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1 Introduction

Fuzzy sets were introduced Zadeh [15] in 1965. The fuzzy set concept was the basis of mathematical
testing of the fuzzy concept that exists in our real world and the formation of new branches in
mathematics. The fuzzy set concept corresponding to unexplained physical situations gives useful
applications on many topics such as statistics, data processing and linguistics. A lot of research has
been done on this subject since 1965. In 1968, Chang [6] defined the concept of fuzzy topological
space and generalized some basic notions of topology such as open set, closed set, continuity and
compactness to fuzzy topological spaces. The idea of intuitionistic fuzzy set was first published by
Atanassov [1] and many works by the same author and his colleagues appeared in the literature [2, 5].
Coker [7] initiated a study of intuitionistic fuzzy topological spaces. Later Yager [13] launched a non
standard fuzzy set referred to as Pythagorean fuzzy set. Olgun et al., [9] defined a Pythagorean fuzzy
topological spaces. Fermatean fuzzy sets proposed by Senapati and Yager in 2020 [10], can handle
uncertain information more easily in the process of decision making. They defined basic operations
over the Fermatean fuzzy sets. Hariwan Z. Ibrahim defined a Fermatean fuzzy topological spaces and
the continuity of a function defind among Fermatean fuzzy topological spaces.

The aim of this paper is as follows. In Section 2, some basic definitions of fs’s, ifs’s, pfs’s and
Fermatean fuzzy sets are briefly reviewed. In section 3 and 4, we develop the concept of some stronger
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and weaker forms of Fermatean fuzzy continuous and irresolute maps in Fermatean fuzzy topological
spaces and also specialized some of their basic properties with examples. In section 5, entropy measure
was introduced by Zadeh [16] for classical fuzzy sets. Many authors developed and created for their
version of entropy measure. Here we introduce entropy measure for Fermatean fuzzy sets and give an
example for the decision making in real life problem. The paper is concluded in section 6.

2 Preliminaries
We recall some basic notions of fuzzy sets, [FS’s, PFS’s and Fs’s.

Definition 2.1 [15] Let X be a nonempty set. A fuzzy set A in X is characterized by a membership
function py:X = [0,1]. That is:

1, if x€X
pa(x) = {0, if xe&X
(0,1) ifx ispartlyin X.
Alternatively, a fuzzy set A in X is an object having the form A = {< x, puy(x) > |[x € X} or A =

{<“AT(X)> |x € X }, where the function p,(x): X — [0,1] defines the degree of membership of the
element, x € X.

The closer the membership value p,(x) to 1, the more x belongs to A, where the grades 1 and 0
represent full membership and full nonmembership. Fuzzy set is a collection of objects with graded
membership, that is, having degree of membership. Fuzzy set is an extension of the classical notion of
set. In classical set theory, the membership of elements in a set is assessed in a binary terms according
to a bivalent condition; an element either belongs or does not belong to the set. Classical bivalent sets
are in fuzzy set theory called crisp sets. Fuzzy sets are generalized classical sets, since the indicator
function of classical sets is special cases of the membership functions of fuzzy sets, if the latter only
take values 0 or 1.Fuzzy sets theory permits the gradual assessment of the membership of element in
a set; this is described with the aid of a membership function valued in the real unit interval [0,1].

Let us consider two examples:

(1) all employees of XYZ who are over 1.8m in height; (ii) all employees of XYZ who are tall. The
first example is a classical set with a universe (all XYZ employees) and a membership rule that divides
the universe into members (those over 1.8m) and nonmembers. The second example is a fuzzy set,
because some employees are definitely in the set and some are definitely not in the set, but some are
borderline.

This distinction between the ins, the outs, and the borderline is made more exact by the membership
function, u. If we return to our second example and let A represent the fuzzy set of all tall employees
and x represent a member of the universe X (i.e. all employees), then py(x) wouldbe py(x) =1 if
x 1is definitely tall or uys(x) = 0 if x is definitely not tall or 0 < pu,(x) < 1 for borderline cases.

Definition 2.2 /1] The intuitionistic fuzzy sets are defined on a non-empty sets X as objects having
the form I = {(x, a;(x), f;(x)):x € X}, where a;(x):X = [0,1] and B;(x): X = [0,1] denote the
degree of memebership and the degree of non-memebership of each element x € X to the set I,
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respectively, and 0 < a;(x) + f;(x) < 1, forall x € X.
Definition 2.3 [/, 2, 3, 4] Let a nonempty set X be fixed. An IFS A in X is an object having the
form: A ={<x,us(x),4(x) >|x€X} or A= {<M> |x € X}, where the functions

Ua(x): X = [0,1] and A4(x): X — [0,1] define the degree of membership and the degree of
nonmembership, respectively, of the element x € X to A, which is a subset of X, and for every x €
X: 0<pus(x) + 4(x) < 1. Foreach A in X: ma(x) =1 — pa(x) — A4(x) is the intuitionistic fuzzy
set index or hesitation margin of x in X. The hesitation margin m4(x) is the degree of
nondeterminacy of x € X to the set A and my(x) € [0,1]. The hesitation margin is the function that
expresses lack of knowledge of whether x € X or x & X. Thus: ps(x) + A4(x) + ma(x) = 1.

Example 2.1 Let X = {x,y, z} be a fixed universe of discourse and A = {(0'6’0'1>, <0'8'0'1> , <0'5'0'3>},

x y z
be the intuitionistic fuzzy set in X. The hesitation margins of the elements x,y,z to A are as follows:
mya(x) = 0.3, m4(y) = 0.1 and m4(z) = 0.2.

