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1. Introduction
1 Introduction

Zadeh [14] introduced the concept of fuzzy sets, while Kramosil and Michalek [11] developed the idea
of fuzzy metric spaces. Later, George and Veermani [5] refined this concept by proposing a new
framework for fuzzy metric spaces using continuous t-norms. Numerous researchers have since
established common fixed point theorems for mappings under various commutativity conditions.

The study of fixed point theorems involving four self-maps initially relied on the assumption of
commutativity. Sessa [13] relaxed this assumption by introducing the notion of pairwise weakly
commuting maps. Jungck extended this further to pairwise compatible [6] and pairwise weakly
compatible mappings [7]. Subsequently, Jungck and Rhoades [8] introduced the concept of
occasionally weakly compatible (owc) mappings. The research in works [1], [3], [9], and [10] on
quadruple fixed points is truly noteworthy.

In this paper we introduce some quadruple fixed point theorems for occasionally weakly compatible
mappings in fuzzy metric space.

2 Preliminary Notes

Definition 2.1 A fuzzy set A in X is a function with domain X and values in [0,1].

Definition 2.2 A binary operation =: [0,1]>[0,1] ™ [0,1] is a continuous t-norm if * is satisfying
conditions:

0] * IS an commutative and associative;
(i) * IS continuous;
(D) ax*1=aforallas [0,1];
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(iv) ax b<c* dwhenever 8<Cand D<dand q,b,c,d<[0,1].

Definitions 2.3 A 3-tuple (X, M,*) is said to be a fuzzy metric space if X is an arbitrary set ,* is a

2
continuous ¢ — norm and M is a fuzzy set on x(0,%)

x,y,z<€ X,s,t >0,

satisfying the following conditions, for all

(l) M(X, y,t) >0;

@) M&YD=1ifrand onlyif X=VY;
@iy MGy = My, x1),

(iv) M(x,y,t) , M(y,z,s) < M(X, z,t+s);
w) M&Y):(0,0) = (01 s continuous.

Then M is called a fuzzy metric on X. Then M (X, ¥.1) denotes the degree of nearness between x and
y with respect to t.

Example 2.4 Let (X,d) be a metric space. Denote a x b = ab for all a,be [0’1] and let M be

2
fuzzy sets on X %(0.0) gefined as follows:

t
Ct+d(xy)

d

Then (X, My,*) is a fuzzy metric space.

Lemma 2.5 Let (X, M,») be a fuzzy metric space. If there exists 9 € (0D sych that M(X, y, gt) = M(x
Yy .t) forall x,y € Xand t>0, then x = y.

Definition 2.6 Let X be a non-empty set. An element (x,y,z,t) € X X X X X x X is called a quadruple
fixed point of a given mapping f: X XX XX XX > X if x =f(x,y,z,t),y =f(y,z,t,x),z =
fztxy)t=f(txy,z).

Definition 2.7 An element (x,y,z,t) € X X X x X x X is called a quadruple coincidence point of a
mapping f: X X XXX xX->X and ¢g:X-X if gx=f(xvy,2t),9y=f(yztx)gz=
f(z,t,x,y), gt = f(t,x,y,z) in this case (gx, gy, gz, gt) is called a quadruple point of coincidence.

Definition 2.8 The mappings f: X X X X X X X - X and g: X — X of a set X are occasionally weakly
compatible (owc) iff there is a point (x,y,z,t) € X X X X X X X which is a coincidence point of f
and g at which f and g commute i.e. (f, g) are occasionally weakly compatible maps iff f(x,y,z,t) =

g, fr.z,t,x) =g, fzt,x,y) = g(2),f(t,x,y,2z) = g(t)

implies 9f(x,y,z,t) = f(gx, gy, 9z gt), 9f v, z, t,x) = f(gy, 9z, gt, gx), gf (z, t,x,y) =
f(gz gt, gx, gy),gf(t,x,y,2z) = f(gt,gx,gy,gz) for(x,y,z,t) EX XX XX X X.

Example 2.10.1 Let (X, F,*) be a fuzzy metric space, where X = [0,1] with a * b = min{a, b} and
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t
—, ift>0;
M(x,y,t) = {t+ |x — vyl !
0, ift=0.
Letf: X XXX X=X & g:X — X be defined by

2x+2y+2z+w

£ —
(x,y,2,wW) >
X, ifo<x<1;
=17
g(x) {5, ifx > 1.

Here, (0,0,0,0) and (1,1,1,1) are two coincidence points of f and g. That is £(0,0,0,0) =0 =
g(0),f(1,1,1,1) = 1 = g(1) but gf(0,0,0,0) = 0 = f(g0, g0, g0, g0), gf(1,1,1,1) # f(gl,g1,g1,g1).
Thus f and g are owc but not weakly compatible.

