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1. Introduction

In statistical surveys, when subpopulations within a larger population differ, it is beneficial to sample
each subpopulation (or stratum) independently. Stratification involves dividing the population into
homogeneous subgroups before sampling. These strata must be mutually exclusive, meaning each
element belongs to only one stratum, and collectively exhaustive, ensuring no population element can
be excluded. Simple random sampling or systematic sampling is applied within each stratum. This
approach typically enhances the representativeness of the sample by reducing sampling error.

Systematic sampling, first explored by Madow and Madow [14], is commonly used in surveys of finite
populations. This method involves selecting sample members from a larger population based on a
random starting point and a fixed periodic interval. Typically, every "n™ individual is chosen from
the population for inclusion in the sample population. Despite the fixed interval, systematic sampling
is still considered random, provided that the starting point is chosen randomly and the interval is
predetermined.

Systematic sampling has the advantage of selecting the whole sample with just one random starting
point. In addition to its simplicity, which is of considerable importance, this method often yields more
efficient estimators compared to simple random sampling or stratified random sampling for certain
types of population, as noted by (Cochran [7], Gautschi [9], Hajeck [11]).
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The primary limitation of the ratio and product estimators is that of having efficiency not exceeding
that of the regression estimator. Consequently, many researchers have focused on modifying these
estimators to develop more efficient alternatives estimators. Notable contributions in this area come
from; Singh and Vishwakarma [20,21], Sharma and Tailor [17], Onyeka [16], Tailor [29], Choudhury
and Singh [4], Khare and Sinha [12], Singh and Audu [23].

Clement [5] addressed this issue by using systematic sampling and proposed a calibration ratio-type
estimator under a stratified systematic sampling framework. Chaudhary and Dutta [3] addressed this
issue by using some calibration estimators of finite population mean under stratified systematic
sampling in the presence of non- response.

In the following sections, we have introduced a generalized class of exponential-type estimator for the
population mean in stratified systematic sampling, utilizing information from a single auxiliary
variable for the first time. The mean square error (MSE’) expression for the proposed exponential
estimator has been derived. Additionally, an empirical comparison between the proposed estimator
and traditional estimators is provided, based on both simulation studies and real data analysis.

2. Notation [estimation procedure]

Consider a finite population Q of N elements. suppose Q = (4, Q,, ..., Qy) is divided into of L strata
with N, units in the ht"stratum from which a systematic random sample of size n,, is taken, and a

random sample of n,, unit is selected from the first k,, units, and then every k" subsequent unit is

included in the sample of size n;,. where k;, = % , kj a positive integer, and this method provides
h

k; samples, each of size n;,,. Both the study variate (y) and auxiliary variate (x) are observed for each
and every unit selected in the sample. Subsequently, the above scheme is stratified systematic sampling
and the notations are defined as follows:

The total population size be N = Yt _. N, and sample size n = 3% _, n;,, respectively. Associated with
the it element of the ht" stratum are y,,; and x,; with x,; > 0 being the covariate; where y,; is the y
value of the i*" element in stratum h, and x,,; is the x value of the i* element in stratum h, h =

1,2,...,Landi = 1,2, ..., N,,. For the h*" stratum, let W, = % be the stratum weight and f;, = % the
h

sample fraction.

Let the ht" stratum means of the study variable y and auxiliary variable x.

Yn = Z?jl% and x, = Z?zhl% are the unbiased estimators of stratified systematic sample means
h h

corresponding to the population means v}, = 2?’: h13]\,_’: and X, = Zli\': "1’;’—’2 of (y, x ) respectively. Based
on n,, observations.

Let ¥, 5y be the mean of systematic sample in the h stratum, then the estimate of the sample mean and
population mean Y in stratified systematic sampling scheme is given by [Cochran (1997)] as:

Vst.sys = Z?:il Wh Vhsys s Ystsys = ¥ = Z?:il Wh Yh.sys

The following error terms are also defined.
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_ yh.sys_yh _ fh.sys_)?h
ST T ST T
17h.sys = )7(1 + Ey)7 Xh.sys = X(l + Ex)
Suchthat E(€,) = E(€,) =0

Where ¥, 5,5 @and s 5,5 are usual unbiased estimators of population mean Y, X respectively.

E(Egzz) = Yh=1 BhP;ny%y =Vy i E(€3) = Xho10npixCix = Vo2

E(€y€x) = The1On [PryPicPyxChyCrx = The1 On [PiyPixCryx = Vi

where, Chyx = PnyxChyCnyx ,and 6 = (Z:;;)

Let Sf, = (N;_l)z]ﬁv:hl(yhi_yh)z and SZ, = (N:_l)z?’zhl(xhi — X,)? represent the population

variances of the study variable and the auxiliary variable respectively, with the corresponding

2

. . — _ S 2
population covariance Sy, = (N:—_DZ?':’;(yhi — Y) (xpi — Xp). Also Cf, = % and C#, = “;L;‘ are the

population coefficient of variation of the variate (y, x) respectively.

here’ p;;y = [1 + (nh - 1)phy]v p;;x = [1 + (nh - 1)phx]
_ ECou=Xn) (xpi—Xn) | _ EQhi~YW)(hi—Yh)
where, Phx = gz P T T Bt
And Phyx = ECn—XW)On=¥n) _ pe the ysual population correlation coefficient

VEQhi=Xp)2(Yni=Yn)?
between (y, x) respectively.

Cstsys = Cx = YL W,Chy : represent the population coefficient of variation of X for the A" stratum,
B2st.sys = Bax = >k, WhBaxny : represent the population coefficient of kurtosis of X for the hth
stratum, Bise.sys = Pix = >k WhB1xn) - represent the population coefficient of skewness of X for
the A" stratum, Pyxst.sys = Pyx = >k, Whpnyy - represent the population correlation coefficient
between Y and X for ht* stratum

3. Existing estimators

In the context of stratified systematic sampling, several existing estimators of the population mean
used in survey sampling are presented, along with their adaptations for stratified systematic sampling
using auxiliary information. Their corresponding variance or mean square error (MSE’) expressions
are also provided.