Definition 2.4 [12, 13, 14] Let X be a universal set. Then, a Pythagorean fuzzy set A, which is a set
of ordered pairs over X, is defined by the following: A = {< x,us(x), 4(x)|x € X} or A=

{<M> |x € X}, where the functions pys(x): X = [0,1] and A4(x): X — [0,1] define the degree

of membership and the degree of nonmembership, respectively, of the element x € X to A, which is a
subset of X, and for every x €X, 0 < (ua(x))? + (M(x))* < 1. Supposing (pna(x))* +
(A4(x))% < 1, then there is a degree of indeterminacy of x € X to A defined by my(x) =
V1= [(paG))? + (A4 (x))2] and mu(x) €[0,1] . In what follows, (pa(x))? + (Aa(x))? +
(m4(x))? = 1. Otherwise, ma(x) = 0 whenever (us(x))? + (A4(x))? = 1. We denote the set of all
PFS’s over X by pfs(X).

Definition 2.5 [10] Let X be a universe of discourse. A Fermatean fuzzy set (FFs) F in X is an
object having the form F = {< x, ap(x), fr(x) >:x € X} where ap(x):X — [0,1] and Lr(x):X —
[0,1], including the condition 0 < (ap(x))3 + (Br(x))3 < 1, forall x € X. The numbers ap(x) and
Br(x) denote, respectively, the degree of memebership and the degree of non-memebership of the

element x in the set F. For any §Fs F and x € X, mp(x) = 31— [(ar(%))3 — (Br(x))3] is
identified as the degree of interminancy of x to F. In the interest of simplicity, we shall mention the
symbol F = (ag, Br) forthe FFs F = {< x,ap(x), Pr(x):x € X}.

Definition 2.6 [/0] Let F = (ag, fr), F1 = (ap,Pr,) and F, = (ag,, PF,), be three Fermatean
fuzzy sets (§Fs’s), then their operations are defined as follows:

1. F, nF, = (min{ag, ag,}, max{Bg,, Br,})-
2. F UF, = (max{ag,, ag,}, min{Bg,, Br,})-

3. FC == (ﬁF, CZF).
Remark 2.1 If ap, = ap, and Pp, = B, then F; = F,

Note that, for understanding the Fermatean fuzzy set better, we give an instance to illuminate the

https://internationalpubls.com 1911



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 10s (2025)

understandability of the Fermatean fuzzy set. The point when someone needs will plan as much
craving for the level for an alternative s; on a criterion C;, he might provide for the degree on which
that alternative s; fulfils those criteria C; likewise 0.85, what is more correspondingly the elective s;
dissatisfies the criterion C; similarly as 0.65. We can definitely get 0.85+ 0.65 = 1.5> 1, and
therefore, it does not follow the condition of intuitionistic fuzzy sets. Also, we can get (0.85)% +
(0.65)2 = 0.7225 + 0.4225 = 1.145 > 1, which does not obey the constraint condition of
Pythagorean fuzzy set. However, we can get (0.85)3 + (0.65)% = 0.614125 + 0.274625 =
0.88875 < 1, which is good enough to apply the Fermatean fuzzy set to control it [10]. Throughout
this paper, we use the notation 1g for the Fermatean fuzzy subset (1,0) and we use the notation Og
for the Fermatean fuzzy subset (0,1), that is, a;, =1, ﬁlg =0, ap, =0, ,80% = 1. A Fermatean
fuzzy subset & of a non-empty set X is a pair (ag, fz) of a membership function (ag(x):X — [0,1]
and a non-membership function (By(x):X — [0,1] with (ag(x))* + (Bx(x))? = (y3(x))? for any
x € X where yg(x): X — [0,1] is a function which is called the strength of commitment at point x.

Definition 2.7 /8] Let X be a non empty set and t be a family of Fermatean fuzzy subsets of X. If
1. 14&, Og, ET
2. forany F;,F, € t,wehave F; N F, €1,

3. for any {F;};e; € 7, we have U;¢; F; € T where [ is an arbitrary index set then 7 is called a
Fermatean fuzzy topology on X.

The pair (X, 7) is said to be a Fermatean fuzzy topological space. Each member of 7 is called an
Fermatean fuzzy oprn set. The complement of an Fermatean fuzzy open set is called a Fermatean fuzzy
closed set.

Remark 2.2 /8] As any Intuitionistic fuzzy subset or Pythagorean fuzzy subset of a set can be
considered as Fermatean fuzzy subset, we observe that any Intuitionstic fuzzy topological space or
Pythagorean fuzzy topological space is a Fermatean fuzzy topological space as well. On the other
hand, it is obvious that a Fermatean fuzzy topological space need not be Intuitionistic fuzzy
topological space and Pythagorean fuzzy topological space. Even an Fermatean fuzzy open set maybe
neither an Intuitionistic fuzzy set nor Pythagorean fuzzy set.

Example 2.2 /8] Let X = {cq,c,}. Consider the following family Fermatean fuzzy subsets t =
{13, Og, F1, F2} where

Fi = {{cq, apl(cﬂ =04, ﬁFl(Cl) = 0.6), (CZ:aFl(CZ) =01, ﬁFl(Cz) = 0.3)} and

F, = {(Cllan (c1) =09, :BFZ (¢1) = 0.6),{cz, af, (cz) = O-Z'ﬁFZ (cz) = 0.3)}

Observe that (X, 1) is a Fermatean fuzzy topological space but (X, T) is neither Intuitionistic fuzzy
topological space nor Pythagorean fuzzy topological space.

