,k —1)
E(Slgz) = [(T) pxerxCrx + Tpxrx(z)cx(z) Crx(z) =F (Sa}l)
where

Pyx = yx/SxSy

Syx(2)

Py@ = 5 05,0

N

1 _ _

Syx = mZ(}’i = Y)(x; — X)
i=

N>
1 _ _
Syx(2) = WZ(% - 1) (x; — X3)
1=

pyrx = Syrx/erSy

Syrx(z)

Pyr@ =5 sy

1 v _ _
Syrx = mZ()’z - Y)(rx(i) - Rx)
i=1

N3
1 _ _
Syre@) = WZ(%’ — Y2) (@) — Rx2))
i=1

Pxr, = erx/erSx

_ erx(z)
Pen@ =5 S

1 v _ _
erx = mzl(xi - X) (rx(i) - Rx)
i=

N3
1 _ _
Sxry(@) = N7 Z(xi — X2) () — Rx(2))
2 i=1

=
Il
>l =i

R* =

2| ~i
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3. EXISTING ESTIMATOR

When few observations are missing in the sample. Initial, estimators for estimating population mean
Y was suggested by Hansen and Hurwitz (1946). Many other authors work for the similar situation.

Here, we are giving few of the existing estimators for population mean Y when some of the

observations are missing.

(1) Rao (1986) suggested a ratio estimator for the population mean Y of the study variable y is

given as
(X
tr=y" <_—> (3.1)
B(t}))=Y(A-C)
MSE(t}) =Y?(B+ A —2C)

MSE(t}) = 72 W[

Nz 1 c2 2y coc C2 0+ C2,0 =2 ConC
— NG+ €2 =20y G} + y@ * Cx@ ~ 2Pyx Cy Cxa |

(i) Khare and Srivastava (1993) suggested a product estimator for the population mean ¥ of

the study variable y is given as

£ =y (x ) (3.2)
ks =Y X .
B(t;s) =YC

MSE(t;s) =Y2(A+ B + 20)

MSE (t;) = V2 M[

1-f 2 2
x X x 2 2 yx(2) 2)“x(2)
(n){cy+c + 2052 Cy G} + Cy@) + Gy + 2Pyx v Cxo)|

(111))  Singh et. al. (2008) suggested an exponential ratio type estimators for the population mean
Y of the study variable y are

X —x 33
=y expLH l (3.3)
Y
B(t:,) = 3 (34 —4C)

_ A
MSE(t}) =Y? (B + 7 C)

2

. _ -7 C
MSE(t}) =Y? (T) {Cyz +—— pynyCx} y@ T 2 Pyx()Cy(@)Cx(2)

w, (k -1 l C)?(Z)
4
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(iv)  Singh et. al. (2008) suggested an exponential product type estimators for the population
mean Y of the study variable y are

., [x-X

IR P e G4
Y
B(tsp) = 5 (4C -4
_ A
MSE(t;,) = Y2 (B 7t C)
N oa (1S C3 z( -1 x(z)

MSE(tep) = YZ (T) {CJ% + Tx + pynyCx} y(Z) +—+ pyx(Z)C (2) Cx(z)

(v) Sunil Kumar and Sandeep Bhougal (2011) suggested a modified ratio-product type
exponential estimator for the population mean Y of the study variable y

- X—x o =X
ss =Y aexp\ g (1—-a)exp X

The corrected bias of this estimator is

B(t) = (5-3) (4a—1)

_ c2
MSE(t%) = Y2 lB - 7]

4. PROPOSED ESTIMATOR

y*,x*,X and R, are used. The non-response occurs on both study variable y as well as auxiliary
variable x, the population mean X of the auxiliary variable and the rank of the auxiliary variable x are
known. In this, we proposed a difference type estimator and the estimator is
trp = w1y + w,(X —X%*) + w3 (R, — 7)) (4.1)
where w;, W, & ws is a real constant to be determined such that the MSE of t;,, is minimum.
Now, expressing t;, in terms of &'s we have
trp = w1 Y (14 &)+ a)z()? -X(1+ 81)) + w3 (R, — R, (1 + &)

= 0)17(1 + 80) - (1)2)?81 - w3§x82 (4‘2)
Subtracting Y on both sides of (4.2), we get
7 = ((,l)l - 1)7 + (1)1780 - (1)2)?81 - w3§x€2 (43)