1. The usual sample mean estimator in stratified systematic sampling is defined as given by
17051:.5315 = :)_’h.sys .. (D)

The variance of Y}, is given by

Var(YOSt.sys) = MSE(YOSt.sys) =12 Zﬁ:l ehp;;yc}%y = Y?Vy . (2)
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2. The stratified systematic version of Cochran [6] classical ratio estimator for population mean
is:

5 _ X

YR.st.sys = Yh.sys (%) ...(3)

The MSE of estimator is given by

MSE(Tascsys) = 77 Zho On |01y Chy + PieCe = 2 [PiyPisCrye| = T21Vo0 + Voo = 2V1a] . (4)

3. The stratified systematic version of Murthy [15] classical product estimator for population
mean is:

7 — x .SYS

YP.st.sys = Yhsys (%) .. (5)

The MSE of estimator is given by
MSE(Tp sesys) = 72 Shos On [Py Gy + PicChie + 2 [PiyPisCrnye| = T21Va0 + Voo + 2Via] - (6)

4. The stratified systematic version of regression estimator for population mean is:

1’;'R.eg.st.sys = }_’h.sys + Q(X - JZh.sys) .. (7)
The MSE of estimator is given by

= 72 (VaoVor—VE
MSE(YReg.st.sys) = ( 20VO022 i1) ... (8)

Equation (8) will become

MSE(YReg.st.sys) = 72V20(1 - p}%yx) .. (9)
5. The stratified systematic version of Bahl and Tuteja [2] ratio-type and product-type exponential
estimators for population mean is:

Y — X—3p,
YRE st.sys = Yn.sys €XP (thzz) ... (10)

= _ Xnsys—X
YPE.st.sys = Yh.sys €Xp (L) ... (1)

fh.sys"')?
The MSE of estimators Yz and Yy are respectively given by

Vs v * >lﬂxczx * * V4 Ve
MSE(YRE.st.syS) = Y? 2%1=1 On [phyCi%y + phTh - /Phyphxchyx] = V2 [Vzo + % - V11] - (12)

¥4 v * *xczx * * v Vi
MSE(YPE.st.syS) = ¥Y2¥i_10n [Phyclfy + phTh + /Phyphxchyx] = Y2 [Vzo + % + V11] .. (13)

6. The stratified systematic version of difference type estimator for population mean is:

17D.st.sys = [Ql}_’h.sys + QZ(X - 9?h.sys)] (14)
Where Q,and Q, are unknown constants. The optimal values of Q;and Q, are given as

Q, = Vo2 YViq
= —2——
[V20Vo2—VE +Vo2) VaoVo2—VE +Voz

; QZ = %l=1)?[

The MSE of estimator is given by
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V2[VaoVoz—VE]

MSE(YD.St.SyS) = [VZOVOZ_V121+V02] (15)
Equation (15) can also be written as
~ nghp;ﬂlyci%y<1_pi21yx) 1?2‘/20(1_17}21yx)
MSE(Y; = yL_ =y ... (16
Ubstsrs) = T [0, ()]~ 25 il 0] 1o
7. The stratified systematic version of Singh and Vishwakarma [22] ratio-product estimator for
population mean is:
7 — X f .SYS
YRP.st.sys = }Ist.sys [Q3 (fh.sys) + (1 - Q3) (%)] (17)
Where Q5 is suitably constant
— 1"
U5 = 2 (Voz + 1)
The MSE of estimator is given by
MSE(?RP.st.sys) =¥? Zlﬁ:l th;;ycify(l - pizlyx) = 72V20(1 - p}%yx) (18)
8. The stratified systematic version of Yadav and Kadilar [31] Exponential ratio-type estimator
for population mean is:
5 — X-x SYS
Yerstsys = Q4yh.sys €xp ()?4_2:;5) ... (19)

Where k,, is suitably constant
0r oyt Lrin
4 h=114V50+Vo2-2V14]
(1+39*cz—19 * ph.C ) 3, 1, \?
~ 2wl g7 hPhxChx~30h |PhyPhxChyx o (1+§V02_EV11)
MSE(YER.st.sys) =Y lp=1|1— ., . A— =Y T (14Vyg+Voy—2V11)
(1+9h{phychy+phxchx_2 ,phyphxchyx}) 2070z 11

2

(20)

9. The stratified systematic version of Singh, R. et al. [24] exponential estimator for population
mean is:

% — a(X—Fnps s)

Yestsys = Vn.sys €Xp [m .. (21)

The MSE of estimator is given by

7 }72 * * * * }72
MSE(YE.st.sys) = 72%1:1 On [4phyCP%y + 52pthf%x —46 ’phyphxchyx] = m [4V20 + 62V02 -
4V, ... (22)

Where § = —2X
aX+p

10.  The stratified systematic version of Grover and Kaur [10] a generalized class of ratio type
exponential estimators for population mean is:

_ X Fnys) - (23)

a()?"'fh.sys)"'zﬁ

17G.st.sys = {QS T’h.sys + Q6(X - JEh.sys)} exp [

Where Q,and Qs are unknown constants.
The optimal values of Q,and Q. are given as
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Vo2[6%Vo2

—8]

Qs =X

h=1 8[VE —VaoVoz Vo2

Qs

_ Y[83VE -6V +48VaoVor —482VE —48V0,+8V14 |

The MSE of estimator is given by

~ 72 *
MSE (Y5 st.sys) = Zhe1; l64 — 1682 0nppxCitx —

2
Vo2(62Vp2—8)
Vo2 (1+V20)-VE

(62 ehp;LfoZLx_'g)z

8X[VaoVoz V& + Voz)

