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Abstract: In our daily life we come across many situation which are non probabilistic
and underestimation category. Since they are unpredictable, innumerable real life
problems are in abundant condition for decision making from earlier 20th century. Fuzzy
sets, intuitionstic fuzzy sets and Pythagorean fuzzy sets emerged one by one and many
literature are adding on every day. The concept of Pythagorean fuzzy nano (resp. &, 6P,
6S, da & 6f or e*)-continuity in Pythagorean fuzzy nano topological spaces and
specialize some of their basic properties with examples is our main contribution to those
literature. Also, we discuss about properties and characterization of Pythagorean fuzzy
irresolute maps and application of Multiple Criteria Decision Making (MCDM)
techniques to the real-world problem using a proposed similarity measure in Pythagorean
fuzzy nano topological spaces.
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1 Introduction

In 1965, Zadeh [40] familiarized the concept of fuzzy set which has several applications in decision
theory, artificial intelligence, operations research, expert systems, computer science, data analytics,
pattern recognition, management science and robotics. In 1968, Chang and Warren [14, 34] defined
fuzzy topological spaces, the basic philosophies of topology such as open set, closed set,

neighbourhood, interior set, closure, continuity, compactness to fuzzy topological spaces (FTS).

Applications of fuzzy sets were studied [1, 13, 25, 30]. Later numerous fuzzy topological spaces raised
which have unique properties. In 1997, Dogan Coker [9, 15, 19] introduced Intuitionistic fuzzy
topological spaces and studied its continuity and compactness. Intuitionistic fuzzy sets have many
applications [30, 27] and also flagged approach to study Pythagorean fuzzy sets. In both the sets
membership and non-membership are incorporated in a different way. In Intuitionistic fuzzy set the
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membership ¢ and non-membership A are incorporated in such a way that u + 4 < 1 where as in
Pythagorean fuzzy set it is u? + A% < 1. In 2013, Yager [37] introduced the non-standard fuzzy sets
called Pythagorean fuzzy sets in comparison with Intuitionistic fuzzy sets. He gave the basic definition
of Pythagorean fuzzy set (PFS) and its application in decision making [3, 39, 38]. PFS has its
applications in career placements based on academic performance [20], selection of mask during
COVID-19 pandemic using Pythagorean TOPSIS technique [24], etc. Later Murat et.al [18]
introduced the conception of Pythagorean fuzzy topological space (PFTS) by provoking from the
conviction of FTS [16, 17, 23]. He defined Pythagorean fuzzy continuous function between PFTS.

Saha [26] defined §-open sets in fuzzy topological spaces. In 2019, Acikgoz and Esenbel [2] defined
neutrosophic soft §-topology. Aranganayagi et al., Surendra et al. and Vadivel et al. [7, 8, 28, 29, 32,
33] introduced & -open sets in neutrosophic, neutrosophic soft, neutrosophic hypersoft and
neutrosophic nano topological spaces and studied its maps and separation axioms.

Similarity measure is a significant means for measuring the uncertain information. The fuzzy
similarity measure is a measure that depicts the closeness (difference) among fuzzy sets. Zhang [42]
proposed the Pythagorean fuzzy similarity measures for dealing the multi-attribute decision-making
problems. Peng et al. [21] proposed the many new distance measures and similarity measures for
dealing the issues of pattern recognition, medical diagnosis and clustering analysis, and discussed their
transformation relations. Wei and Wei [35] presented some Pythagorean fuzzy cosine function for
dealing with the decision-making problems. However, some existing similarity measures/distance
measures cannot obey the third or fourth axiom, and also have no power to differentiate positive
difference and negative difference or deal with the division by the zero problem. Due to the above
counter-intuitive phenomena [35, 42, 21] of the existing similarity measures of PFs’s, they may be
hard for DM’s to choose convincible or optimal alternatives. As a consequence, the goal of this paper
is to deal with the above issue by proposing a novel similarity measure for Pythagorean fuzzy set,
which can be without counter intuitive phenomena.

Research Gap: No investigation on some stronger and weaker forms of Pythagorean fuzzy
continuous and irresolute maps such as Pythagorean fuzzy nano contrad open map, Pythagorean
fuzzy nano contrad-semi open map, Pythagorean fuzzy nano contrad-pre open map, Pythagorean
fuzzy nano contrada open map and Pythagorean fuzzy nano contradf open maps on Pythagorean
fuzzy nano topological space has been reported in the Pythagorean fuzzy nano literature.

