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Abstract: Classical set theory failed to cover non-probabilistic uncertain situations in to
the set format, but fuzzy set theory can do this job perfectly with the fuzzy number of
vagueness of non-probabilistic uncertainty. Topologist adopt this fuzzy set and fit in to
the topological concepts to extent and apply their innovations for the needs and growth of
the humans. Even though the fuzzy concept convert every situation, it hire the concept of
intuitionistic fuzzy set to evident the importance of non-membership of the situation.
Pythagorean fuzzy set is one of by membership and non-membership, more forceful to
seize indeterminacy to cover the uncertain situations which are unable to covered by
intuitionistic fuzzy sets. Then any Intuitionistic fuzzy subset or Phythagorean fuzzy
subset of a set can be considered as Fermatean fuzzy subset, we observe that any
Intuitionstic fuzzy topological space or Phythagorean fuzzy topological space is a
Fermatean fuzzy topological space as well. In this paper, we contribute our concept of &
(resp. 8P, 8S, da, 8B )-homeomorphism, C -homeomorphism in Fermatean fuzzy
topological spaces and the properties for the Fermatean field of fuzzy topological spaces.
To register importance of Fermatean fuzzy sets we applied a proposed entropy measure
for multiple criteria decision making problem.

Keywords: Fermatean fuzzy homeomorphism, Fermatean fuzzy C - homeomorphism,
entropy measure.
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1 Introduction

Fuzzy sets were introduced Zadeh [15] in 1965. The fuzzy set concept was the basis of mathematical
testing of the fuzzy concept that exists in our real world and the formation of new branches in

mathematics. The fuzzy set concept corresponding to unexplained physical situations gives useful
applications on many topics such as statistics, data processing and linguistics. A lot of research has
been done on this subject since 1965. In 1968, Chang [6] defined the concept of fuzzy topological
space and generalized some basic notions of topology such as open set, closed set, continuity and
compactness to fuzzy topological spaces. The idea of intuitionistic fuzzy set was first published by
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Atanassov [1] and many works by the same author and his colleagues appeared in the literature [2, 5].
Coker [7] initiated a study of intuitionistic fuzzy topological spaces. Later Yager [13] launched a non
standard fuzzy set referred to as Phythagorean fuzzy set. Olgun et al., [9] defined a Phythagorean fuzzy
topological spaces. Fermatean fuzzy sets proposed by Senapati and Yager in 2020 [10], can handle
uncertain information more easily in the process of decision making. They defined basic operations
over the Fermatean fuzzy sets. Hariwan Z. Ibrahim defined a Fermatean fuzzy topological spaces and
the continuity of a function defind among Fermatean fuzzy topological spaces.

The aim of this paper is as follows. In Section 2, some basic definitions of fs’s, ifs’s, pfs’s and
Fermatean fuzzy sets are briefly reviewed. In section 3 and 4, we develop the concept of some stronger
and weaker forms of Fermatean fuzzy §f homeomorphism and C-homeomorphism in Fermatean
fuzzy topological spaces and also specialized some of their basic properties with examples. Entropy
measure was introduced by Zadeh [16] for classical fuzzy sets. Many authors developed and created
for their version of entropy measure. Here in section 5, we introduce entropy measure for Fermatean
fuzzy sets and give an example for the decision making in real life problem. Finally we conclude in
section 6.

2 Preliminaries
We recall some basic notions of fuzzy sets, IFS’s, PFS’s and FFs’s.

Definition 2.1 [15] Let X be a nonempty set. A fuzzy set A in X is characterized by a membership
function py: X = [0,1]. That is:

1, if xeX
pa(x) = {0, if x¢X
(0,1) ifxispartlyin X.
Alternatively, a fuzzy set A in X is an object having the form A = {< x, yuy(x) > |x € X} or A =
{(”AT(X)> |x € X}, where the function py(x): X — [0,1] defines the degree of membership of the

element, x € X.

The closer the membership value p,(x) to 1, the more x belongs to A, where the grades 1 and 0
represent full membership and full nonmembership. Fuzzy set is a collection of objects with graded
membership, that is, having degree of membership. Fuzzy set is an extension of the classical notion of
set. In classical set theory, the membership of elements in a set is assessed in a binary terms according
to a bivalent condition; an element either belongs or does not belong to the set. Classical bivalent sets
are in fuzzy set theory called crisp sets. Fuzzy sets are generalized classical sets, since the indicator
function of classical sets is special cases of the membership functions of fuzzy sets, if the latter only
take values 0 or 1. Fuzzy sets theory permits the gradual assessment of the membership of element in
a set; this is described with the aid of a membership function valued in the real unit interval [0,1].

Let us consider two examples:

(1) all employees of XYZ who are over 1.8m in height; (i1) all employees of XYZ who are tall. The
first example is a classical set with a universe (all XYZ employees) and a membership rule that divides
the universe into members (those over 1.8m) and nonmembers. The second example is a fuzzy set,
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because some employees are definitely in the set and some are definitely not in the set, but some are
borderline.