1+9hp;1ycf21y(1_pf21yX)l -

Y2 2

. (24)
Table 1. Some members of our proposed and existing estimator
prop g
a B 17E.st.sys 17G.st.sys ?AB.st.sys
0[5, exp [Eo2o) (@5 Fnsys + Qe(X - (@ Tnsys +
- _(X+xh.sys) _ (X—fh.sys) Xn (X_fh )
Xh.sys)} exp [()?+fh_sy5)] Qs (_;ys)} exp [(X-th.sys)]
SYs
1 1 Fr.sys €XP (;i;fh-sy)s_l)_z {QS Yhsys T Qe (X - {Q7 YVhsys T
| h.sys _ [ ()?_-fh.sys) 7 [ (X—x
Tn.sys)} exp | (R+%n.sys)+2 Qs (—h)'?y )} exp —(;,?h’:y:)zz]
1 Cy Fr.sys €XP [ _(X__fh-sys) {QS Yhsys T Q6(‘Y - {Q7 YVhsys T
(X+Xh.sys)+2Cx 3 )} ex [ ()?—fh.sys) ] Th.sys [ (X—xp sys)
h.sys P | (X+%n.sys)+2Cx Qs ( )? )} €Xp ()?+92hlsyls)+2Cx]
1 Pyx Vh.sys €XP [—_ ({?_fh'sys) ] {QS Ynsys + Q6 (X - {Q7 Yhsys T
(X+Zn.sys)+2pyx _ (X—Znsys) q X—X
Xh.sys)} exp [m ] Qs (—xh'fy S)} exp [—(— (X_Xhin) ]
. X X‘th.sys +2pyx
Cy Pyx yh.sys exp - (;xf;_fh-)sisz)p {QS j/h.sys + QG(X - {Q7 j’h.sys +
| Cx h.sys yxl o Cx()?—fh.sys) ] ¢ [ C(X—x
Xn.sys)} €xp [Cx()?+fh.s sreyom S (xh_fys)} exp _x(_ Zh.sys)
y. y X | Cx(X+%n.sys)+2Pyx]
Pyx Cx yh.sys exp [ py;(i__fh'syszc | {QS j’h.sys + Q6(X - {Q7 7h.sys +
| 0yx (X +Zn.sys)+2Cx ] 3 )} ex [ pyx(X—%nsys) | Zn.sys [ pyx(X—Fnsys)
h.sys p [ pyx(X+%En.sys)+2Cx] Qs ( )? )} exp ,Dyx()?"'fh.sy's)"'zcx
LB 5y onp [ o) {05 Tnas + Qe[ - {0 Tnsys +
h.sys 1x B [ (X—fh.sys) - X-x
Fue) b Gt | gy (22 exp e
SYs x
Bix | Cy Fr.sys €XP [ Blf()?__fh-sys) ] {QS Yhsys T Q6(X - {Q7 YVhsys T
Bix(X+Xn.sys)+2Cx _ )} [ Bix(X—%nsys) ] Tn Bix(X—Fnsys)
xh.sys eXp ﬁlx()?"'fh-sys)-'-zcx- QS ( ).?y )} exp I:ﬁlx()?""zh.sy.s)y"'ZCx
1808
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Cx | Pix Vh.sys €XP _ C;"()j(_fh'sys) ] {QS Yhsys T Q6(X - {Q7 Yhsys T
[ Cx(X+%n.sys)+2B1xl| Cx(X—Znsys) T
xh.SyS)} €xp [Cx()?+fhsys)+231x] Qs ( hsys e p [ (C;x(X_xh;yS)ﬁ
- Cx(X+Xnsys)+2P1x]
B1x Pyx Vh.sys €XP [ Bl_x(}_?_fh'sys) {QS Yhsys T QS(X - {Q7 Yhsys T
[ B1x(X+Xn.sys)+2pyx B [ Bix(X—Fnsys) [ Bux(R—Tnsys)
xh'sys)} exp B1x(X+Zn.sys)+20yx Q8( h;ys)} *Ps (}x+‘ h)sisz
- - 1x Xh.sys Py.
Pyx Bix Vh.sys €XP [ p;"f)_?_fh'sisz) {QS Yhsys T _Q6 ()? - {Q7 Vhsys T
pyx( Xh.sys) B1x _ Pyx()?_fh.sys) % - ()_(—f )
thyS)} exp —— h.sys Pyx h.sys
[Py (X+Zn.sys)+2B1x QS( x )JeXP Pyx(X+Xnsys)+2P14
1 Bax Vh.sys €Xp [%} {Q5 Yhsys + Q6(X - {Q7 Ynsys t
h.sys 2x X—Znsys X
o) esp i) | o () e e ]
.SYys X X+Xh,sys +202x
Box | Cy Trsys exp | Bz;()?_—fh_syslc' {Qs Vhsys + Q6 (X — {Qﬁms +
| B2x(X+%p.sys)+2Cx] _ Bax(X—Znsys) % [ Bax(X—% )
xh'sys)} exp Bax(X+%nsys)+2Cx]| Us (%)} P 5 (Z;ﬂz h.s)y-izc
: | P2x h.sys x|
Cx | Bax Vh.sys €XP C;x()_?_fh'sys) _ {QS Yhsys T Q6(X - {Q7 Yhsys t
_Cx(X"'xh.sys)"’ZBzx_ _ I Cx()?—fh.sys) _ T (R—7
xh.sys)} exp Cx()?+fhsys)+2ﬁ2x] Qs (xh;yS)} exp - (Xxf_—xh;isz)ﬁ
- " | Cx Xh.sys 2x]
Box Pyx Frsys EXP [ ﬁz_x({?_fh-sys) {QS Yhsys T QG(X - {07 YVhsys T
Bax(X+Znsys)+20yx B [ Box(X—Znsys) X—%
xh'sys)} Pl (X+xn.sys)+2p Qs( hsys ex p[ Bur(X=Tnss)
[P2x h.sys v Box(X+Zn.sys)+2py
Pyx Bax yh.sys exp [ pl)’?xf)f_fh-sisz) {QS j’h.sys + Q6()? - {Q7 Y. sys T
Pyx(X+Xnsys)+2B2x - )} ex Pyx(X—%nsys) thys pyx(X—Znsys)
h.sys p Pyx(X+%Zn.sys)+2B24 Q exp [pyx(}?‘th.sys.)"’zﬁZJ
Bax | Bix Frsys EXP _/g lzj_(x_fj—fh.)sisz)ﬂ {QS Yhsys T Qs ()? - {Q7 Yhsys
L P2x h.sys 1x X —i _ =
g Tn.sys)} exp[ Bax(XThsys) Ensys Pax(X~Znsys)
sys Bax(X+Znsys)+2P14 U8 (T)} XD | B (R +Tnsys)+2Ba
Bix | Bax Tr.sys €XP Bl_x(}_?_fh_sys) {QS Yhsys Qe (X - {Q7 Yhsys T
_ﬁlx(X+Xh.sys)+2ﬁ2x : ﬁ1x()?_7zh.sys) 7 [ B ()?_f )
Frsys)} eXP | Sramd s (2 }exp | e
| P1x h.sys 2
4. The proposed estimator

Motivated by Koyuncu [13] we propose the following estimator in stratified systematic sampling.