This leads to encompass the notion of PFNts by introducing Pythagorean fuzzy nano contraéd
(resp. contrada, contrads, contradP & contradf or contrae*)-continuous and discuss its
properties. Also, we introduce the concept of Pythagorean fuzzy nano irresoluteness called
Pythagorean  fuzzy  nano  contrad  (resp.  contradP, contradS, contrada  and
contradfl) -irresolute maps by using PFNSos (resp. PFN6bos , PFNSPos, pfNSSos,
pfNdSaos and PFNSfos)’s and study some of their basic properties.
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2 Preliminaries
We recall some basic notions of fuzzy sets, IFS’s and pfs’s .

Definition 2.1 [40] Let X be a nonempty set. A fuzzy set A in X is characterized by a membership
function py: X = [0,1]. That is:

1, if x€X

pa(x) = {0, if xe&X
(0,1) ifxispartlyin X.

Alternatively, a fuzzy set A in X is an object having the form A = {< x, uy(x) > |x € X} or A =
{(“AT()C)> |x € X}, where the function py(x):X — [0,1] defines the degree of membership of the
element, x € X.

The closer the membership value u,(x) to 1, the more x belongs to A, where the grades 1 and 0
represent full membership and full nonmembership. Fuzzy set is a collection of objects with graded
membership, that is, having degree of membership. Fuzzy set is an extension of the classical notion of
set. In classical set theory, the membership of elements in a set is assessed in a binary terms according
to a bivalent condition; an element either belongs or does not belong to the set. Classical bivalent sets
are in fuzzy set theory called crisp sets. Fuzzy sets are generalized classical sets, since the indicator
function of classical sets is special cases of the membership functions of fuzzy sets, if the latter only
take values 0 or 1. Fuzzy sets theory permits the gradual assessment of the membership of element in
a set; this is described with the aid of a membership function valued in the real unit interval [0,1].

Let us consider two examples:

(1) all employees of XYZ who are over 1.8m in height; (ii) all employees of XYZ who are tall. The
first example is a classical set with a universe (all XYZ employees) and a membership rule that divides
the universe into members (those over 1.8m) and nonmembers. The second example is a fuzzy set,
because some employees are definitely in the set and some are definitely not in the set, but some are
borderline.

This distinction between the ins, the outs, and the borderline is made more exact by the membership
function, u. If we return to our second example and let A represent the fuzzy set of all tall employees
and x represent a member of the universe X (i.e. all employees), then py(x) wouldbe py(x) =1 if
x 1is definitely tall or pys(x) = 0 if x is definitely not tall or 0 < pu,(x) < 1 for borderline cases.

Definition 2.2 /9, 10, 11, 12] Let a nonempty set X be fixed. An IFS A in X is an object having the
form: A ={< x,us(x),4(x)>|x€X} or A= {(M) |x € X}, where the functions

Ua(x): X = [0,1] and A4(x): X — [0,1] define the degree of membership and the degree of
nonmembership, respectively, of the element x € X to A, which is a subset of X, and for every x €
X: 0 < pug(x) +A4(x) < 1. Foreach A in X: m4(x) =1 — pys(x) — A4(x) is the intuitionistic fuzzy
set index or hesitation margin of x in X. The hesitation margin ma(x) is the degree of
nondeterminacy of x € X to the set A and mwy(x) € [0,1]. The hesitation margin is the function that
expresses lack of knowledge of whether x € X or x & X. Thus: ps(x) + A4(x) + my(x) = 1.
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Example 2.1 Let X = {x,y,z} be a fixed universe of discourse and A = {(0'6'0'1>, (0'8'0'1> , <0'5’0'3>},

x y z
be the intuitionistic fuzzy set in X. The hesitation margins of the elements x,y,z to A are as follows:
ma(x) = 0.3, m4(y) = 0.1 and my(z) = 0.2.

Definition 2.3 /36, 37, 39] Let a non empty set X be a universal set. Then, a Pythagorean fuzzy set
A, which is a set of ordered pairs over X, is defined by the following: A = {< x, s(x), 14(x)|x € X}

or A= {<M> |x € X}, where the functions py(x):X = [0,1] and A4(x): X — [0,1] define

the degree of membership and the degree of nonmembership, respectively, of the element x € X to A,
which is a subset of X, and for every x € X, 0 < (us(x))? + (A4(x))? < 1. Supposing (us(x))? +
(Aa(x))? < 1, then there is a degree of indeterminacy of x € X to A defined by my(x) =
V1= [(aC))?2 + (A4 (x))2] and mu(x) €[0,1] . In what follows, (a(x))? + (Aa(x))? +
(t4(x))? = 1. Otherwise, ma(x) = 0 whenever (ua(x))? + (14(x))? = 1. We denote the set of all
PFS’s over X by pfs(X).