This distinction between the ins, the outs, and the borderline is made more exact by the membership
function, u. If we return to our second example and let A represent the fuzzy set of all tall employees
and x represent a member of the universe X (i.e. all employees), then p,(x) wouldbe py(x) =1 if
x is definitely tall or py(x) = 0 if x is definitely not tall or 0 < py(x) < 1 for borderline cases.

Definition 2.2 /1] The intuitionistic fuzzy sets are defined on a non-empty sets X as objects having
the form I = {(x, a;(x), f;(x)):x € X}, where a;(x): X = [0,1] and B;(x): X = [0,1] denote the
degree of memebership and the degree of non-memebership of each element x € X to the set I,
respectively, and 0 < a;(x) + B;(x) <1, forall x € X.

Definition 2.3 [/, 2, 3, 4] Let a nonempty set X be fixed. An IFS A in X is an object having the
form: A ={< x,us(x),4(x)>|x€X} or A= {<M> |x € X}, where the functions

Ua(x): X = [0,1] and A4(x): X — [0,1] define the degree of membership and the degree of
nonmembership, respectively, of the element x € X to A, which is a subset of X, and for every x €
X: 0 < pug(x) +A4(x) < 1. Foreach A in X: ma(x) =1 — ps(x) — A4(x) is the intuitionistic fuzzy
set index or hesitation margin of x in X. The hesitation margin ma(Xx) is the degree of
nondeterminacy of x € X to the set A and m4(x) € [0,1]. The hesitation margin is the function that
expresses lack of knowledge of whether x € X or x & X. Thus: pa(x) + A4(x) + ma(x) = 1.

Example 2.1 Let X = {x,y,z} be a fixed universe of discourse and A = {<0'6'0'1> , <0'8’0'1> , <0'5'0'3>},

x y z
be the intuitionistic fuzzy set in X. The hesitation margins of the elements x,y,z to A are as follows:
ma(x) = 0.3, m4(y) = 0.1 and my(z) = 0.2.

Definition 2.4 /12, 13, 14] Let X be a universal set. Then, a Pythagorean fuzzy set A, which is a set
of ordered pairs over X, is defined by the following: A = {< x,us(x),A4(x)|x € X} or A=
{<M> |x € X}, where the functions pys(x): X = [0,1] and A4(x): X = [0,1] define the degree
of membership and the degree of nonmembership, respectively, of the element x € X to A, which is a
subset of X, and for every x €X, 0< (ua(x))?+ (14(x))? < 1. Supposing (us(x))?* +
(M(x)? <1, then there is a degree of indeterminacy of x € X to A defined by my(x) =
V1= (a2 + (a())?] and mu(x) € [0,1] . In what follows, (1a(x))* + (2a(x))* +
(4 (x))? = 1. Otherwise, ma(x) = 0 whenever (us(x))? + (A4(x))? = 1. We denote the set of all
PFS’s over X by pfs(X).

Definition 2.5 [10] Let X be a universe of discourse. A Fermatean fuzzy set (§Fs) F in X is an
object having the form F = {< x, ag(x), Br(x) >:x € X} where ap(x):X = [0,1] and Br(x):X =
[0,1], including the condition 0 < (ap(x))3 + (Br(x))® < 1, for all x € X. The numbers ap(x) and
Br(x) denote, respectively, the degree of memebership and the degree of non-memebership of the

element x in the set F. For any §Fs F and x € X, mp(x) = 1 —[(ar(%))3 — (Br(x))3] is

identified as the degree of interminancy of x to F. In the interest of simplicity, we shall mention the
symbol F = (ap, fr) forthe §Fs F = {< x,ap(x), Br(x):x € X}.
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Definition 2.6 [10] Let F = (ag, fr), F1 = (ap,Br,) and F, = (ap,, Pr,), be three Fermatean
fuzzy sets (§Fs’s), then their operations are defined as follows: [(i)]

1. F nF, = (min{ag,, ag,}, max{Br,, Pr,})-
2. F UF, = (max{ag,, ag,}, min{Bg,, Br,})-

3. F¢= (ﬂp, ap).
Remark 2.1 [_fafpl = an and ﬁFl = ’BFZ’ then F1 = F2

Note that, for understanding the Fermatean fuzzy set better, we give an instance to illuminate the
understandability of the Fermatean fuzzy set. The point when someone needs will plan as much
craving for the level for an alternative s; on a criterion C;, he might provide for the degree on which
that alternative s; fulfils those criteria C; likewise 0.85, what is more correspondingly the elective s;
dissatisfies the criterion C; similarly as 0.65. We can definitely get 0.85+ 0.65 = 1.5 > 1, and,
therefore, it does not follow the condition of intuitionistic fuzzy sets. Also, we can get (0.85)% +
(0.65)% = 0.7225 + 0.4225 = 1.145 > 1, which does not obey the constraint condition of
Pythagorean fuzzy set. However, we can get (0.85)3 + (0.65)3 = 0.614125 + 0.274625 =
0.88875 < 1, which is good enough to apply the Fermatean fuzzy set to control it [10]. Throughout
this paper, we use the notation 1g for the Fermatean fuzzy subset (1,0) and we use the notation Og
for the Fermatean fuzzy subset (0,1), that is, a;, =1, 313 =0, ap, =0, ,8% = 1. A Fermatean
fuzzy subset & of a non-empty set X is a pair (ag, fg) of a membership function (ag(x):X — [0,1]
and a non-membership function (Bg(x):X — [0,1] with (ag(x))* + (Bx(x))? = (y3(x))? for any
x € X where yg(x):X — [0,1] is a function which is called the strength of commitment at point x.