Definition 2.8 /8] Let (X,t) be an FFts and A = {< a,ay(a),Pa(a) > |a € X} be an FFs in
X. Then the Fermatean fuzzy interior and the Fermatean fuzzy closure of A are denoted by FFint(A)
and FFcl(A) and are defined as follows:
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FFint(A) =V {G|G isa FFos and G < A} and FFcl(A) =N {K|K isa FFcs and A € K}. Also, it
can be established that FFcl(A) is an FFcs and FFint(A) is an FFos, A is an FFcs if and only
if §Fcl(A) = A and A is an FFos if and only if FFint(A) = A. We say that A is FF-dense if
FFcl(4) = 15.

Lemma 2.1 /8] For any Fermatean fuzzy set A in (X,T), we have 1g — FFint(4A) = FFcl(lg —
A) and 1g — FFcl(A) = FFint(1g — A).

Definition 2.9 [71] Let (X,t) be an §Fts and A be an FFs. Then A is said to be an Fermatean
fuzzy (i) regular open set (§Fros in short) if A = FFint(FFcl(A)). (ii) regular closed set (FFrcs
in short) if A = FFcl(FFint(A)). By Lemma 2.1, it follows that A is an FFros iff A is an FFrcs.

Definition 2.10 [/1] Let (X,1) be an FFts and A = {< a,ay(a),fs(a) > |a € X} be an FFs
in X. Then the §-interior and the §-closure of A are denoted by FFSint(A) and FFScl(A) and
are defined as follows. FFSint(A) =V {G|G is an FFros and G S A}, FFocl(A) =N {K|K is an
&Frcs and A € K}.

Definition 2.11 [/]] Let (X,t) bean FFts and A = {< a,a,(a),fs(a) > |a € X} bean FFs in
X. A set A is said to be §F

§-open set (briefly, FFdos) if A = FFdint(A4),
2. &-pre open set (briefly, FF6Pos) if A € FFint(FFcl(A)).
3. &-semi open set (briefly, FFdSos) if A € FFcl(FFJint(A)).

—_

4. 6 - a open set or a -open set (briefly, FFSaos or FFaos ) if AC
FFint(FFcl(FFdint(A))).

5. 6 - f open set or e* -open set (briefly, FFSPos or FFe'os ) if AC
FFcl(FFint(FFocl(A))).

6. 6 (resp. 6 -pre, & -semi, 6 - @« and & - B ) dense if FFSIcl(A) (resp.
FFopcl(A), FFoScl(A), FFbacl(A) and FFSPcl(A)) = 15.

The complement of an FFJos (resp. FFOPos, FFoSos, FFdaos and FFSLos) iscalled an FFS
(resp. FFOP, FFSES, FFbda and FFSP) closed set (briefly, FFdcs (resp. FFOPcs, FFScs,
FFbacs and FFSPcs)) in X.

The family of all FFdos (resp. FFocs, FFOPos, FFSPcs, FFoéSos, FFdScs, FFdaos,
IFbacs, FF6Bos and FFSBcs) of X is denoted by FFSOS(X), (resp. FFOCS(X),
FFSPOS(X), FFSPCS(X), FFES0S(X), FFSSCS(X), FF6a0S(X), FFSaCS(X), FFSLOS(X)
and FFSLCS(X)).

Definition 2.12 [711] Let (X,7) bean FFts and A = {< a,a,(a),fs(a) > |a € X} bean FFs in
X. Then the FF6-pre (resp. FFE-semi, FFSa and FFIP)-interior and the FFE -pre (resp.
&F6-semi, FFSa and FFSP)-closure of A are denoted by FFIPint(A) (resp. FFOSint(A),
FFoaint(A) and FFOPint(A)) and the FFOIPcl(A) (resp. FFIScl(A),FFdacl(A) and
FF6Pcl(A)) and are defined as follows:
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FFOPint(A) (resp. FFOSint(A), FFéaint(A) and FFSPint(A)) =U {G|G in a FFS6Pos (resp.
FF6Sos, FFbdaos and FFSLos) and G € A} and FFOPcl(A) (resp. FF6Scl(A), FFdacl(A) and
FFSLcl(A)) =N {K|K is an FFSPcs (resp. FFIScs, FFSacs, FFSPcs) and A € K}.

3 Fermatean fuzzy 6 (resp. § pre, § semi, 6a and §f)-continuous mappings

In this section, we introduce Fermatean fuzzy & (resp. 6 pre, 6 semi, da and &f)-continuous
mappings and discuss some of their properties.

Definition 3.1 Let (Xy,7,) and (X3,7;) be two FFts’s. Then a function hg: (X1,71) = (X, 72)
is said to be a Fermatean fuzzy & (resp. & pre, § semi, da and 6f3) continuous (briefly, FFSCts
(resp. FFOPCts, FFSSCts, FFSalts and FFSPCts)) function if hgl(G) is FbSo (resp.
FFO6Po, FF6So0, FFdao & FF6Po) setin X, for all FFo set G in Xs.

Lemma 3.1 Let hg: (Xy,71) = (X3,72) be a function. Then the following statements hold.
1. If S and T are §fs’sof X; suchthat S €T, then hg(S) € hg(T).
2. If S and T are fs’s of X, suchthat S € T, then hz'(S) € hg'(T).

Lemma 3.2 Let hg: (Xq,71) = (X3,72) be a function. If S is a FFs of X, and T is a FFs of
X,. Then

1. hg(hz"(S) cS

2. hg(hz'(S)) =S © hg is surjective.

3. hz'(hg(S) 2SS

4. hgl(hc&(S)) = § whenever hg is injective.
Theorem 3.1  Let (X1,7,1) and (X, T3) be two §Fts’s and let hg: (X1,71) = (X2, T2), then

(i) Every FOCts is a FFCts.

(i1)) Every ¥F4OCts isa FFOPCts.