*
trp —
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Taking Expectation on both sides of (4.3), we get the bias of the estimator t,, as
E(typ —Y) = (w1 — DY + 0, YE (&) — 0, XE (&) — w3R E (&)
B(t;p) = (w, — DY (4.4)
Squaring of (4.3) on both sides, we have
(trp — V)? = (w1 — 1)?Y? + wiY?ef + wiX?el + wiRies + 2w, (w1 — DY ?g

—2wy(w; — 1)YXe; — 2w3(w; — 1)YR, e, — 2w,0,Y Xgge; — 2w,w3Y R €08,
+ 2w,w3YR, &8, (4.5)

Taking Expectation on both sides of (4.5), we get the exact mean square error (MSE) of t7,,, as
E(t;, —Y)? = (0 — 1)*Y? + wiY?E(&§) + w5X2E (&) + w3RZE(€5) + 2w, (w1 — DY2E (&)
— 2w, (w; — DYXE(g) — 2w3(w; — 1)YRLE (&) — 2w, w,YXE (£951)
— 2w,w3YRLE (£08;) + 2w,w3YRLE (£155)

MSE(t},) = (wy — 1)?7? + w?V?B + w3X?A + w3R2D — 2w, w,YXC — 2w w3 YRE
+ 2w,ws YR, F (4.6)

4.1 Optimum Choice of wq, w, & w3 and the Minimum MSE of Proposed Class of Estimator
‘t;:'p’
Differentiating equation (4.6) partially w.r.to w;, w, & w; and equating to zero for obtaining the

optimum value of w;, w, & w;. The optimum value of w;, w, & w3 which makes the MSE minimum
of equation (4.6) is given by

1+B —-C/R —E/R*|[w:1 1
C —A/R —F/R* [wzl = [0] (4.7)
E -F/R —-D/R*llws] lo

Solving (4.7), we get the optimum values of w,, w, & w3 as

_ AD — F? ) )
“1 = ¥ B)AD —FD + C(EF —CD)—E(AE—cp) 1@ (484)
“2 L =V,(say)  (4.8b)

~ (1+ B)(AD — F2) + C(EF — CD) — E(AE — CF)

AE — CF
(1+ B)(AD — F?) + C(EF — CD) — E(AE — CF)

w3 = R*( > =V;(say) (4.8¢)

Thus, the resulting minimum MSE of the proposed estimator ‘ty,’ is given by
min. MSE (t;,) = (V, — 1)?Y? + V2Y?B + VZX2A + VZRZD — 2V, V,YXC — 2V, VoY R,E + 2V,V,YR,F (4.9)

Case 1: If w, = 0, the proposed estimator ‘t;,” will be reduced as
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t:pl = a)ly* + w3 (Rx - f;) (4-10)

where w; & w3 is a real constant to be determined such that the MSE of t;,,; is minimum.
Now, expressing t;,; in terms of £'s we have
trpr = w1 Y (1 + &) + w3(Ry — R, (1 + &)
= w,Y(1+ &) — w3R,&, (4.11)
trpr — ¥ = (w0 — DY + w,Yey — w3R,é, (4.12)
Taking Expectation on both sides of (4.12), we get the bias of the estimator t,; as
E(t:m —¥) = (w; = DY + w1 YE(gp) — w3R E(e2)

B(tyy1) = (w0, — 1Y (4.13)
(trpr — V)% = (w1 — 1)?V? + wiV2ef + wiRFeS + 2w (wy — 1)V %gy — 2w3(w; — DY R, &,
— 2w w3Y R, &08, (4.14)

Taking Expectation on both sides of (4.14), we get the exact mean square error (MSE) of t7,,, as
E(t;py —Y)? = (w1 — 1)?Y? + wiV2E(§) + wiRZE(€5) + 2w, (w; — 1)Y2E (&)
—2w3(w; — DYRLE(s;) — 2w,w3 YR E(5085)
MSE(t;)1) = (w; — 1D?Y? + w?Y?B + wiRZD — 2w w3 YRLE (4.15)
Differentiating equation (4.15) partially w.r.to w; & w3 and equating to zero for obtaining the optimum

value of w; & w3. The optimum value of w; & w3 which makes the MSE minimum of equation (4.15)

is given by

wq = m = Vll(say) (416a)

w3 = R* (m) = V13(say) (4.16b)

Thus, the resulting minimum MSE of the proposed estimator ‘t;,;” is given by
min. MSE (t;1) = (Vo — 1)?Y? + VAY2B + VARZD — 2V, Vi3V RLE (4.17)
Case 2: If w; = 0, the proposed estimator ‘t;,,” will be reduced as
trps = 017° + Wy (X — X7) (4.18)

where w; & w, is a real constant to be determined such that the MSE of t;,,, is minimum.