17AB.st.sys = {Q7 j’h.sys + g (
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Here Q, and Qg are appropriate constants that should be selected to minimize the mean square error
(MSE) of the estimator YAB.st_sys. It can be observed that the proposed estimator YAB,St.SyS encompasses
all the aforementioned estimators for various values of « and f3.

In this context, Q; where (i = 7,8) represents the constants for reducing the bias within this class of
estimators, and « and 8 have been previously explained.

In Table 1, we present specific members of both the proposed and existing classes of estimators that
utilize different combination of a and .

By expressing equation (25) in terms of e’s, we obtain

o = (0100 0) 0, (5o [

Vipstsys = {1Q7Y (1 +€) + Qs(1 + €,)fexp [z(a)?_;g?;)?ex]

_aX
aX+p

-1
Vg, st.sys = {Q7Y(1 + Ey) +Qg(1 + Ex)} exp [ 5y 1 + 66x) ]

?AB.st.sys = {Q77(1 + Ey) + Qs(l + GX)} (1 _% é Ex+z 52 E)ZC)

Tassesys = (@7 (146, -2 +2 67 €2-2eye) + Qs (14 6, - 22+ 2 57 e2- 2H)}
(26)

Subtracting Y from both the sides of equation (26)
(?AB.st.sys - 7) = 7(Q7 - 1) + Q7Y(
sex

= ..(27)

By taking the expectation of both sides in equation (27), we derive the bias of the estimator ¥,z s ys.
up to the first order of approximation as follows:

86x 8ex

+3 2 52 Ez——eyex)+Q8(1+6x +3 2 52 €2

B(Tapseays) = 70 = D+ Q2 (2ov = V) + Qe (1+222(2-1)) . 29)

Now, by squaring both sides of equation (27) and taking the expectation, we obtain the MSE of the
estimator to the first order of approximation as follow:

MSE (Tap.sesys) = |T7 + Q372 (1 + Vio + 62Vo, — 26V4y) + QZ(1 + {6 — 12Vp,) — 20,72 {1 +

Voo = 2Vanf = 2067 {1 +5 (5 = 1) Voo } + 20,0671 + (6 = D@V = Vi)Y ... (29)

Optimality condition for the proposed class of estimator:

To explore the optimal conditions for this proposed class of estimator, let us consider:
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OMSE(¥ apstsys) _
0Q7

So that

0; 305 0

0 _ [Voz—V111[8+82(8-1)Vy,—43]
7(opt) 8[Vao+Voz—2V11+(6—1)2(VooVo2 VA )]

... (30)

> 8V20Vo2(38_.\_(S _8re N2 _SVo2(8%Vo2 ,8%VoaVi1,
Y[V20+ 0 (4 1) (2+1)V11 F(6-1)Vfy 02 2021 )40 T02T (5 41)

[Vao+Vo2—2V11+(6—1)2(VooVo2 -V )]

Qs(opt) = ... (31)

Substituting the value of Q7 (opr) and Qg(opr) iNto equation (29) yields the optimal MSE of the estimator
as follows:

82Vp1v3 £+1—ﬁ>—v v (3—5—1)2}
s \2 02{ 11<2 2 |7V20V02(7 5*v%, (52
2 (5_1) (VaoVor—Vi4 )+ 2 3202( ‘2/02 :V11>
MSE(Y, =
( AB.st.syS)opt [Vao+Voz—2Vy1 +(8-1)2(VaVor —VE )]
(32)

5. Empirical study

5.1 Real population

To assess the theoretical findings and empirically evaluate the efficiency and optimality of the
proposed exponential-type estimator (?AB_St,SyS) in comparison to other estimators. In this study, we
have used three different real populations that we have collected from various sources, along with a
simulation study.

Population 1: The first population is sourced from Model Assisted Survey Sampling by “Carl-Erik
Sarndal, Bengt Swensson, Jan Wretman” [ Appendix-B “The MU284 Population”]

This dataset includes 125 municipalities, where the total population in (1985) is used as study variable
y and the number of Conservative seats in municipal council serves as auxiliary variables x.

Now the entire population of 125 municipalities are divided into 5 strata based on geographic region
indicator, we have,

Strata Geographic region indicator | Total region

1. 1 25
2 2 25
3 3 25
4, 4 25
) 5 25

https://internationalpubls.com 1811
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Table 2. Present data statistics for population (1)

Stratu | Ny [ ny| Yy Xn Cey | Cymy | Pxwy | Py | Pyxn) | Bixw)y | Baxcw
m
1 25| 5 | 62.44 16 0.1908 | 0.7881| 0.856| 0.034| 0.677 | 1.141 | 4.270
2 25| 5 | 34.72 9.72 0.1701 | 0.2586| 0.898| 0.846| 0.900 | 1.059 | 3.307
3 25| 5 | 21.04 9 0.0836 | 0.0916| 0.815| 0.442| 0.856 | 0.953 | 4.004
4 25| 5 | 34.32 12.4 0.1511 | 0.2842| 0.902| 0.3 0.514 | 0.561 | 2.694
5 25| 5| 45.88 | 11.32 | 0.1300 | 0.5173| 0.896| 0.254| 0.671 | 0.798 | 3.092
K X Cy Pyx Bix Bax
= 39.68 = 11.68 = 0.1451 =0.724 = 0.902 = 3.473

Population 2: The second population is sourced from Theory and Analysis of Sample Survey
DESIGNS - Second Edition by “Daroga Singh, F S Chaudhary” [chapter-4]

This dataset comprises 70 villages in India, along with their 1981 population and cultivated area (in
acres). In this study, the cultivated area (in acres) from (1985) is used as study variable y, while the
population of the village serves as the auxiliary variables x.

Now the entire population of 70 villages is divided into two equal strata.

Table 3. Present data statistics for population (2)

Stratu | N, | np,| Y, X, Cxwy | Cymy | Pxny | Pywy | Pyxqry | Bixny | Baxn
m

1 35|7 |135591| 2238.8 | 09186 | 0.641(0 0.717/ 0.911 0.832 | 1.504 | 5.420
2 35| 7 | 609.51 | 1272.25 | 0.5496 | 0.2842 0.352 0.863 0.526 | 2.371 | 8.404

Y X Cx pyx ,le ﬁZx
= 982.71 = 1755.5] = 0.734] = 0.679 = 1.937 = 6.917

Population 3: The third population is sourced from Multivariate Statistical Methods- A Primer 4™
Edition by “Bryan F. J. Manly, Jorge A. Navarro Alberto” [ Chapter-1]

The considered data relates to total 50 body measurements of female sparrows. we consider the total
length as study variable y and length of beak and head as auxiliary variables x.