(iii) Every ¥F4ICts isa FFASSCts.

(iv) Every §FSCts isa FFSPCts.

(v) Every FFS6PCts isa FFSLCts.

(vi) Every §Fdbalts isa FFOPC(Cts.

(vii) Every FdaCts isa FFISCts.
But not converse.

Proof. (i) Let hg: (X;,71) = (X3,72) bea FFCts. Let S bea FFo setin (X3, 72). Then hgl(S)
is FFdo set in (X4, 7). Since every FFdo set is FFos, hgl(S) is §Fo setin (Xy,71). Hence hg
1s FFCts function.
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(if) Let hg: (Xy,71) = (X3,72) be a FF6Cts. Let S be a FFo set in (X, 7,). Then hgl(S) is
&Fbo setin (X1,71). Since every FFdo set is FFPos, hgl(S) is FFO6Po set in (X1,71). Hence
hg is FFSPCts function.

(iii) Let hg: (X1,71) = (X2, 72) be a FFS6Cts. Let S be a FFo set in (X3, 7). Then hi;?l(S) is
FFbo set in (Xq,71). Since every FFdo set is FFSSos, hcgl(S) is FFbSo set in (Xq,71). Hence
hg is FFESCts function.

(iv) Let hg: (X1,71) = (X3,72) be a FFISCts. Let S be a FFo set in (X3, 7). Then h%?l(S) is
FF6So set in (Xq,71). Since every FFdISo set is FFSLos, hcgl(S) is §F6Lo set in (X1,71).
Hence hg is FFSLCts function.

(v) Let hg: (X1,71) = (X2, 72) be a FFEPCts. Let S be a FFo set in (X3, 7,). Then hgl(S) is
FFSPo set in (X1,71). Since every FFIPo set is FFSLos, hgl(S) is FFSPo set in (Xq1,T1).
Hence hg is FFSLCts function.

(vi) Let hg: (Xq,71) = (X3,72) be a FFdalts. Let S be a FFo set in (X, 7). Then hgl(S) is
FFdbao set in (Xq,71). Since every FFdao set is FFSPos, hgl(S) is FFO6Po set in (Xq,74).
Hence hg is FFEPCts function.
(vii) Let hg: (X1,71) = (X2, 72) be a FFbalts. Let S be a FFo set in (X, 7,). Then h%?l(S) is
FFbao set in (Xq,71). Since every FFdao set is FFISos, hgl(S) is FF6So set in (Xq,71).
Hence hg is FFESCts function.

Remark 3.1 The following Figure shows the relations among the different types of Fermatean fuzzy
O continuous mappings that were studied in this section.

/ ~
§FOSCts | —— [5F33Cts| —— [§FOPCts

Figure : FFS6Cts mappings in FFts
Example 3.1 Let X, =X, = X = {a,b} and the §Fs’s A, and A, are defined as
ay, (a) = 04,6, (a) =0.1,a,4,(b) = 0.6,84,(b) = 0.3;
ay,(a) = 0.9,B,,(a) = 0.2,a,,(b) = 0.6,,,(b) = 0.3;

Let 71 =1, =7 = {0g, 15,41, A2} be a §Fts on X and let hg: (X;,7;) = (X3, 7) be an identity
function, Then hg is FFCts (resp. FFSLCts) but not FFSCts (resp. FFISCts). Since, A, is a
&Fo setin X, but hcgl(Az) = A, isnot FFdo (resp. FF6So )setin X;.
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Example 3.2 Let X; = X, = X = {a,b} and the FFs’s Ay, A, and A3 are defined as
aAl(a) = O.Z,ﬁAl(a) = 0.8, aAl(b) = 03',8A1(b) = 0.7;
aAz(a) = 0'1"8‘42 (a) = 09, aAz(b) = Ol'ﬁAz(b) = 09,
ap, (a) = O.2,[3A3 (a) =08, @y, (b) =04, ﬁAs (b) = 0.6;

Let 71 =1, =17 = {0g,15,41,42,A3} be a FFts on X and let hg:(X;,71) = (X2, 72) be an
identity function, Then hg is FFESCts (resp. FFSPCts) but not FFSCts. Since, Ay is a FFo set
in X, but hgl(Al) = A, isnot FFdo setin X;.

Example 3.3 Let X; = X, = X = {a,b} and the FFs’s Ay, A, and A3 are defined as
ay (a) = 02,6, (a) = 0.6,a4,(b) = 0.3,84,(b) = 0.5;
ay,(a) = 0.6,6,,(a) =0.2,a,,(b) = 0.5,84,(b) = 0.3;
ay,(a) = 0.6,B,,(a) = 0.6,a,,(b) = 0.5,4,(b) = 0.5;

Let 71 =1, =7 = {0g,15,41,43,A3} be a FFts on X and let hg:(Xy,71) = (X2, 72) be an
identity function, Then hg is FFESCts (resp. FFSPCts) but not FFaCts. Since, Az isa FFo set
in X, but hgl(A3) = A3 isnot FFao setin X;.