Definition 2.7 /8] Let X be a non empty set and t be a family of Fermatean fuzzy subsets of X. If
1. 1%, 0% ET
2. forany Fj,F, € t,wehave F; N F, €1,

3. for any {F;};e; € 7, we have U;¢; F; € T where [ is an arbitrary index set then 7 is called a
Fermatean fuzzy topology on X.

The pair (X, 7) is said to be a Fermatean fuzzy topological space. Each member of 7 is called an
Fermatean fuzzy oprn set. The complement of an Fermatean fuzzy open set is called a Fermatean fuzzy
closed set.

Remark 2.2 /8] As any Intuitionistic fuzzy subset or Phythagorean fuzzy subset of a set can be
considered as Fermatean fuzzy subset, we observe that any Intuitionstic fuzzy topological space or
Phythagorean fuzzy topological space is a Fermatean fuzzy topological space as well. On the other
hand, it is obvious that a Fermatean fuzzy topological space need not be Intuitionistic fuzzy
topological space and Phythagorean fuzzy topological space. Even an Fermatean fuzzy open set maybe
neither an Intuitionistic fuzzy set nor Phythagorean fuzzy set.

Example 2.2 /8] Let X = {cq,c,}. Consider the following family Fermatean fuzzy subsets T =
{13, Og, F1, F2} where
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Fy = {{c1, aFl(Cl) =04, ﬁFl(Cl) = 0-6>»<C2,a1~"1(02) =01, :BFl(CZ) = 0.3)}

and F2 = {(Cli O(FZ (Cl) = 09, ﬁFZ (Cl) = 06), <C2, Olpz (Cz) = 02, ﬁFZ (Cz) = 03)} . Obsel"\/e that
(X, 1) is a Fermatean fuzzy topological space but (X, 1) is neither Intuitionistic fuzzy topological
space nor Phythagorean fuzzy topological space.

Definition 2.8 /8] Let (X,1) be an FFts and A = {< a,ay(a),Bs(a) > |a € X} be an FFs in
X. Then the Fermatean fuzzy interior and the Fermatean fuzzy closure of A are denoted by FFint(A)
and FFcl(A) and are defined as follows: FFint(A) =U{G|G isa FFosand G € A} and
FFcl(A) =N {K|K isa FFcs and A € K}. Also, it can be established that FFcl(A) is an FFcs and
IFint(A) is an FFos, A is an FFcs if and only if FFcl(A) = A and A is an FFos if and only if
JFint(A) = A. We say that A is FF-dense if FFcl(A) = 1g.

Lemma 2.1 /8] For any Fermatean fuzzy set A in (X,1), we have 1g — FFint(A) = FFcl(1lg —
A) and 1g — FFcl(A) = FFint(1g — A).
Definition 2.9 [71] Let (X,t) be an FFts and A be an FFs. Then A is said to be an Fermatean

fuzzy (i) regular open set (§Fros in short) if A = FFint(FFcl(A)). (ii) regular closed set (FFrcs
in short) if A = FFcl(FFint(A)). By Lemma 2.1, it follows that A is an FFros iff A is an FFrcs.

Definition 2.10 [/1] Let (X,7) be an FFts and A = {< a,a,(a),fs(a) > |a € X} be an FFs
in X. Then the §-interior and the §-closure of A are denoted by FFSint(A) and FFScl(A) and
are defined as follows. FFSint(A) =V {G|G is an FFros and G S A}, FFocl(A) =N {K|K is an
&Frcs and A € K}.

Definition 2.11 [71] Let (X,7) be an FFts and A = {< a,a,(a),fs(a) > |a € X} bean FFs in
X. A set A is said to be §F

1. §-open set (briefly, ¥Fdos) if A = FFdint(A),
2. 6-pre open set (briefly, FF6Pos) if A S FFint(FFcl(A)).
3. &-semi open set (briefly, FFdSos) if A € FFcl(FFJint(A)).

4. 6 - a open set or a -open set (briefly, FFSaos or FFaos ) if AC
FFint(FFcl(FFdint(A))).

5. 6 - f open set or e* -open set (briefly, FFSPos or FFe'os ) if AC
FFcl(FFint(FFcl(A))).

6. 6 (resp. 6 -pre, & -semi, 6 - @« and & - B ) dense if FFSIcl(A) (resp.
FFopcl(A), FFOScl(A), FFbacl(A) and FFSPcl(A)) = 15.
The complement of an FFdos (resp. FFOPos, FFoSos, FFdaos and FFSLos) is called an FFS

(resp. FFOP,FFSS, FFéa and FFSL) closed set (briefly, FFdcs  (resp.
FFO6Pcs, FF6Scs, FFdacs and FFSPcs)) in X.