Now the whole population of 50 body measurements of female sparrows is divided into two equal
strata. we have
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Table 4. Present data statistics for population (3)

Stratu | Ny | n | Yy Xn Cery | Gy | Pxwy | Pyy | Pyxy | Bixwy | Baxw
m
1 25| 5 | 157.12 | 31.43 0.0236 | 0.0209| 0.928| 0.355| 0.682 | 0.291 | 2.194
2 25| 5 | 159.04 | 31.44 | 0.0273 | 0.0243| 0.899| 0.223| 0.595 | 0.477 | 2.564
Y X Cx Pyx :le :BZx
= 158.04 = 31.44 = 0.0255 = 0.639 = 0.384 = 2.379

Table 5. The PREs of various estimators with respect to vo.st.sys , are calculated for different
combination of a and B using population (1).

https://internationalpubls.com

Estimators | PRE Estimator | PRE Estimator | PRE Estimator | PRE

% ~(1,0) (1,0) (1,0)

Yo stsys 1000 | g0 o [127.19 [ g0 | 87128 | g0 | 3758.62

% ~(1,1) 5(1,1) ~(1,1)

Vastsys | 15656 | g{th = [ 12490 | y@D | 843.15 | g1l | 3248.26

V 7 (1,Cx) 7 (1,Cx) 7 (1,Cx)

Vostsys | 6147 | g{tt) 112491 | y(C) | 84328 | p{1&) | 3250.60
Y 185.08 o(LPyx) | 12549 | $(1Pyx) 850.05 | (1Pyx) 3368.46
YReg.st.sys YE.st.:ys YG.st.:ys AB.sZsys
Y 127.19 | 5(Cxpyx) | 123.22 | 5CxPyx) | 824.97 | #(CxpPyx) | 2946.07
YRE.st.sys YE.st.s;s YG.st.s;s YAB.St.Js/ys
Y 78.11 7 (PyxCx) | 12591 | §(PyxCx) | 855.02 | 7(PyxCx) | 3456.95
YPe.st.sy $ YE.th/.sys YG.sﬁ.sys AB.J;t.sys

% 7 (1,B1x) 7 (1,B1x) 7 (1L.B1x)

Tostsys | 71558 | g{bfw) | 12510 | y(fu) | 84552 | (1A | 3289.16
% 7 (B1x:Cx) 7 (B1x:Cx) 7 (B1x:Cx)

Vepstsys | 185.08 | plfxCo 112615 | yfinto | 85801 | yFuots) | 3511.12
% 7 (Cx,B1x) 7 (Cx,B1x) 7 (Cx,B1x)

Virstsys | 57944 | plGfio | 12241 | y(Cofio | 816.86 | y(Cufix) | 2817.80

7(ﬂ1x4’yx) 125.32 7(51xrpyx) 848.04 7(ﬁ1x'9yx) 3333.11
E.st.sys G.st.sys AB.st.sys

Y(Pyxrﬁlx) 124.39 Y(Pyx:ﬁlx) 837.44 Y(Pyx'ﬁlx) 3151.2
E.st.sys G.st.sys AB.st.sys

gLB2x) | 12058 | p(LBex) | 800.02 | p(LB2x) | 2563.41
E.st.sys G.st.sys AB.st.sys

pBexCn) | 126.91 | pexCo | 867.65 | plBexCn) | 3689.64
E.st.sys G.st.sys AB.st.sys

7(CoPax) | 114.88 | §CuP2x) | 758.86 | p(CxP2x) | 2004.35
E.st.sys G.st.sys AB.st.sys

7(32x'9yx) 126.68 y(ﬁzwpyx) 864.65 y(ﬁzx'pyx) 3633.40
E.st.sys G.st.sys AB.st.sys
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pPyoPax) | 118.82 | plPyobax) | 785.63 | plPyxFax) | 2358.43
E.st.sys G.st.sys AB.st.sys
E.st.sys G.st.sys AB.st.sys

Y(le'BZX) 98.46 Y(ﬁlx'ﬁzx) 716.07 Y(leﬁzx) 1401.76
E.st.sys G.st.sys AB.st.sys

Table 6. The PREs of various estimators with respect to 70.st.sys are calculated for different

combination of a and B using population (2).

Estimators | PRE Estimator | PRE Estimator | PRE Estimator | PRE
% 5(1,0) 5(1,0) ~(1,0)
Yost.sys 1000 | g{to) | 247.04 | y(0) | 396.02 | p0) | 435.44
V 5(1,1) 5(1,1) -(1,1)
Vrsesys | 14988 | gt 124698 | gt | 39584 | g0 | 434.92
% 7(1,Cx) o (1,Cx) 7 (1,Cx)
Yp st.sys 20.19 YE.st.sys 246.99 YG.st.sys 395.89 YAB.st.sys 435.06
Y, 257.30 o(LPyx) | 247.00 | 71Pyx) 39590 | (1Pyx) 435.09
Reg.stsys YE.st.:ys YG.st.gyS AB.sZsys
Y, 247.04 | 7CxPyx) | 24698 | y(Cxpyx) | 39586 | ¢(CxPyx) | 434,96
RE.st.sys YE.St.S_’)J;S YG.st.s;s YAB.St.zys
Y 40.76 7(PyxCx) | 246,97 | v(PyxCx) | 39583 | y(Pyxlx) | 434.88
Ype'St'Sy s YE.si].sys YG.sJLf.sys YAB.J;t.sys
% o (1,B1x) 7 (1,81x) o (L,B1x)
Vostsys | 30111 | plf) 124693 | pLhu) | 395.68 | p{lhi) | 43443
% 7 (B1x:Cx) 7 (B1x.Cx) 7 (B1x.Cx)
Vapstsys | 257:30 | yfielo | 247.02 | glfieCo | 39595 | yfieCo) | 435.25
% 7 (Cx,B1x) 7 (Cx,B1x) 7 (Cx,B1x)
Vorstsys | 32530 | plGrfio) | 24688 | p(Cfio) | 39556 | yCefuc) | 434.06
Y(ﬂlxrpyx) 247.02 y(ﬁlxrpyx) 395.96 y(ﬁlx'Pyx) 435.26
E.st.sys G.st.sys AB.st.sys
Y(Pyxﬁlx) 246.87 y(Pyx»ﬁlx) 395.53 Y(pyx:ﬁlx) 433.95
E.st.sys G.st.sys AB.st.sys
pLbax) | 246.64 | pLF) | 394.83 | p(Lh2x) | 431.85
E.st.sys G.st.sys AB.st.sys
pPaxCo) | 247.03 | plPaxCe) | 396.00 | pBzuCx) | 435.39
E.st.sys G.st.sys AB.st.sys
pCobax) | 246,49 | p(Cofax) | 39441 | pCubax) | 430.57
E.st.sys G.st.sys AB.st.sys
7(32xrpyx) 247.03 7(32x'/’yx) 396.00 y(ﬁZx'Pyx) 435.39
E.st.sys G.st.sys AB.st.sys
?(pyx:ﬁZx) 246.45 Y(Pyx'BZx) 394.28 ?(pyx:ﬁZx) 430.19
E.st.sys G.st.sys AB.st.sys
?(.Bzactﬁlx) 247.02 ?(ﬁz»ﬁu) 39597 ?(BZx'ﬁlx) 435.30
E.st.sys G.st.sys AB.st.sys
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o (B1xB2x)
YE.S%.Sy;