Example 3.4 Let X; =X, = X ={a, b} and the FFs’s A, Ay, A3, Ay, By, By, B3 and B, are
defined as

ay, (a) = 04,6, (a) =0.6,a4,(b) =0.5,84,(b) =0.5;
ay,(a) = 0.6,5,,(a) = 0.4,a,,(b) = 0.6,84,(b) = 0.4;
ay,(a) = 0.7,B,,(a) = 0.3,a,,(b) = 0.6,5,4,(b) = 0.4;
ay,(a) = 0.4,5,,(a) =0.6,a,4,(b) = 0.4,4,(b) = 0.6;
ap,(a) = 0.2, (a) = 0.8, ap, (b) = 0.4, B, (b) = 0.6;
ag,(a) = 0.1, B5,(a) = 0.9,ap,(b) = 0.3, B5,(b) = 0.7;
ap,(a) = 0.9, g, (a) = 0.1, ap,(b) = 0.7, B, (b) = 0.3;
ag, (@) = 02, By, (@) = 0.8, ag, (b) = 03, B, (b) = 0.7;

Let 79 ={0g, 1g,A4,A42, 45,44} and 7, = {Og, 15, By, By, B3, By} are §Fts’s on X and let
hg: (X1,71) = (X3,72) be an identity function, Then hg is FFSLCts but not FFSPCts. Since, B,
isa §Fo setin X, but hz'(B,) = By is not FFSPo setin X;.

Theorem 3.2 Let (X1,71) & (X3,7;2) be a §Fts’s. A mapping hg: (X1,71) = (X3, 7,) satisfies the

following conditions are equivalent.
1. hg is FFSPCts.
2. The inverse hgl(K) of all FFcs set K in X, is FFOPcs in X;.
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Proof. The proof is directly, from hgl(?) = hgl(K ) forall §Fcs K of X,.

Theorem 3.3 Let (X;,71) & (X3,7;) be a FFts’s. A mapping hg: (X1,71) = (X3, T,) satisfies the

following conditions are hold.
(i) hg(FF6Pcl(L)) € FFbcl(hg(L)), forall FFcs L in X;.
(i1) %TSBCl(hgl(K)) c hgl(‘&Tdcl(K)), for all §Fcs K in X,.

Proof. (i) Since FFdcl(hg(L)) is a FFcs in X, and hg is FFSBCts, then hgl(ﬁf&l(
hg(L))) is FFSPcs in X; . Now, since LC hgl(?;T(Scl(hg(L))) , &FSBcl(L) <
hgl({(;?Scl(h%(L))). Therefore, hg(FFSPcl(L)) € FFScl(hg(L)).

(ii) By replacing L with K in (i), we obtain hg(FFSBcl(hz"(K))) € FFScl(hg( hz'(K))) S
FFScl(K). Hence, FFSBcl(hg" (K)) S hz (FFScl(K)).

Remark 3.2 Let (X;,71) & (X3,72) bea §Fts’s. Let hg: (X1,71) = (X2, 7T2) be a mapping. If hg
is §FSLCts, then

1. hg(FFSPcl(L)) is not necessarily equal to FFScl(hg(L)) where L € X;.
2. FFSBcl(hg'(K)) is not necessarily equal to hg' (FFScl(K)) where K € X,.

Example 3.5 Let X; =X, = X ={a,b} and the §Fs’s A;, A,, A3, As, By, By, B; and B, are
defined as

ay (a) = 04,6, (a) =0.6,a,,(b) =0.5,B4,(b) = 0.5;
ay,(a) = 0.6,5,,(a) = 0.4,a,,(b) = 0.6,84,(b) = 0.4;
ay,(a) = 0.7,6,,(a) = 0.3,a,4,(b) = 0.6, 4,(b) = 0.4;
ay,(a) = 0.4,5,,(a) =0.6,a,4,(b) = 0.4, ,,(b) = 0.6;
ag, (@) = 0.2, 85, (a) = 0.8,ag, (b) = 0.4, B, (b) = 0.6;
ag,(a) = 0.1, B5,(a) = 0.9,ag,(b) = 0.3, B5,(b) = 0.7;
ap,(a) = 0.9,Bp,(a) = 0.1,ap,(b) = 0.7, B, (b) = 0.3;
ag,(a) = 0.2, g, (a) = 0.8,ap,(b) = 0.3, B, (b) = 0.7;
Let 7, = {Og, 13, By, By, B3, B4} and 7, = {Og, 1, A1, A, A3, Ay} are FFts’son X and let
hg: (X1,71) = (X2, 72) be an identity function, Then hg is FFSLCts, [(1)]
1. hg(FFOPcl(A)) =A; . But FFécl(hg(A)) = A] . Thus hg(FF6Pcl(Ar)) #
FFocl(hg(Ar).
2. FFSPcl(hz' (A1) = Ay . But h'(FFScl(A,)) = AS . Thus FFPcl(hz'(A1) #
hg' (FFScl(Ay)).
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Theorem 3.4 Let (X1,7;) & (X3,73) bea FFts’s. Let hg: (X1,T1) = (X3,T2) be amapping. If hg
is FFSPCts, then hg* (FFSint(L)) € FFSBint(hg (L)), for all FFs L in X,.

Proof. If hg is §FSLCts and L € X,. FFoint(L) is FFos in X, and hence, hgl(i";?'S
int(L)) is §FSBos in Xy . Therefore FFSPint(hg'(FFSint(L))) = hz' (FFsint(L)) . Also,
FFoint(L)S L ,  implies that  hg'(FF Sint(L)) € hg'(L) .  Therefore
FFoBint (hs' (FFSint(L))) € FFSPint(hg'(L)). Thatis hg' (FFsint(L)) € FFSPint (hg'(L)).
Conversely, let hgl(?gT&nt(L)) c ‘5}"5ﬁint(h§1(L)) for all subset L of X,. If L is Fdo in X,,
then FFoint(L) = L. By assumption, hgl(‘ﬁ’;ﬂf&nt(L)) c cL\’;SE'S[?L'nt(h{gl(L)) . Thus hgl(L) c
FFoBint(hz'(L)). But FFSPint (hz'(L)) S hz'(L). Therefore FFSPint(hz' (L)) = hz'(L).
That is, hgl(L) is §F6Po in Xy, for all FFGos L in X,. Therefore hg is FFSLCts in X;.
Remark 3.3 Let (X1,71) & (X3,7;) be a §Fts’s. Let hg: (Xq,T1) = (X2, T2) be a mapping. If hg
is FFSPCts, then ?;TSﬁint(hgl(K)) is not necessarily equal to hgl(‘&?Sint(K)) where K € X,.
Example 3.6 In Example 3.5, hg is a FFGBCts .Then ‘F;T6ﬁint(h§1(A1)) = A, . But
hg' (FFsint(4,)) = Af. Thus FFSBint(hg" (A1) # hg' (FFSint(A,)).