The family of all FFdos (resp. FFocs, FFOPos, FFSPcs, FFoSos, FFSScs, FFdaos,
FFbacs, FFSBos and FFSPcs) of X is denoted by FFSOS(X) (resp. FFSCS(X), FFSPOS(X),
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FFSPCS(X), FF6S0S(X), FFESCS(X), FF6a0S(X), FFSaCS(X), FFSLOS(X) and
FFIBCS(X)).

Definition 2.12 [11] Let (X,t) bean FFts and A = {< a,a,(a),Ba(a) > |a € X} be an FFs in
X. Then the FF6-pre (resp. FFE-semi, FFSa and FFIP)-interior and the FFE -pre (resp.
TF6-semi, FFéa and FFOSL)-closure of A are denoted by FFSPint(A) (resp. FFSSint(A),
IFoaint(A) and FFSBint(A)) and the FFOSPcl(A) (resp. FFEScl(A), FFbdacl(A) and
TFOLcl(A)) and are defined as follows:

FFSPint(A) (resp. FFoSint(4), FFSaint(A) and FFSLint(A)) =U {G|G in a FFSPos (resp.
FF8Sos, FFSaos and FFS6Bos) and G < A} and FFSPcl(A) (resp. FFEScl(A), FFSacl(A)
and FFOLcl(A)) =N {K|K is an FFSPcs (resp. FFIScs, FFdacs, FF6Lcs) and A € K}.

3 Fermatean fuzzy 6£-homeomorphism

In this section, we introduce Fermatean fuzzy & (resp. & pre, 8 semi, Sda and
6)-homeomorphism and discuss some of their properties.

Definition 3.1 Let (X1,7,) and (X3,7;) be two FFts’s. Then a function hg:(Xy,71) = (X3, 72)
is said to be a Fermatean fuzzy & (resp. & pre, & semi, Sa and 6f3) continuous (briefly, FFSCts
(resp. FFOPCts, FFSSCts, FFSalCts and FFSLCts)) function if h%?l(G) is §Fbo (resp.
FFO6Po, FF6So, FFdao & FF6Po) setin X, for all FFo set G in Xs.

Definition 3.2 Let (X1,71) & (X3, 7,) be a FFts’s. A mapping hp: (X1,71) = (X5, T3) is said to
be a Fermatean fuzzy (resp. 8, 6P, &S, da & 6B or e*)- open map (briefly, FFO (resp. FFSO0,
FFOPO, FFISO, FFba0, & FFSL0 or FFe*0)) if the image of every FFos in X, is a FFos
(resp. FFbos, FFSPos, FFéSos, FFéaos & FFSLos or FFe*os) in Xs.

Definition 3.3 A4 bijection hg: (X;,71) = (X3, 7,) is called a Fermatean fuzzy (resp. 6, da, 68,
6P & 6f or e*)-homeomorphism (briefly, FFHom (resp. FFSHom, FFSaHom, FFSSHom,
JFSPHom & FFSPHom or FFe"Hom)) if hg and hgl are FFCts (resp. FFICts, FFSalts,

FFO6SCts, FFOPCts & FFSPCts or FFe*Cts) mappings.

Theorem 3.1 Let (X1,71) & (X3, 72) bea FFts’s. Let hg: (Xq,T1) = (X3, T2) be amapping. Then
the following statements are hold for §Fts, but not conversely.

(i) Every §FSHom isa FFHom.

(i1) Every ¥FSHom isa FFSSHom.
(i11) Every FFSHom is a FFSPHom.
(iv) Every FFS6SHom isa FFSLHom.
(v) Every §FS6PHom isa FFSLHom.
(vi) Every §FdaHom isa FFSSHom.
(vii) Every §FdaHom isa FFSPHom.
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Proof. (i) Let hg be §FSHom, then hg and h{;l are FFAICts. But every FFSCts function is
FFCts. Hence, hg and hgl are §FCts. Therefore, hg isa FFHom.

(i) Let hg be FFSHom, then hg and hgl are FFO6Cts. But every FFICts function is FFOSCts.
Hence, hg and hgl are FFGSCts. Therefore, hg isa FFSSHom.

(i1i) Let hg be FFSHom, then hg and higl are FFO6Cts. But every FFSCts function is FFSPCts.
Hence, hg and hcgl are FFOPCts. Therefore, hg isa FFSPHom.

(iv) Let hg be FFSSHom, then hg and hcgl are FFISCts. But every FFSSCts function is
JFSPCts. Hence, hg and hgl are FFSPCts. Therefore, hg isa FFSLHom.

(v) Let hg be FFSPHom, then hg and hgl are FFOPCts. But every FFOPCts function is
JFSPCts. Hence, hg and hgl are FFOPBCts. Therefore, hg isa FFSLHom.

(vi) Let hg be FFSaHom, then hg and hcgl are FFoéaCts. But every FFdSalCts function is
FFSESCts. Hence, hg and h§1 are FFESCts. Therefore, hg isa FFSSHom.

vii) Let hg be FFSaHom, then hy and hi' are FFSaCts. But every FFSaCts function is
& (] ()
JFEPCts. Hence, hg and hgl are FFOPCts. Therefore, hg isa FFSPHom.