Now, expressing t;,, in terms of £'s we have
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trpe = 01V (1 + &) + w,(X —X(1 + &)
= (1)1?(1 + 80) - 0)2)?81 (4‘19)
t;pz - Y = (0)1 - 1)? + (1)1?80 - (1)2)?81 (4‘20)

Taking Expectation on both sides of (4.20), we get the bias of the estimator t;,, as
E(t;“p2 —Y) = (w; — DY + 0, YE(gy) — w,XE(&1)
B(try,) = (w, — 1Y (4.21)
Squaring of (4.20) on both sides, we have
(trpz = V)% = (w1 — 1)?V? + wiV2ef + w3X?ef + 20, (wg — DY 2y — 2w, (w, — DY Xey
— 2w 1w, YXegpeg (4.22)
Taking Expectation on both sides of (4.22), we get the exact mean square error (MSE) of t;.,,, as
E(tips = V)? = (w1 — 1)?Y? + wiV2E(f) + wiX2E(ef) + 2w, (w; — DY?E (&)
—2w,(w; — DYXE (&) — 2w,w,YXE (g951)

MSE(t}y;) = (w; — 1)?Y? + w?V?B + wiX?A — 20,0,V XC (4.23)

Differentiating equation (4.23) partially w.r.to w; & w, and equating to zero for obtaining the optimum

value of w; & w,. The optimum value of w; & w, which makes the MSE minimum of equation (4.23)

is given by
A
Wy = =5 A0+ B) = V51 (say) (4.24a)
CR
Wy = — C2 — A(l n B) = sz(Say) (4‘24b)

Thus, the resulting minimum MSE of the proposed estimator ‘t,,” is given by

min. MSE (t}y;) = (Vo1 — 1)?Y? + VAV?B + VAX?A — 2V,, Vo, YXC (4.25)

S. THEORETICAL EFFICIENCY COMPARISON

The MSE’s of the existing estimators to the first degree of approximation are derived as:

Var (%) = Y?B (5.1)
MSE(t;}) =Y?(B+ A —20C) (5.2)
1459
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MSE(t;)) = Y2(A+ B + 20C) (5.3)
_ A

MSE(t},) =Y? (B + i C) (5.4)

MSE(tz,) = 72 (B + g +¢) (5.5)
2

MSE(ts) = Y2 lB —~ %l (5.6)

Below is the comparison between proposed estimators with another existing estimator. Efficiency
condition over some related existing estimators.

1. Var (3*) — MSE(t;,) = Y?B — (V, — 1)?Y? — V2V?B — V}X?A — VZRZD +
2V1V2)7)?C + 2V1V37EXE - 2V2V37EXF 2 0

2. MSE(t;) — MSE (t;,) = Y2(B+ A —2C) — (V; — 1)?V? — VZY?B — VZX?A —
VZR2D + 2V, V,YXC + 2V, Vo,YR,E — 2V,VsYR,F > 0

3. MSE(t;s) — MSE (t7,) = Y2(B+ A +2C) — (V; — 1)?V? —VZY?B — VZX?A -
VZR2D + 2V, V,YXC + 2V,V,YRE — 2V,V3YR,F = 0

4. MSE(t;.) - msE (5;,) = V2 (B +5 - C) = (v — 1?72 — VZV2B — VZX?A -
VZRZD + 2V,V,7XC + 2V, V3V RLE — 2V, V3 VR, F = 0

* * V4 A v v v
5. MSE(ts,) — msE (1;,) = V2 (B +2+C) = (v, — 1)?7? — V2V?B — ViX?A —
VZRZD + 2V,V,YXC + 2V, VoYR,E — 2V,V3YR,F > 0