Remark 3.4 Theorems 3.2, 3.3, 3.4 and Remarks 3.2, 3.3 are true for FFSPos, FFoSos and
FFdbaos.

4 Fermatean fuzzy 6 (resp. 6 pre, 6 semi, 6a and §f)-irresolute maps

In this section, we introduce the concept of Fermatean fuzzy irresoluteness called Fermatean fuzzy
(resp. 6, 0P, 68, Sa and 4p) -irresolute maps by using FFSos (resp. FFdos, FFoPos,
FF6Sos, FFSaos and FFSLos)’s and study some of their basic properties. This definition enables
us to obtain conditions under which maps and inverse maps preserve respective open sets.

Definition 4.1 A4 map hg: (X1,71) = (X3, 72) is said to be Fermatean fuzzy (resp. §, 6P,4S,6a
and O8B) -irresolute (in short, FFIrr (resp. FFSIrr , FFOPIrr, FF6SIrr, FFdalrr and
SF6BIrr) ) map if hgl(K) is a §FSos (resp. FFbos, FFSPos, FFoSos, FFSaos and
TF6Pos) in (X1,T1) foreach FFSos (resp. FFdos, FFOPos, FFoéSos, FFSaos and FFSLos)
K of (X2,72).

Theorem 4.1 Let (X;,7;) & (X3,73) bea FFts’s. Let hg: (X1,71) = (X3, 72) be a mapping. Then
the following statements are hold for ¥Fts, but not conversely.

(1) Every &FIrr mapisa FFSCts.

(i1) Every §F&SIrr map is a FFOSCts.

(iii)) Every ¥FSPIrr map is a FFSPCts.

(iv) Every FSalrr map is a FFoalts.

(v) Every §FOLIrr mapisa FFSLCts.

Proof. (i) Consider a FFIrr map hg and a FFos K in X,. As each FFos is a FFSos, K isa
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FFSos in X,. By presumption, hgl(K) isa §FSos in X;. Thus hg isa FFSCts map.

(i1) Consider a FF6SIrr map hg anda FFSos K in X,. As each FFSos isa FFos and FFdSos,
K is a FSos and FFSSos in X,. By presumption, hgl(K) is a FF6Sos in X;. Thus hg is a
FFO6SCts map.

(iii) Consider a FFSPIrr map hg and a FFSos K in X,. As each FFos is a FFos and
FFO6Pos, K is a FFbos and FFIPos in X,. By presumption, hcgl(l{) is a FFS6Pos in X;. Thus
hg isa FFSPCts map.

(iv) Consider a FFéalrr map hg and a FFSos K in X,. As each FFdos is a FFos and
FFbaos, K is a FFdos and FFSaos in X,. By presumption, hgl(K) is a §FSaos in X;. Thus
hg isa §FéalCts map.

(v) Consider a FFSBIrr map hg anda FFdos K in X,. As each FFbos isa FFos and FFSPos,
K is a §Fdos and FFSLos in X,. By presumption, hgl(l() is a FF6Pos in X;. Thus hg is a
FFS6PBCts map.

Example 4.1 Let X, = X, = X = {a,b} and the §Fs’s A, A,, By and B, are defined as
ay (a) = 02,6, (a) =0.7,a4,(b) = 0.1, 4, (b) = 0.8;
ay,(a) = 0.3,B,,(a) = 0.6,a,4,(b) = 0.4,5,,(b) = 0.5;
ag, (a) = 0.1, B85 (a) = 0.9,ag,(b) = 0.2, 85, (b) = 0.9;
ag,(a) = 0.2, B5,(a) = 0.3,ag,(b) = 0.4, Bp,(b) = 0.7;

Let 7; = {Og, 15,41, A3} and 7, = {Og, 13, By, By} are §Fts’son X and let hg: (X1,71) = (X3, 72)
be an identity function, Then hg is FFSCts (resp. FFSPCts) but not FFIrr (resp. FFSPIrr).
Since, A§ is a FFSo (resp. FFSPo) set in X, but hg'(A3) = AS is not FFSo (resp. FFEPo) set

in X;.

Example 4.2 Let X1 :XZ =X = {a, b} and the ‘5‘.7:5 K Al! Az, A3, A4, Bl! Bz, B3 and B4, are
defined as

ay, (a) = 04,5, (a) =0.6,a,, (b) =0.5,5,,(b) = 0.5;
ay,(a) = 0.6,5,,(a) = 0.4,a,,(b) = 0.6,8,,(b) = 0.4;
ay,(a) = 0.7,B,,(a) = 0.3,a,,(b) = 0.6,5,4,(b) = 0.4;
ay,(a) = 0.4,5,,(a) =0.6,a4,(b) = 0.4, 4,(b) = 0.6;
ap,(a) = 0.2, (a) = 0.8, ap,(b) = 0.4, B, (b) = 0.6;
ap,(a) = 0.1,B5,(a) = 0.9,ap,(b) = 0.3, B5,(b) = 0.7;
ap,(a) = 0.9, P, (a) = 0.1, ap,(b) = 0.7, B, (b) = 0.3;
ag, (@) = 02, Bg, (@) = 0.8, a5, (b) = 03, B, (b) = 0.7;
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Let 7, = {0g, 15,A41,45,A3,44} and 7, = {Og, 15, By, By, B3,B,} are ¥Fts’s on X and let
hg: (X1,71) = (X3,72) be an identity function, Then hg is FFSSCts but not FFSIrr . Since, A,
isa FFSSo setin X, but h%?l(ALI) = A, isnot FFSSo setin X;.