Example 3.1 Let X, =X, = X = {a,b} and the §Fs’s A;, A,, Az and A, are defined as
ay, (a) = 02,6, (a) =0.8,a,,(b) = 04,8, (b) = 0.6;
ay,(a) = 0.1,5,,(a) = 0.9,a,4,(b) = 0.3,84,(b) = 0.7;
ay,(a) =0.9,6,,(a) =0.1,a,4,(b) = 0.7, 4,(b) = 0.7;
ay,(a) =0.2,B,,(a) =0.8,a,,(b) =0.3,B,,(b) = 0.7;

Let 79 = 17, =7 = {0g, 15, A1, A3, A3, Ay} be a FFts on X and let hg: (X;,71) — (X3, 72) be an

identity function, Then hg is FFHom (resp. FFSFHom, FFSPHom and FFSPHom) but not
FFSHom (resp. FFO6SHom, FFSHom and FFSaHom). Since, A, is a FFo set in X, but
hz'(As) = Ay isnot FFSo (resp. FFSSo, FFSo and FFSao ) setin X;.

Example 3.2 Let X, =X, = X = {a,b} and the FFs’s A,, A,, Az and A, are defined as
ay, (a) = 04,6, (a) =0.6,a,,(b) =0.5,84, (b) =0.5;
ay,(a) = 0.6,B,,(a) = 0.4,a,,(b) = 0.6,5,,(b) = 0.4;
ay,(a) = 0.7,6,,(a) = 0.3,a,4,(b) = 0.6, 4,(b) = 0.4;
ay,(a) =0.4,B,,(a) =0.6,a,,(b) =0.4,B,,(b) = 0.6;

Let 7, =1, =7 = {Og, 15,41, A3, 43,44} be a FFts on X and let hg:(Xq,71) = (X, 72) be an
identity function, Then hg is FFSSHom but not FFSHom. Since, Az is a FFo set in X, but
hz'(A3) = Az is not FFSo setin X;.
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Example 3.3 Let X; = X, = X = {a,b} and the FFs’s Ay, A,, B; and B, are defined as
ay, (a) = 02,6, (a) =0.7,a4,(b) = 0.1, 4,(b) = 0.8;
ay,(a) = 0.3,6,,(a) = 0.6,a,4,(b) = 0.4,4,(b) = 0.5;
ap, (a) = 0.1,B5 (a) = 0.9,ap, (b) = 0.2, 85, (b) = 0.9;
as, (@) = 02, By, (@) = 0.3, a5, (b) = 0.4, B, (b) = 0.7;

Let 7, = {Og, 15,41, 43} and 7, = {Og, 1g, By, By} are Fts’son X and let hg: (X1,71) = (X3, 72)
be an identity function, Then hg is FFSFHom but not FFSPHom. Since, A, is a FFo set in X,
but hgl(Az) = A, isnot FFSPo setin Xj.

Theorem 3.2 Let hg: (X1,71) = (X3, T2) be a bijective mapping. If hg is FFCts (resp. FFOCts,
FFbdalts, FFISCts, FFOPCts & FFSLCts), then the followings statements are equivalent:
(i) hg isa FFC (resp. FFEC, FFbal, FFESC, FFSPC & FFSLC or FFe () mapping.
(i) hg isa FFO (resp. FF60, FFba0, FFES0, FFOPO & FFSL0 or FFe™ () mapping.
(1i1) hgl is a FFHom (resp. FFSHom, FFdSaHom, FF6SHom, FFSPHom & FFSFLHom
or ¥Fe*Hom) .

Proof. (i) = (ii) : Assume that hg is a bijective mapping and a FFSFC mapping. Hence, hcgl is a
FFSBCts mapping. We know that each FFos in (X;,71) isa FFSFos in (X3, 1,). Hence, hg isa
FFS6L0 mapping.

(it) = (iii) : Let hg be a bijective and FFSF0 mapping. Further, hgl is a FFSPCts mapping.
Hence, hg and hgl are FFOPCts. Therefore, hg isa FFSLHom.

(iii) = (1): Let hg be a FFSPHom. Then hg and hgl are FFSPCts. Since each FFIcs in
(X1,71) is FFces in (X1,71) isa FFEPcs in (X3,73), hg isa FFSBLC mapping. The proof of other
cases are similar.

Definition 3.4 A4 FFts (X, 1) is said to be a Fermatean fuzzy aT1 (resp. 68ST1, 6PT1 and 6BT1)
2 2 2 2
(briefly, ¥FSaT1 (resp. FFOST1, FFOPT1 and FFOSLT1))-space if every FFdacs (resp.
2 2 2 2
FF6Scs, FFOPcs, and FFSPcs) is FFcs in (X, T).