Coincidence points verification:
£(0,0,0,0) = 0.0,g(0) = 0,9£(0,0,0,0) = 0.0, (g0, g0, g0,g0) = 0.0
f(1,1,1,1) = 3.5,g(1) = 3.5,9f(1,1,1,1) = 3.5,f(g91,91,91,91) = 12.25

Fuzzy Metric M(x, y=0, t)

1.0 4

0.8

o
o
i

=0, t)

M(x, y

o
s
|

0.2 4

0.0 0.2 0.4 0.6 0.8 1.0
X

fand g are occasionally weakly compatible (owc) but not weakly compatible.
3 Main Results

Theorem: 3.1 Let (X,M, *) be a fuzzy metric space with txt =t for all t € [0,1]. Let
AB:XXXxXXxX—-XandS, T:X — X be four self-mappings satisfying the following conditions:
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(1) M(A(x,y,z,p), B(u,v,w,r),qt) =
. {M (Sx,Tu,t), M(A(x,y,2,p),5x,t), M(B(u,v,w,r), Tu,t), M(Sx, B(u, v,w,7), t),}
min
M(A(x,y,z,p), Tu,t)

forall x,y,z,p,u,v,w,r € X
(i)  y=Bxyzp)

Moreover if the pairs (4,S) and (B,T) are owc, then there exists a unique point x in X such that
A(x,x,x,x) =T(x) = B(x,x,x,x) = S(x) = x.

Proof: Since the pairs (A,S) and (B, T) are owc so there are points a, b, c,d,a’, b’, c’,d’ in X such that
A(a,b,c,d) = Sa, A(b,c,d,a) = Sb,A(c,d,a,b) = Sc,A(d, a, b,c) = Sd and
B(d',b',c',d")=Ta', B(b',c',d',a’')=Tb',B(c’,d",a’,b") =Tc',B(d’,a’,b',c") =Td’

Sx = SA(a,b,c,d) = A(Sa,Sb,Sc,Sd) = A(x,y,2,p)

Sy = SA(b,c,d,a) = A(Sb,Sc,Sd,Sa) = A(y, z,p, x)

Sz = SA(c,d,a,b) = A(Sc,Sd, Sa,Sb) = A(z,p,x,y)

Sp = SA(d,a,b,c) = A(Sd,Sa, Sh,Sc) = A(p, x,y, z)
We claim that Sa = Ta'. If not, by inequality (i) we get

M(A(a,b,c,d),B(a’,b',c',d"),qt) =
M(Sa,Ta',t),M(A(a,b,c,d),Sa, t),M(B(a',b',c',d"),Ta’,t),M(Sa, B(a’,b’,c’,d’), t),}
M(A(a,b,c,d),Ta’,t)

or M(Sa,Ta',qt) = min{M(Sa,Ta’,t),M(Sa,Sa,t),M(Ta',Ta’,t),M(Sa,Ta',t)M(Sa,Ta’',t)}
=min{M(Sa,Ta’,t),1,1,M(Sa,Ta’,t),M(Sa,Ta',t)}
=M(Sa,Ta',t)

min {

= Sa=Tad
Therefore A(a,b,c,d) =Ta' = Sa = B(a’,b’,c’,d" )
Similarly A(b,c,d,a) =Tb' = Sb =B(b',c',d’,a’)
A(c,d,a,b) =Tc' = Sc = B(c',d',a’,b")
A(d,a,b,c) =Td' =Sd =B(d’,a’,b’,c")
Thus the pairs (4, S) and (B, T) have common coincidence points.
LetA(a,b,c,d) =Ta' = Sa=B(da',b',c',d" ) =x
and A(b,c,d,a) =Tb' =Sb =B(b',c',d’,a’) =y
A(c,d,a,b) =Tc' = Sc =B(c',d',a',b’") =z
A(d,a,b,c) =Td' =Sd =B(d',a’,b",c')=p
Since (4,5) and (B, T) are owc
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Sx =SA(a,b,c,d) = A(Sa,Sbh,Sc,Sd) = A(x,y,2,p)
Sy = SA(b,c,d,a) = A(Sb,Sc,Sd,Sa) = A(y,z,p, x)
Sz =SA(c,d,a,b) = A(Sc,5d,Sa,Sb) = A(z,p,x,y)
Sp = SA(d,a,b,c) = A(Sd,Sa,Sb,Sc) = A(p, x,y, )
Also Tx = TB(a',b’,c',d") = B(Ta',Tb',Tc',Td") = B(x,y, z,p)
and Ty =TB(b',c',d',a’") = B(Tb',Tc',Td',Ta") = B(y, z,p, x)
Tz=TB(c',d',a',b") = B(Tc', Td',Ta’,Th") = B(z,p,x,y)
Tp =TB(d',a’,b’,c'") =B(Td',Ta’,Th",Tc") = B(p,x,y,2)
Next we show that x = y, for this
putting x =a,y=b,z=c, p=d,u=b",v=c ,w=d',r =a"in (i),

M(x,y,qt) = M(A(a,b,c,d),B(b',c',d',a'), qt) =
i {M(Sa, Tb',t),M(A(a,b,c,d),Sa, t),M(B(b',c',d' a'),Th',t), M(Sa,B(b',c',d',a’), t),}
M(A(a,b,c,d),Th',t)