6. Var(y*) — MSE(t;p,) = Y?B — (Vy; — 1)*Y? — VAY?B — VARZD +
2V, VisYRE >0

7. MSE(t;) — MSE (t;,) = Y2(B+ A —2C) — (V;; — 1)*Y? — VAY?B — VARZD +
2V, VisYRE >0

8. MSE(tys) — MSE (tip1) = Y2(B + A +2C) — (Vyy — 1)2V2 — VAV?B — VAR2D +
2V, VisYR.E = 0

9. MSE(t:) — MSE(t;p1) = V2 (B+2% = C) — (Vi — 1)?V2 — VAV?B — VARID +
2V, VisPRE 2 0

10. MSE(t2,) — MSE(t51) = V2 (B + 5+ C) = (Vg — 1)27% = V4728 — VARZD +
2V,,VisTRLE = 0
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11. Var(y*) — MSE(t;,) = Y?B — (Vy — 1)?Y? - VAY?B - VAX?A +
2V,,V,,YXC =0

12. MSE(t;) — MSE (tp2) = Y2(B+ A —2C) — (Vyy — 1)?Y2 — VAY?B — VA X?A +
2V, Vo, YXC =0

13. MSE (tys) — MSE (t7p,) = Y2(B+ A+ 2C) — (Vo — 1)?Y2 - VAY?B - VAEX?A +
2V,,V,, YXC >0

14. MSE(t;,) — MSE (t;;) = V2 (B +% = C) = (Vo — 1)?V? — VAV?B — VK24 +
2V, V5, 7XC > 0

15. MSE(ts,) — MSE (t55) = V2 (B +2 4 C) = (Vo — 1)?V2 — VAT?B — VAX?A +
2V, V5, 7XC > 0

COMPARISON WITHIN CASES

Below is the comparison between proposed estimator and its cases:
a) MSE (t;p1) — MSE(t;,) = (Viy — D?Y? + VAY?B + VARZD — 2V,,Vi3YRE —
V2V2B — V2X2A — V2R2D + 2V,V,7XC +
2V,V3YRLE — 2V,V,YR,F > 0

b) MSE (t7,) — MSE(t;,) = (Voy — D?Y2 + VAY?B + VAX2A — 2V, V,, YXC —
(V, — 1)?Y? — V2Y?B — V2X?A — VZR%D +
2V1V27)?C + 2V1V37EXE - 2V2V37EXF 2 0
6. NUMERICAL ILLUSTRATION

To illustrate numerical meaning of the theoretical results, consider a real dataset given in Sample
Survey by Daroga Singh and F.S. Chaudhary. The description of the dataset is given below:

A list of 70 villages in India along their population in 1981 and cultivated area (in acres) in the same
year is considered (Singh and Choudhary, 1986). Here, the cultivated area (in acres) is taken as the
main study variable and the population of the village is taken as the auxiliary variable. We treat first
25% values as non-response units. The parameters of the population are as follows (using R Software):

¥ =98271, X=175553, R,=355  C,=06235  C,=08035,
Cr, = 05732, Cyz = 03723,  Cyp =07824,  Cp ) = 0.5605,
Pyx = 0.7776, Pyx(z) = 0.8223,  pyp. = 0.8498,  pyr. (2 = 0.8937,
Pyr, = 0.7578,  pyr oy =09012, W, =025 N=70, n=17

We computed the percent-relative efficiency (PRE’s) of various existing estimators with respect to the
usual unbiased estimator y* for different values of k, by using the formulae
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Var (y*
PRE(t*,y*) = —(y )

= MSE () x 100

where t* = t}, tis, tor, top tass trps trp1s bz

Table 1: Percent-relative efficiency (PRE) of the various estimators

PRE(t",y") (1/k)
(1/2) (1/3) 1/4) (1/5)
PRE(t5,7") 123077 105.797 95.35 89.32
PRE(t;o,7") 21.62 21.92 22.16 22.60
PRE(ts,7") 204.8 182.50 169.95 162.12
PRE(t},,7") 41.83 42.44 43.16 44.072
PRE(ti, ") 214.32 183.73 173.602 162.65
PRE(t;,,7") 277.093 281.785 288.356 295.5968
PRE(t},,,y") | 245.202 255.389 265.3895 275.097
PRE(t),,y") | 242.714 248.095 249.239 251.117
7. CONCLUSION

In this paper, we have suggested an estimator of the finite population mean that use ranks of the
auxiliary variable. Based on both theoretical and numerical findings, it turns out that the proposed
estimator ¢y, is more efficient than the usual mean, ratio, product, exponential-ratio and exponential-
product estimators. Thus, the suggested estimator t,, is to be recommended for efficiently estimating

the finite population mean.
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APPENDIX

install.packages("xlsx")
install.packages("readxI")
library(xlsx)
library(readxl)

mydata<-read_excel("C:/Users/DELL/OneDrive/Desktop/daroga singh.xlsx")

head(mydata)
Rx<-rank(mydata$X)

mydatal 1<-cbind(mydata$Y,mydata$X,Rx)

mydatal<-as.data.frame(mydatall)
head(mydatal)

colnames(mydatal )<-c("Y","X","Rx")

write.csv(mydatal,"mydatal.csv")
getwd()