Theorem 3.3 Let hg:(X1,71) = (X2, 72) be a FFSaHom (resp. FFSSHom, FFSPHom &
JFSPHom or §Fe*Hom). Then hg is a FFHom if (Xy,71) and (X2, T2) are FFSaTs (resp.
2

FFOST1, FFOPT1 and FFSPT1)-space.
2 2 2
Proof. Assume that K is a §Fcs in (X,,7,). Then hgl(K) is a §F6fcs in (Xq,71). Since
(X1,71) 1s a FFSPT1 -space, hgl(K) is a §Fcs in (Xy,71). Therefore, hg is FFCts. By
2
hypothesis, hcgl is FFS6PCts. Let L be a FFcs in (X1,71). Then, (hcgl)_l(L) = hg(L) is a FFcs
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in (X3,73), by presumption. Since (X3,7;) is a FFSBT1-space, hg(L) is a FFcs in (X, 13).
2
Hence, hg 1 is §FCts. Hence, hg is a §FHom. Proof of other cases are similar.
Theorem 3.4 Let hg:(Xy,71) = (X3,72) be a mapping. Then the following are equivalent if
(X2,73) isa FFSaT1 (resp. FFOST1, FFOSPT1 and FFSLT1)-space:
2 2 2 2
(i) hg is FFbaC (resp. FFISC, FFSPC and FFSLC) mapping.

(i) If K is a §Fos in (Xy,7q), then hg(Xy,71) is FFéaos (resp. FFbSos, FFSPos and
FF6Pos) in (X, 15).

(iii) hg(FFint(K)) € FFcl(FFint(hg(K))) forevery FFs K in (Xq,71).
Proof. (i) = (ii): Obvious.

(i1)) = (iii): Let K be a §Fs in (X;,71). Then, FFint(K) is a FFos in (Xy,74). Then,
hg(FFint(K) is a FFSPos in (X, 72). Since (Xp,7,) is a FFEPT1-space, so hg(FFint(K)) is
2

agFos in (X,,15).
Therefore, hg(gﬂfint(l()) = Fint (hg(%Tint(K))) C FFcl(FFint(hg(K))).

(iii) = (i): Let K be a FFcs in (Xy,71). Then, K¢ is a FFos in (Xq,7,). From, hg(FFint(K))

C FFcl(FFint(hg(K))), hg((K)9) € FFcl(FFint(hg(K)©)). Therefore, hg((K)°) is FFSPos
in (X3, 73). Therefore, hg(K) isa FFSPcs in (X1,7,1). Hence, hg isa FFC mapping. The proof of
other cases are similar.

Theorem 3.5 Let hg: (Xy,71) = (X3,72) and gg: (X3, 73) = (X3,73) be FFdaC (resp. FFOSC,
FFOPC and FFSLC), where (X1,t1) and (X3,73) are two FFts’s and (X5, T,) a FFST1 (resp.
2
JF6aT1, FF6ST1, FFOPT1 and FFSLT1)-space, then the composition gg o hg is FFSaC (resp.
2 2 2 2
FFOSC, FFOSPC and FFSLC).

Proof. Let K bea FFcs in (X1,71). Since hg is FFSBC and hg(K) isa FFSBcs in (X3, 72), by
assumption, hg(K) is a FFcs in (X, 73). Since gg is FFOPC, then gg(hg(K)) is FFSPcs in
(X3,73) and gg(hg(K)) = (gg ° hg)(K). Therefore, gg o hg is FFSBC.

Theorem 3.6 Let hg: (X1,71) = (X2, T2) and gg: (X3, T3) = (X3,73) be two FFts's, then the
following hold:

(1) If ggohg is FFE0 (resp. FFba0, FFES0, FF6PO and FFS6B0) and hg is FFCts,
then gg is FFS0 (resp. FFoa0, FF6SO, FFS6PO and FFSL0).

(i) If ggohg is FFO and gg is FF6Cts (resp. FFbalts, FFESCts, FFOPCts and
JFSEPCts), then hg is FFE0 (resp. FFoa0, FFES0, FFSPO and FFSL0).

Proof. (i) Let K bea FFos in (X, 72). As hg is FFCts mapping, hgl(l() is §Fos in (Xq,74).

As gg o hg is FFSPO mapping, (gg © h%)(hgl(l()) = g%(hc&(hgl(l())) = gg(K) is FFSPos in
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(X3,73). Thus hg is FFSF0 mapping.
The other case is similar.
4 Fermatean fuzzy §£-C homeomorphism

Definition 4.1 A bijection hg: (X1,71) = (X, 73) is called a Fermatean fuzzy (resp. 8, éa, 88,
6P & 6f or e*)-C homeomorphism (briefly, FFCHom (resp. FFSCHom, FFSaCHom,
FFSSCHom, FFSPCHom & FFSPCHom or FFe*CHom)) if hg and hgl are FFIrr (resp.
SFolrr, FFSalrr, FFSSIrr, FFOSPIrr & FFSPIrr or FFe*Irr) mappings.

Theorem 4.1 FEach FFHom (resp. FFSHom, FFéSaCHom, FFSSCHom, FFSPCHom &
FFSBCHom or FFe*CHom ) is a FFCHom (resp. FFSCHom, FFSaHom, FFSSHom,
FFOSPHom & FFSPHom or FFe*Hom). But not conversely.