=min{M(x,y,t),M(x,x,t),M(y,y,t), M(x,y,t), M(x,y,t)}
=M(x,y,t)
=x=y
Next we show that x = z, for this
putting x =a,y=b,z=c, p=d,u=c",v=d,w=a',r=b"in (i),

M(x,z,qt) = M(A(a,b,c,d), B(c',d’,a’, b"), qt) =
. {M (Sa,Tc',t),M(A(a,b,c,d),Sa,t), M(B(c',d',a’,b"), Tc',t), M(Sa, B(c',d",a’, b"), t)'}
min M(A(a,b,c,d), Tc',t)

= min{M(x,z,t), M(x, x,t), M(z,z,t), M(x, z,t), M(x, z, t)}
= M(x,z,1t)

Next we show that x = p, for this
putting x =a,y=b,z=c, p=d,u=d ,v=c ,w=a’,r=b"in(i),

M(x,z,qt) = M(A(a,b,c,d), B(d',c',a,b"), qt) >
| {M(Sa'Td,'t),M(A(a,b,c,d),Sa,t),M(B(d’,c',a',b’),Td’,t),M(Sa,B(d’,C',a',b'),t),}
min M(A(a,b,c,d),Td',t)

=min{M (x,p,t), M(x,x,t), M(p,p,t), M(x,p, t), M(x,p, t)}
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= M(x,p,t)
= XxX=p
SX=y=z=p
Now we prove that Sx = Tx
Puttingu =y,v=z,w=tr=x

M(Sx,Tx,qt) = M(A(x,y,z,p),B(y,2,t,x),qt) =
) {M (Sx, Ty, t), M(A(x,y,2,p),Sx,t), M(B(y,z,t,x), Ty, t), M(Sx, B(y, z,t, x), t),}
min
M(A(x,y,2z,p), Ty, t)

= min{M(Sx, Ty, t), M(Sx,Sx,t), M(Ty, Ty, t), M(Sx,Ty,t), M(Sx, Ty, t)}
=min {M(Sx,Ty,t),1,1,M(Sx, Ty, t), M(Sx, Ty, t)}
= M(Sx,Ty,t)
= Sx =Ty
=>Sx=Tx
Also by condition (ii) we have,
x = B(x,x,x,x)
Thus A(x,x) = T(x) = B(x,x) = S(x) = x.
Example 3.1.1 Let X = [0,1] with the metric d defined by d(x,y) = |x — y| and for each t € [0,1],

define

—, ift>0;
MGy ©) = Jt+ x—yl" '
0, ift=20
for all x,y € X. Clearly (X, F,*) be a fuzzy metric space, with a * b = min{a, b}. Let

S,T:X > X and 4,B: X X X X X X X — X defined by

X, if0<x<1;

Ax,y,z,w) = 20 S(X) = {Z ifx > 1
2’ -

X, if0<x<1;

Bxy,zw) =y TX) = {5 ifx> 1.

Clearly all the conditions of the above theorem are satisfied. Also
SA(0,0,0,0) = A(S0,S50,50,50) and TB(0,0,0,0) = B(T0,T0,T0,T0)

So, (A, S) and (B, T) are owc maps and (0, 0, 0, 0) is the common quadruple fixed point of A, B, S
and T.
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Fuzzy Metric M(x, y=0, t)
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All conditions of the theorem are satisfied.

Common quadruple fixed point is (0, 0, 0, 0).

Theorem: 3.2 Let (X,M, *) be a fuzzy metric space with t«t=1¢t for all t€[0,1]. Let
AB:XxXxXxX- XandS,T:X — X be four self-mappings satisfying the following conditions:

M(B(u,v,w,1),Sx,t).M(B(wv,w,r),Tut)+M(Sx,B(uw,v,w,1),t).

() M(A(x,y,2p),Buv,w,1),qt) = HBG )T

forall x,y,z,p,u,v,w,r € X

(i) y= Bxyzp)
Moreover if the pairs (4,S) and (B,T) are owc, then there exists a unique point x in X such that
A(x,x,x,x) =T(x) = B(x,x,x,x) = S(x) = x.

Theorem: 3.3 Let (X, M, *) be a fuzzy metric space with t*t =t for all ¢t €[0,1]. Let
AB:XxXxXxX - XandS,T:X — X be four self-mappings satisfying the following conditions:

(i) MUy, zp),Buv,w,r),qt) =min {M(Sx,Tu, t),(“M(A(x'y 'Z’p)’sx‘t)) MChxy ‘Z'p)'sx’t)}

1+M(B(uwv,w,r),Tut)/)’ M(B(u,v,w,r),Tut)

forall x,y,z,p,u,v,w,r € X
(i) y= Bxyzp)
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Moreover if the pairs (4,S) and (B,T) are owc, then there exists a unique point x in X such that
A(x,x,x,x) =T(x) = B(x,x,x,x) = S(x) = x.
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