Example 4.3 Let X; = X, = X = {a,b} and the FFs’s Ay, A,, Az, Ay, and As are defined as
ay, (a) = 02,6, (a) =0.8,a,,(b) = 0.4, 8,4, (b) = 0.6;
ay,(a) = 0.1,5,,(a) = 0.9,a,4,(b) = 0.3,84,(b) = 0.3;
ay,(a) = 0.9,8,,(a) = 0.1,a,,(b) = 0.7,5,,(b) = 0.3;
ay,(a) = 0.2,B,,(a) =0.8,a,,(b) = 0.3,84,(b) = 0.7;
as (a) = 0.6,B, (a) = 0.4, a4 (b) = 0.6,B4.(b) = 0.4;

Let 79 ={0g, 13,41,A45,A3,A4} and 71, = {0g,15,4;,4;5,A3} are FFts ’s on X and let
hg: (X1,71) = (X3,72) be an identity function, Then hg is FFSaCts but not FFdalrr. Since, As
isa Fdao setin X, but hgl(AS) = A5 isnot FFSao setin X;.

Example 4.4 Let X, = X, = X = {a, b} and the FFs’s A,, A,, A3, Ay, By, By, B3 and B, are
defined as

ay (a) = 02,6, (a) =0.8,a,,(b) = 0.4, 5, (b) = 0.6;

ay,(a) =0.1,B,,(a) =0.9,a,,(b) = 0.3,84,(b) = 0.7;

ay,(a) =0.9,6,,(a) =0.1,a,4,(b) = 0.7, 4,(b) = 0.3;

ay,(a) = 0.2,6,,(a) =0.8,a,,(b) = 0.3,84,(b) = 0.7;

ap, (a) = 0.4, B (a) = 0.6,ap (b) = 0.5, 85, (b) = 0.5;

ap,(a) = 0.6, p,(a) = 0.4,ap,(b) = 0.6, B5,(b) = 0.4;

ag,(a) = 0.7, B, (a) = 0.3,ap,(b) = 0.6, Bp,(b) = 0.4;

ag,(a) = 0.4, Bg, (a) = 0.6,ag,(b) = 0.4, B, (b) = 0.6;
Let 7, = {0g, 15,A41,45,43,44} and 7, = {Og, 15, By, By, B3, B,} are ¥Fts’s on X and let
hg: (X1,71) = (X2, 72) be an identity function, Then hg is FFSLCts but not FFSLIrr. Since, Ag
isa FFSPo setin X, but hz'(AS) = Af isnot FFSBo setin X;.
Definition 4.2 A Fts (Xq,7,) is known as a Fermatean fuzzy SSU% (resp. SPU%, dalU1 and

2
6pU1) (in short, FFOSU1 (resp. FFOSPU1, FFSaUr and FFSLU1))-space, if each FFESos (resp.
2 2 2 2 2
FFO6Pos, FFdaos and FFSPos) in X is FFos in X;.

Theorem 4.2 Let hg:(Xy,71) = (X2,72) be a FFéSIrr (resp. FFOPIrr, FFéalrr and
SFSPIrr ) map. Then hg is a FFCts map if X is a FFOSUsr (resp. FF6PUL, FFéaU: and
2 2 2

https://internationalpubls.com 1920



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 10s (2025)

FFS6PU1L)-space.
2

Proof.

(i) Consider a §Fos K in X,. Then K is a FFFSos in X,. Therefore hgl(K) isa §FéSos in X;.
Since X; isa FFISU:-space, hgl(K) isa §Fos in X;. Hence hg is a FFCts map.
2

(i1) Consider a Fos K in X,. Then K is a FFIPos in X,. Therefore hgl(K) is a FFO6Pos in
X;. Since X is a FFSPU1-space, hgl(K) isa §Fos in X;. Hence hg is a FFCts map.
2

(ii1) Consider a §Fos K in X,. Then K is a FFSaos in X,. Therefore hgl(K) is a FFdbaos in
X;. Since X; isa §FSaU:-space, hgl(l() isa §Fos in X;. Hence hg isa FFCts map.
2

(iv) Consider a FFos K in X,. Then K is a FFSLos in X,. Therefore hgl(K) is a FFSLos in
X;. Since X; isa FFSBU1-space, hgl(K) isa ¥Fos in X;. Hence hg isa FFCts map.
2

Theorem 4.3  Let hg:(Xy,T1) = (X3, 72) and gg: (X3, 72) > (X3,73) be FFSIrr (resp.
JF6SIrr, FF6PIrr, FFbalrr and FFEPIrr ) maps, then gg o hg:(Xy,T1) = (X3,73) is a
SFSlrr (resp. FFO6SIrr, FFOPIrr, FFdalrr and FFSLIrr) map.

Proof. Consider a FFdos K in X3. So ggl(K) is a FFbos in X,. As hg is a FFSIrr map,
hz' (95" (K)) isa FSos in X;. Thus gg o hy is a FFSIrr map. The other cases are similar.