Proof. Let us assume that K be a §Fdcs in (X, 75) is FFcs. This shows that K is a FFSLcs in
(X5, 72). By assumption, hgl(K) is a §F6fcs in (X1,7,). Hence, hg is a FFSLCts mapping.
Hence, hg and hgl are FF6PCts mappings. Hence hg is a FFSLHom. The proof of other cases

are similar.
Example 4.1 Let X, = X, = X = {a, b} and the FFs’s Ay, A,, Az and A, are defined as

aAl(a) = O.Z,,BAl(a) = 08, aAl(b) = 04‘,ﬁA1(b) = 06,

aAz(a) = 0.1,ﬁA2(a) = 09, aAz(b) = 03,,BA2(b) = 07,

aAs(a) = 0'9’ﬁA3 (a) = 01, CZAS(b) = 07I18A3(b) = 03,

ay,(a) =0.2,B,,(a) =0.8,a,,(b) =0.3,B,,(b) =0.7;
Let T1 ={O%, 1%,A1,A2,A3,A4}, Ty, = {0%, 1%,A1,A2,A3} be a 8:]:'1:5 on X1 and Xz, and let
hg: (X1,T1) = (X3,73) be an identity function, Then hg is FFCHom (resp. FFSCHom) but not
FFHom (resp. FFSHom). Since, A, isa FFo setin X; but (hgl)‘l(A4) = A, isnot FFo (resp.
&Fbo )setin X,.
Theorem 4.2 If hg:(Xy,71) — (Xp,72) is a FFSBCHom , then %T&ﬂcl(hgl(l()) c
hgl(‘{y}"cl(l()) foreach ¥Fs K in (X, 13).
Proof. Let K be a ¥Fs in (X,,7,). Then, FFcl(K) is a FFcs in (X,,7,), and every FFcs is a
FFS6Pcs in (X3,T,). Assume hg is FFSLIrr and hcgl({’ﬂ-"cl(l()) is a §FSPBcs in (X1, 71). Then,
?;Tcl(hgl(‘{sﬁ?’cl(l())) = hgl(‘{f;Tcl(K)).

Here, §Fopcl (h5'(K)) € §Fopcl (h5 (FFcl(K))) = hg (FFcl(K)).
Therefore, §F6pcl (h5'(K)) € hg*(FFcl(K)) for every §Fs K in (X, 15).

Theorem 4.3 Let hg:(X1,71) = (X2,72) be a FFSPCHom . Then c&9-"6,8cl(h%?1(1())=
h%?l({(;TS,Bcl(K)) foreach §Fs K in (X3,75).
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Proof. Since hg is a FF6PCHom, hg is a FFSLIrr mapping. Let K be a FFs in (X, 72).
Clearly, FF6Pcl(K) isa FF6Pcs in (X,,T2). Then FFSPcl(K) isa FFSPcs in (X,, T3).

Since  hz'(K) € hz" (FFSBcl(K)), then FFSBcl (hgl(K)) C FFSPcl (hg' (FFSPcl(K))) =
h5 (FFOBCl(K)). Therefore, FF SBcl(hz (K)) € hz*(FFSPCL(K)). Let hy be a FFSEC Hom.
hg' is a FFSPIrr mapping. Let us consider FFs hg'(K) in (Xy,7;), which implies
FFSBcl(hg' (K)) is a FFSPcs in (Xy,7q). Hence, FFSPcl(hz'(K)) is a FFSPcs in (X1,71).
This implies that (h5%)~(FFBcl(hz (K))) = hy(FFSBcl(h3 (K))) isa FFSBes in (X, 73).

This proves K = (h3) " (h5'(K)) € (h3Y) " (FFSBcl(hz (K))) = hy(FFSBcl(h5 (K)))
Therefore, FFSBCL(K) € FFSPcl(hy (FFSBCl(hz (K)))) = hy(FFSBcl(hz(K))). since h3? isa
FFSBIrr mapping. Hence, hz'(FFSFCl(K)) € h3t(hg(FFSBel(hz (K)))) = FFSPcl(hz*(K)).
That is, hz' (FFSPcl(K)) S FFSBcl(hz'(K)). Hence, FFSBcl(hg' (K)) = hz (FFSBcl(K)).

Remark 4.1 Theorems 4.2 and 4.3 are also true if hg is a FFCHom (resp. FF6CHom,
FFdaCHom, FFSSCHom & FFSPCHom.)

Theorem 4.4 If hg: (Xy,71) = (X3, 72) and gg: (X3, 73) = (X3,73) are FFCHom (resp. FFS
CHom, §FSaCHom, FFSSCHom, FFSPCHom & FFSLCHom or FFe*CHom)'’s, then gg ° hg
is a FFCHom (resp. FFSCHom, FFSaCHom, FFSSCHom, FFSPCHom & FFSPCHom or
FFe*CHom).