N<-70

N1<-0.25*N
nonres<-mydatal[1:N1,]

res<-mydatal[N1+1:N,]

My<-mean(mydatal$Y)
Mx<-mean(mydatal$X)
Mr<-mean(mydatal $Rx)
Vy<-var(mydatal$Y)
Vx<-var(mydatal $X)
Vr<-var(mydatal $Rx)
Cyx<-cor(mydatal $X,mydatal$Y)
Cxr<-cor(mydatal $X,mydatal $Rx)
Cyr<-cor(mydatal$Y,mydatal $Rx)
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my2<-mean(nonres$Y)
mx2<-mean(nonres$X)
mr2<-mean(nonres$Rx)
Vy2<-var(nonres$Y)
Vx2<-var(nonres$X)
Vr2<-var(nonres$Rx)
Cyx2<-cor(nonres$ X,nonres$Y)
Cxr2<-cor(nonres$ X,nonres$Rx)
Cyr2<-cor(nonres$ Y,nonres$Rx)
Cy2<-(Vy/(My”2))
Cx2<-(Vx/(Mx"2))
Cr2<-(Vr/(Mr*2))
Cy22<-(Vy2/(My"2))
Cx22<-(VX2/(Mx"2))
Cr22<~(Vr2/(Mr"2))

k<-2/3/4/5

N<-70

N2<-0.25*N

n<-17

f<-n/N

All<-(1-f)/n

W2<-N2/N

A12<-W2*(k-1)/n

A<-(A11*Cx2)+(A12*Cx22)

B<-(A11*Cy2)+(A12*Cy22)

C<-(A11*(sqrt(Cy2))*(sqrt(Cx2))*Cyx)+H A12*(sqrt(Cy22))*(sqrt(Cx22))*Cyx2)
D<-(A11*Cr2)+(A12*Cr22)
E<-(A11*(sqrt(Cy2))*(sqrt(Cr2))*Cyr)+(A12*(sqrt(Cy22))*(sqrt(Cr22))*Cyr2)
F<-(A11*(sqrt(Cx2))*(sqrt(Cr2))*Cxr)+(A12*(sqrt(Cx22))*(sqrt(Cr22))*Cxr2)
Rat<-My/Mx

all<-(Mr/(Mx*(Rat"2)))*((A*D)-(F"2))

al2<-(Mr/(Mx*Rat))*((C*D)-(E*F))
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al3<-(1/Rat)*((A*E)-(C*F))
VO 1<-(Mr/(Mx*(Rat"2)))
V021<-((1+B)*((A*D)-(F2)))
V022<-(C*((E*F)-(C*D)))
V023<-(E*((A*E)-(C*F)))
V02<-V021+V022-V023
V0<-VO1*V02

W1<-all/VO

W2<-al2/V0

W3<-al3/V0

MtI<-((W1-1)"2)* (My"2)) + (W12)*(My2)*B) + (W2/2)*(Mx*2)*A) + (W3"2)*(Mr"2)*D) -

(2*W1*W2*My*Mx*C) -(2*W1*W3*My*Mr*E) + (2*W2*W3*Mx*Mr*F)

Vay<-((Y2)*B)
PRE<-((Vay*100)/Mt1)
W11<-(D/(D+B*D)-(E"2)))

W 13<-((Mx*Rat)/Mr)*(E/(D+(B*D)-(E"2)))

ME2<-((W11-1)°2)*(My”2))+((W11°2)*(My”2)*B)+((W132)*(Mr*2)*D)-

(2*W11*W13*My*Mr*E)
PRE2<~((Vay*100)/Mt2)
V1<-(1/Rat)*((C*2)-(A*(1+B)))
W31<-(-A/(Rat*V1))
W32<-(-C/V1)

Mt3<-((W31-1)"2)*(My”2))+((W3172)*(My”2)*B)+H((W32"2)*(Mx"2)*A)-

(2*W31*W32*My*Mx*C)
PRE3<-((Vay*100)/Mt3)
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