395.40 433.58

246.03 ?(ﬁlx'ﬁzx)

7 (B1x:B2x)
G.st.sys Yipstsy

AB.st.sys

Table 7. The PREs of various estimators with respect to 70_stlsys are calculated for different
combination of a and B using population (3).

stimators stimator stimator stimator
Estimat PRE Estimat PRE Estimat PRE Estimat PRE
% ~(1,0) 5(1,0) ~(1,0)
Yo.st.sys 1000 | ¢t 1 157.06 | p0) | 16758 | (O | 400.90
% >(1,1) 5(1,1) >(1,1)
Ystsys 60.11 | gth | 15946 |yt | 167.58 |yl | 377.28
¥ (1,Cy 7 (1,Cy (1,Cy
Y st.sys 16.95 Yé.st.s;s 157.13 Y(g.st.s;s 167.58 YA(B.st.)sys 400.25
Y 167.48 7(LPyx) | 158,64 | #(1Pyx) 167.58 | (1Pyx) 385.39
YReg.st.sys YE.st.;]ys YG.st.gys YAB.sZsys
Y, 157.06 | pCxPyx) | 159.68 | y(CxPyx) | 167.54 | p(CxPyx) | 192.39
RE.st.sys YE.st.s;s YG.st.s;//s YAB.St.J;ys
Y 36.31 7 (PyxCx) | 157.17 | yPyxCx) | 167.58 | ¢(PyxCx) | 399.88
Ype'St'Sy s YE.si].sys YG.si/.sys YAB.J;t.sys
% v (Lb1x 7 (1L,h1x 7 (1,61
Vpstsys | 167.52 yé_sf;yg 158.03 Yé_sféyi 167.58 Y[fs.fés)ys 391.39
% 7 (B1x:Cx) 7 (B1xCx) 7 (B1x:Cx)
Vepstsys | 16748 | plfixCo | 157.24 | ylfeCo | 16758 |yt | 39921
V 7 (Cx,B1x) 7 (Cx,B1x) 7 (Cx,B1x)
Verstsys | 15720 | y{Chro |166.07 | y(Cebro | 16755 | pCefuo | 22872
yBropy) | 160.83 | pPivpyx) | 167.58 | pBrxpys) | 363.44
E.st.sys G.st.sys AB.st.sys
7(Pyx'ﬁlx) 158.55 y(Pyx'ﬁlx) 167.58 7(Pyx'ﬁ1x) 386.27
E.st.sys G.st.sys AB.st.sys
pLbex) | 16213 | pLbx) | 167.57 | pLhax) | 349.92
E.st.sys G.st.sys AB.st.sys
pBaxC) | 157.09 | plPaxCx) | 167.58 | pBaxCs) | 400.63
E.st.sys G.Sst.sys AB.st.sys
pCobax) | 128.64 | pCoPax) | 167.52 | pCob) | 191.22
E.st.sys G.st.sys AB.st.sys
y(ﬁZx'Pyx) 157.75 7(52xrpyx) 167.58 7(ﬁ2x’Pyx) 394.19
E.st.sys G.st.sys AB.st.sys
y(Pyx'ﬁZx) 164.11 7(Pyx'52x) 167.57 7(Pyx132x) 327.80
E.st.sys G.st.sys AB.st.sys
Y(ﬂzx:ﬁu) 157.48 Y(ﬁzxﬁlx) 167.58 Y(ﬁzxﬁu) 396.83
E.st.sys G.st.sys AB.st.sys
E.st.sys G.st.sys AB.st.sys
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5.2 Simulation

To extend the findings of the numerical study, we conducted a simulation study using a hypothetically
generated normal population. The previous section clearly demonstrated the superior effectiveness of
the proposed estimator compared to competing estimators. This simulation study aims to assess the
efficiency of the proposed estimator over existing ones for the stratified systematic sampling technique,
utilizing auxiliary variable X. An artificial dataset was generated following the procedure outlined by
Tracy et al. [30], as shown in Table 1 (Appendix 1).

A bivariate normal population was artificially generated using R software, with a population size of
1,800, divided into three strata of equal sizes: N, = 600, N, = 600 and N; = 600 respectively. The
sample sizes n; = 100, n, = 100 and n; = 100 were drawn from these strata using systematic
sampling, following the proportional allocation method. The correlation coefficients between the study
and auxiliary variables for each stratum were set as p,,,1= 0.8, pyx,= 0.7, py,3= 0.9, respectively. The
standard deviations were fixed at Sy =4.7, S,,=6.2, Sy3=8.4and S,4, Sy,, S,3= 4.8 for each stratum.
This process was repeated 10,000 times independently, generating 10,000 samples of size 100,100,100
units have been drawn from each stratum from given a population.

To conduct the simulation study, the procedure using R-Language software is outlined as follows:

1. Sample selection- A bivariate stratified systematic random sample of size n; from it" stratum,
with Y. n; = n is selected from the above artificially generated population. the sample sizes n;’s are
chosen by proportional allocation method.