Proof. Let hg and gg be two FFSLCHom’s. Assume K is a FFSFcs in (X3,73). Then, gcgl(l()
is a FFSPcs in (X, 72). Then, by hypothesis, hz'(gz'(K)) is a FFSPcs in (Xq,71). Hence, gg o
hg isa FFS6PIrr mapping. Now, let K bea FFSBcs in (X4, 7). Then, by presumption, hg(K) isa
JFEPcs in (X3,72). Then, by hypothesis, gg(hg(K)) is a FFSFcs in (X3,73). This implies that
gg © hg is a FFSPIrr mapping. Hence, gg © hg is a FFSFLCHom. The proof of other cases are
similar.

5 Application

Entropy as a measure of fuzziness was first proposed by Zadeh [16]. Later many mathematicians
defined several entropy measures. In this section, we focus on defining an entropy measure for gfs
that connects the degree of membership and non-membership. As an example, we have applied the
proposed entropy measure in the field of decision making.

Definition 5.1 Let A = {< x, uy(x), 4(x)|x € X} bea Ffs in U. The new entropy measure for A

denoted by egrs(A), is a function, &€xpsiTgps(U) = [0,1] and is defined as exps(A) =1—
%Z?zl (a — Aa)?; forevery'x; € A, where tg.5(U) denote the family of all Ffs’s on U.

Example 5.1 Assume that a certain Institution wants to assign a permanent faculty member from the
set of candidates {P;,P,, P3, Py, Ps}. For this, the Institution authorities consider the following four
criteria C = {C;:i = 1,2,3,4}, where: o C(C; represents the number of research publications,

conferences and FDP participated, » C, represents the teaching experience, » C3 represents the
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regularity and punctuality, ¢ C, represents the behavior with students through the class.

After a deep discussion, a committee (forms by the Institution authorities) proposed a performance of
these candidates environment as given in Table. Every ordered pair given in Table represents the
membership and non-membership degrees of a candidate corresponding criteria (or attribute). Assume
that the proposed approach for accessing the best candidate with appreciation to every criterion
provided the committee. Then, we compute the entropy measure for each candidate to decide who is
the optimal candidate(s).

Table 1. Selection criteria for the candidates.

Person 2 (P2)

Person 1 (P1) Person 3 (P3)  |Person 4 (P4)  |Person 5 (P5)

(C)

< (1,P1;0.3,0.7
>

< (1,P2;0.7,0.2
>

< (1,P3;0.2,0.3
>

< (C1,P4;0.3,0.4
>

< (1,P5;0.1,0.3
>

(C2)

<(2,P1;0.7,0.6
>

<(C2,P2;0.7,0.1
>

< (2,P3;0.7,0.5
>

< (2,P4;0.3,0.4
>

< (2,P5;0.2,0.7
>

(C3)

< (3,P1;0.3,0.2
>

< (3,P2;0.2,0.4
>

< (C3,P3;0.9,0.2
>

< (3,P4;0.2,0.5
>

< (3,P5;0.6,0.2
>

(C4)

< (C4,P1;0.1,0.7

< (4,P2;0.3,0.3

< (4,P3;0.1,0.3

< (4,P4;0.5,0.1

< (4,P5;0.1,0.9

> > > > >

Clearly, all values in the Table 1 are FFs’s. Now we calculate the &gz of each value.

Table 2. Entropy measure of each candidate based on their criteria.

Person 1 (P1) [Person 2 (P2) [Person 3 (P3) [Person 4 (P4) [Person 5 (P5)
(C1) 0.84 0.75 0.99 0.99 0.96
(C2) 0.99 0.64 0.96 0.99 0.75
(C3) 0.99 0.96 0.51 0.91 0.84
(C4) 0.64 1.0 0.96 0.84 0.36

From Table 2, it is clear that,

gg7s(C1, P2) < eg75(C1,P1) < £575(C1, PS) < e575(C1,P3) < £5¢5(C1, P4)
Similarly

ggrs(C2,P2) < &575(C2,P5) < eg575(C2, P3) < egrs(C2, P1) < e575(C2, P4)

ggrs(C3,P3) < &575(C3,P5) < eg75(C3, P4) < egrs(C3,P2) < £5£4(C3,P1)

Egrs(C4, P5) < &575(C4,P1) < eg7s(C4, P4) < egrs(C4,P3) < &575(C4,P2)
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It is clear that based on the criteria 1 and 2, person 2 be the selection for the permanent post, criteria 3,
person 3 be the selection for the permanent post, criteria 4, person 5 be the selection for the permanent
post.

6 Conclusion

Fuzzy Topological spaces are the classical Topological spaces which characterises the membership
values alone. Intuitionistic Fuzzy topological spaces portates the membership as well as the
non-membership values. Pythagorean fuzzy topological spaces extent its arm to cover the missed ones
of the Intuitionistic fuzzy topological spaces. Fermatean fuzzy topological spaces shorten the
Pythagorean fuzzy sets of any cardinality in to a tiny set which represents the same in nano
approximation with boundary space. Our contribution to this area is the concepts of FFSLHom,
FFSBCHom and FFSPT1-space and derived some of its related characteristics. Finally applied a

2

entropy measure to the multiple criteria decision making with the help of Fermatean fuzzy sets. In
future we will employee some entropy or any other measures for comparing in decision making to the
field of medical diagnosis and teaching learning process. We also takeup this idea into the diverse
fuzzy environment for real world application purpose.
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