Theorem 4.4 Consider a FFSIrr (resp. FF6Slrr, FFSPIrr, FFSalrr and FFSLIrr) map
hg: (X1,71) = (X3,72) and a FF6Cts (resp. FFOSCts, FFOPCts, FFbalts and FFSLCts )
map gg: (X2, 72) = (X3,73). Then ggo hg:(X1,71) = (X3,73) is a FFOCts (resp. FFISCts,
FFOPCts, FFbdalCts and FFSLCts ) map.

Proof. Consider a §Fos K in X3. So ggl(K) is a FFbos in X,. As hg is a FFSIrr map,
hgl(ggl(U)) isa Fbos in X;. Thus gg o hg isa FFSCts map. The other cases are similar.

Theorem 4.5 Consider a map hg: (X1,71) = (X3,72) from a FFts X, into a FFts X,. The
following are equivalent if X, and X, are FFSLU %-spaces.

(i) hg isa FFSLIrr map.

(i1) hgl(l() isa FFSPBcs in X; forevery FFSBcs K in X,.

(iii) FFcl(hz" (K)) € hz' (FFcl(K)) for every FFs K of X,.

Proof. (i) — (ii): Consider a FF5Bcs K in X,. It follows K¢ is a FFSPos in X,. As hg is

FFSBIrr, hz'((K)°) is a FFSBos in X;. We know that hz((K)©) = (hg'(K))". Hence hg'(K)
isa §FSfcs in X;.

(i) — (iii): Consider a Fs K in X, and K S FFSBcl(K). Then hz'(K) S hg' (FFSBcl(K)).
Since FF6Lcl(K)) is a FFSPcs in X,. By presumption, hgl((‘{y}"c?ﬁcl(l())) is a FFO6Pcs in Xq.
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Also, as X; is FFSLU1-space, h§1(3§T6ﬁcl(K)) isa §FSLcs in X;.
2

(ii1)) = (1): Consider a FFSLFcs K in X,. As X, is FFSLU1-space, K is FFcs in X, and
2

FFcl(K) =K . Thus hg'(K) = hg' (FFSPcl(K)) 2 FFSPcl(hz'(K)) = FFcl(hz'(K)) . But
clearly hg'(K) € FFcl(hz'(K)). Therefore FFcl(hz'(K)) = hg'(K). It follows hz'(K) is a
FFcs and soitisa FFEPcs in X;. Hence hg is FFSPirr map. The proof is similar for other cases
of FFdos, FFéPos, FFSSos and FFSaos.

5 Application

Entropy as a measure of fuzziness was first proposed by Zadeh [16]. Later many mathematicians
defined several entropy measures. In this section, we focus on defining an entropy measure for Ffs
that connects the degree of membership and non-membership. As an example, we have applied the
proposed entropy measure in the field of decision making.

Definition 5.1 Let A = {< x, a4(x), Ba(x)|x € X} be a Ffs in U. The new entropy measure for A

denoted by egrs(A), is a function, &gpsiTgps(U) = [0,1] and is defined as egps(A) =1—

lZ?zl (aa — Ba)?; forevery'x; € A, where tgys(U) denote the family of all fs’s on U.

n

Example 5.1 Consider an example of a shopping experience with different items. The pandemic
situation of COVID-19 has broadened the doorstep of our shopping experience. Nowadays we depend
on different methods of shopping like online (purchasing through internet, often through the websites
or Apps), In-store (Visiting physically), Mobile (Using mobile to browse and purchase) shopping.
Based on the reviews and ratings, we will find out the most reliable method of shopping for a specific
item using the Fermatean fuzzy entropy measure.

Table 1. Ratings of products based on the different shopping ways.

Gadgets (a) | 0% j(el:)v ellery Proiigfs © Cloths (d)
Online (1) < 1,a;0.6,03 > < 1,b;0.8,0.7 >< 1,¢;0.7,03 >< 1,d;0.5,0.3 >
In-store (2) < 2,a;0.9,0.4 > [< 2,b;0.4,0.7 >< 2,¢;0.7,08 >< 2,d;0.2,08 >
Mobile 3) < 3,a;0.6,0.8 > < 3,b;0.2,0.1 >< 3,¢;0.9,0.2 >< 3,d;0.1,0.5 >

Clearly, all values in the Table 1 are FFs’s. Now we calculate the egr¢ of each value. Table 2.

Entropy measure of each Shopping for the different purchase.

Gadgets (a) |Gold jewellery Food Cloths (d)
(b) Products(c)
Online (1) 0.91 0.99 0.84 0.96
In-store (2) 0.75 0.91 0.99 0.64
Mobile (3) 0.96 0.99 0.51 0.84
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From Table 2, it is clear that egrs(1,¢) < gg5(1,a) < egrs(1,d) < egrs(1,b)
Similarly

exrs(2,0) < egrs(2,h) << e375(2,a) < egrs(2,d)

gxrs(3, D) < xrs(3,a) < egrs(3,d) < ggrs(3,0)

It is clear that People are most like to shop the online and Mobile shopping for food products and
In-store shopping was buy a cloths.

6 Conclusion

In this paper, FFSCts, FFCts, FFOSCts, FFOPCts, FFdalCts, and FFSLCts respective
irresolute map is defined using FFdo, FF6So, FFO6Po, FFSao and FFSIPLo set and its properties
are analyzed with the examples. Then Fermatean fuzzy continuous maps are compared with other
generalized Fermatean fuzzy continuous maps. Also we extended the concept of Fermatean fuzzy
irresolute maps in Fermatean fuzzy topological spaces using FFo sets. Some examples and basic
relationships between the mappings were also discussed. In future, these can be extended to Fermatean
fuzzy open, closed, homeomorphism and contra maps. Application for MCDM to the real world
problem was solved with the proposed entropy measure. In future, MCDM to the real world problem
can be developed to the FFts.
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