2. Estimation - The MSE is calculated for the repeated samples across different estimators, with
the entire procedure is repeated 10,000 times and obtain 10,000 values i.e ¥ for calculating the PREs.

~  =\2
ZlO,OOO(Yi_Y)

3. Mean Square Error - The MSE of the estimators is calculated using as MSE = "=110 500
Where,

& > & > (1,0 5 (B (1,0 & (B1xs
Y= YO-St-SYS’ YR-St-SJ/S ' YP-Sf-SyS""" YL?(.st.?sys"""’ Ylggi.xsf;ﬁ’ Y(g.st.zys""" YG(.lzi.xsf/;;X)’
'Y"(LO) 7(ﬁ1x’32x)

AB.st.sys>** "> "AB.st.sys *

4. Percent Relative Efficiency - The PRE of the estimators is calculated as PRE (Y;,, Yo s¢.sys) =

Var(yo.st.sys)

—— X 100
MSE(Y;)
s Y s G (1,0 G X (1,0 s ,
Y= YO-St-SYS’ YR-St-SJ’S ' YP-Sf-S}’S""" YL?(.st.?sys"""’ Yéiﬁgﬁx)f Y(g.st.gys""" YG(.I;;.J;)[/;;)C)’
7(1'0) )7(/)’1x:/32x)
AB.st.sys>**"**> “AB.St.Sys

Simulation results for the PREs of the proposed estimator w.r.t existing estimators across different
strata, are provided in Table (8).

Estimators | PRE Estimator | PRE Estimator | PRE Estimator | PRE

% (1,0) (1,0) (1,0)
Tostsys | 1000 [ g0 117733 [ g0 1112477 [ y&0 | 5112.90
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% 5(1,1) 5(1,1) -(1,1)
Vestsys | 37403 | gith 117682 | yith 1121696 | y(u1) | 4857.57
% 7 (1,Cx) 7 (1,Cx) 7 (1,Cx)
Vp st.sys 4378 | pte) 117732 | pe) 1121660 | pLe) | 4890.82
Y, 76.11 v(LPyx) | 176.83 | ¢(LPyx) | 1216.96 | (LPyx) 4854.97
Reg.st.sys YE.st.;’ys YG.st.:ys YAB.sZsys
Y 177.05 7 (CxPyx) | 136.42 | (CxPyx) | 1247.22 | (CxPyx) | 2436.44
YRE'St'Sy s YE.st.s;s YG.st.s;s YAB.St.}s]ys
Y 63.57 7 (PyxCx) | 177.32 | PyxCx) | 1216.60 | yPyxCx) | 4890.82
Ype'St'Sy s YE.sjt].sys YG.s3t,.sys YAB.j.;t.sys
% 7 (1,B1x) 7 (1,B1x) 7 (LB1x)
Vosesys | 1187.49 | p{lFud 117658 | y{1fud) | 1216.96 | ylhu) | 484378
% & (B1x,Cx) 7 (B1x:Cx) 7 (B1x:Cx)
Vrpstsys | 128753 | plfieCo | 177.32 | plfixCo | 1216.60 | pfixC) | 4903.78
% 7 (Cx,B1x) 7 (Cx,B1x) 7 (Cx,B1x)
Versesys | 15501 | plCrfro 112875 | ylCofio | 1251.34 | pCefrn) | 212420
gBropyn) | 17699 | pProPyx) | 1216.60 | pPirPyx) | 4874.21
E.st.sys G.st.sys AB.st.sys
)7(Pyxr31x) 176.58 7(pyxﬁ1x) 1216.96 y(Pyx'ﬁlx) 4842.74
E.st.sys G.st.sys AB.st.sys
gLBex) | 17435 | pLhx) | 1219.09 | p(Lhax) | 4661.24
E.st.sys G.st.sys AB.st.sys
pBxCo) | 17733 | gl | 1216.60 | pPaxCs) | 4898.57
E.st.sys G.st.sys AB.st.sys
7(Cob2) | 109.70 | §(Crbx) | 809.20 | p(Cefax) | 1828.42
E.st.sys G.st.sys AB.st.sys
y(ﬁzwpyx) 177.24 y(ﬁZx'Pyx) 1216.60 | BP2xPyx) | 4898.01
E.st.sys G.st.sys AB.st.sys
Py | 174.34 | pPyobad) | 1219.09 | plPyxfax) | 4658.87
E.st.sys G.Sst.sys AB.st.sys
Y(ﬁzx:ﬁu) 177 .46 ?(ﬁzx'ﬁu) 1216.60 Y(.Bzx:ﬁm) 4883.17
E.st.sys G.st.sys AB.st.sys
7(B1x»:82x) 175.31 ?(31x:ﬁ2x) 1218.38 Y(ﬁuﬁz:c) 4736.37
E.st.sys G.st.sys AB.st.sys
6. Results and Discussion

As discussed earlier, we utilized three real datasets and conducted a simulation study to evaluate the
efficiency of the proposed generalized class of exponential-type estimator, along with other existing
estimators, within the stratified systematic sampling scheme using information from a single auxiliary
variable X. The proposed estimator and its adapted version in stratified systematic sampling were
compared with respect to their percent relative efficiencies (PREs). Tables 2-4 provide the data
descriptions, while Tables 5-7 present the PRE's results for the real datasets. It was observed that the
PRE's of the proposed estimator vary with different choices of a and . Additionally, the proposed
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estimator proved to be more precise than other existing estimators in both the real datasets and the
simulation study, based on PREs.

Conclusion

In this paper, we introduced an improved generalized class of exponential-type estimator for estimating
the finite population mean under the stratified systematic sampling scheme. Auxiliary variable
information is used to enhance precision. The mean squared error (MSE) of the proposed exponential
estimator was derived using the Taylor series. An empirical study, based on both simulated and real
datasets, was conducted to assess the efficiency of the proposed estimator. The MSE and percent
relative efficiency (PRE’) were employed to compare the precision of the proposed estimator with that
of the usual ratio, product, regression, and other existing estimators. The study demonstrated that the
proposed improved class of exponential-type estimator yields better results compared to other existing
estimators, making it a reliable and more precise option for practical use.
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Appendix -1
Table 1. Parameters and distributions of study and auxiliary variables
Population Parameters and distributions of Parameters and distributions
the study Variable of the auxiliary variable

Population 2 =1,2,3

1 IR § 1 et .
fOn) = m%ul's le™ i f(xp,) = I(03) xp 03" e™*hi

Table 2. Properties of strata
Strata Study variable Auxiliary variable

Stratum 1 Y1 = 50 + y5; [ i S .
1 1 x; =15+ [(1- p)%yl)xli + Pxy1 <Sﬁ> Yii
1y
Stratum 2 ¥2i = 150 + y3; [ . S .
2 2 X = 100 + (1 - P;%yz)xzi + nyz (%) YVai
2y
Stratum 3 Y2 = 100 + y3; . S .
2t 3t x3; = 200 + /(1 - pg%yB)x3i + Pxy3 (%) Y3i
3y

Appendix- 2
N1<-600;N2<-600;N3<-600
n1<-100;n2<-100;n3<-100
N<-1800
R1<-0.8;R2<-0.7;R3<-0.9
Sx1<-4.7;5x2<-6.2; Sx3<-8.4
Sy1<-4.8;Sy2<-4.8;Sy3<-4.8
set.seed(12345)

Y _1<-rgamma(N1,1.5,1)+50
y1<-Y_1[order(Y_1)]
Y_2<-rgamma(N2,1.5,1)+100
y2<-Y_2[order(Y_2)]

Y _3<-rgamma(N3,1.5,1)+150
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y3<-Y_3[order(Y_3)]
X_1<-15+sqrt(1-R1"2)*rgamma(N1,0.3,1)+R1*(Sx1/Syl)*Y_1
x1<-X_1[order(X_1)]
X_2<-100+sgrt(1-R272)*rgamma(N2,0.3,1)+R2*(Sx2/Sy2)*Y_2
x2<-X_2[order(X_2)]
X_3<-200+sqrt(1-R3"2)*rgamma(N3,0.3,1)+R3*(Sx3/Sy3)*Y_3
x3<-X_3[order(X_3)]
Dfl<-chind(x1,y1);Df2<-cbind(x2,y2);Df3<-cbind(x3,y3)
#====mean

W<-¢(0.3333333,0.3333333,0.3333333)
W1<-(N1/N);W2<-(N2/N);W3<-(N3/N)
Xbar<-228.716;Ybar<-101.4751

d<-0.8126446

d1<-0.9999706

d2<-0.8126207

d3<-1.415815

d4<-0.9998337

d5<-0.9999706

d6<-0.8124975

d7<-(-0.8689623)

d8<-189.65

a<-1

b<-(N*Xbar)

set.seed(12345)

Mst<-NA;yst<-NA;xst<-NA;yr<-NA ;myr<-NA;yre<-NA;yp<-NA;myp<-NA;myre<-NA;yrt<-

NA;myrt<-NA;ypt<-NA;mypt<-NA;yd<-NA;myd<-NA;yrp<-NA;myrp<-NA;yer<-NA;myer<-

NA;ye<-NA;mye<-NA;yg<-NA;myg<-NA;yA<-NA;myA<-NA
for (i in 1:10000) {
ml<-c(sample(1:600,100,replace=F))
m2<-c(sample(1:600,100,replace=F))
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ma3<-c(sample(1:600,100,replace=F))
mal<-Dfl[m1,]
head(mal)
ma2<-Df2[m2,]
head(ma2)
ma3<-Df3[m3,]
head(ma3)
maal<-as.data.frame(mal)
maa2<-as.data.frame(ma2)
maa3<-as.data.frame(ma3)
yll<-mean(maall,2])
y22<-mean(maa2[,2])
y33<-mean(maa3[,2])
x11<-mean(maal[,1])
x22<-mean(maa2[,1])
x33<-mean(maa3|[,1])
yst[i]<-W[1]*y11+W[2]*y22+W][3]*y33
mst[i]<-(yst[i]-Ybar)"2
xst[i]<-W[1]*x11+W[2]*x22+W[3]*x33
yr[i]<-yst[i]*(Xbar/xst[i])
myr[i]<-(yr[i]-Ybar)"2
yp[i]<-yst[i]*(xst[i]/Xbar)
mypl[i]<-(yp[i]-Ybar)"2
yre[i]<-yst[i]+(d*(Xbar-xst[i]))
myre[i]<-(yre[i]-Ybar)"2
yrt[i]<-yst[i]*(exp((Xbar-xst[i])/(Xbar+xst[i])))
myrt[i]<-(yrt[i]-Ybar)"2
ypt[i]<-yst[i]*(exp((xst[i]-Xbar)/(xst[i]+XDbar)))
mypt[i]<-(ypt[i]-Ybar)*2
yd[i]<-(d1*yst[i])+(d2*(Xbar-xst[i]))
myd[i]<-(yd[i]-Ybar)"2
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yrp[i]<-yst[i]*((d3*(Xbar/xst[i]))+((1-d3)*(xst[i]/Xbar)))
myrp[i]<-(yrp[i]-Ybar)"2
yer[i]<-d4*yst[i]*(exp((Xbar-xst[i])/(Xbar+xst[i])))
myer[i]<-(yer[i]-Ybar)"2
ye[i]<-yst[i]*(exp((a*(Xbar-xst[i]))/((a*(Xbar+xst[i]))+2*b)))
mye[i]<-(ye[i]-Ybar)"2
yg[i]<-((d5*yst[i])+(d6*(Xbar-xst[i])))* (exp((a*(Xbar-xst[i]))/((a*(Xbar+xst[i]))+2*h)))
myg[i]<-(yg[i]-Ybar)"2
yA[i]<-((d7*yst[i])+(d8*((xst[i])/Xbar)))*(exp((a*(Xbar-xst[i]))/((a*(Xbar+xst[i]))+2*b)))
myA[i]<-(yAli]-Ybar)"2
}
msel<-mean(mst)

MSE1<-1/10000*sum(myr);MSE2<-1/10000*sum(myp); MSE3-1/10000*sum(myre); MSE4<-
1/10000*sum(myrt); MSE5<-1/10000*sum(mypt); MSE6<-1/10000*sum(myd);MSE7<-
1/10000*sum(myrp);MSE8<-1/10000*sum(myer);MSE9<-1/10000*sum(myg);MSE10<-
1/10000*sum(myA); MSE11<1/10000*sum(mye)

prel<-(msel/MSE1) *100; pre2<-(msel/MSE2)*100;.............. prel1<-(msel/MSE11)*100
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