Definition 2.4 [39] Let A and B be pfs’s of the forms A = {< a,uy(a),14(a) > |a € X} and
B = {< a,up(a), A5(a) > |a € X). Then [(i)]

1. A< B ifandonlyif uy(a) < ug(a) and A4(a) = Ag(a) forall a € X.

2. A=B ifandonlyif A € B and B C A.

A ={<a,(a),uu(a) > |a€ X}

ANB ={<a,uy(a)Aug(a),4(a) VAg(a) > |a € X}.
AUB ={< a,uys(a) vV ug(a),A4(a) Adg(a) > |a € X}.
0p ={<a01>|a€X}and 1p ={<a,1,0 > |a € X}.

N AW

ip = OP and ﬁp = 1P'

Definition 2.5 [4] Let U be a non-empty set and R be an equivalence relation on U. Let A be a
Pythagorean fuzzy set in U with the membership function u,(x) and non membership function
Aa(x), Y x € U. The Pythagorean fuzzy nano lower, Pythagorean fuzzy nano upper approximation
and Pythagorean fuzzy nano boundary of A in the approximation (U,R) denoted by

PFN (A), PFN (A) and Bpgy(A) are respectively defined as follows: [(i)]
1. PFN(A) = {(x, treay(0), Az gy (X)) /Y € [X]g, x € U}
2. PFN(F) = {(x, gy (), Argay 0OV € [x] x € U}
3. Bpry(F) = PFN(F) — PFN (F)
where pg4)(X) =Ayepxg #a(Y)
Ar) (%) =Ayepx)p 2a (),
Hz ) (1) =Vyelxg Ha(y),
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AE(A) (%) =Vyelx]g 24 ().
Definition 2.6 /4] Let U be an universe of discourse, R be an equivalence relation on U and A be
a Pythagorean fuzzy set in U and if the collection t3(A)={0p, 1p, PFN(A),
PFN (A), Bpry (A)} forms a topology then it is said to be a Pythagorean fuzzy nano topology. We

call (U,t5(A)) (or simply U) as the Pythagorean fuzzy nano topological space. The elements of
tr(A) are called Pythagorean fuzzy nano open (briefly, PFN o) sets.

Remark 2.1 /4] [tx(A)]¢ is called the dual fuzzy nano topology of t(A). Elements of [t5(A)]¢
are called Pythagorean fuzzy nano closed (briefly, PFN'c) sets. Thus, we note that a Pythagorean
fuzzy set G of U is Pythagorean fuzzy nano closed in t4(A) if and only if 1p — G is Pythagorean
fuzzy nano open in tx(A).

Definition 2.7 /4, 5] Let (U,tp(A)) be a PFN'ts with respect to A where A is a Pythagorean
fuzzy subset of U. Let S be a Pythagorean fuzzy subset of U. Then Pythagorean fuzzy nano [(i)]

1. interior of S (briefly, PFNint(S) ) is defined by PFNint(S)=U{l:] <
S & [isaPFNoset inU}.

2. closure of S (briefly, PFNcl(S) ) is defined by PFNcl(S)=Nn{A:S <
A & AisaPFN'cset inU}.

3. regular open (briefly, PFN7ro) setif S = PFNint(PFNcl(S)).
4. regular closed (briefly, PFNrc) setif S = PFNcl(PFNint(S)).

Definition 2.8 /6] Let (Uy,7p(A1)) and (U,,tp(A43)) be two pfNts’s. Then a function hp:U; —
U, is said to be a Pythagorean fuzzy nano continuous (briefly, PFNCts) function if hp1(G) is
PFNo setin Uy forall PFNo set G in U,.

Definition 2.9 [22] Let M,N and O be three pfs’s on X. A similarity measure S(M,N) is
mapping S:pfs(X) X pfs(X) = [0,1], possessing the following properties: [(S1)]

I. 0<S(M,N)<1;

2. S(M,N) =S(N,M);

3. S(IM,N)=11iff M = N;

4, S(M,M) =0 iff M is a crisp set;

5. f M SN CcO, then S(M,0) <S(M,N) and S(M,0) < S(N, 0).
Let X = x4, x5, ..., X, be a finite universe of discourse, and A and B be two PFS’s in X, in which
A = {<xypa(x), 2a(x;) > |x; € X} and B = {< x;, pp(x;), Ap(x;) > |x; € X}
Using the similarity measure in section 4, we have the Zhang [42] similarity measure are defined by
S7(A,B) =

1@n (|5 () =vE () |+vE (i) —uf () |1+ |5 (x) -3 (x)])

2 251 |12 ()~ B (o) 14+ VA Ge) =V () 1+ |5 (i)~ () |+ 5 () v () [+ 1V (i) — e (o) [+ 5 (i)~ (o) |
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3 Pythagorean fuzzy nano contra § (resp. § pre, & semi, da and 6f)-continuous mappings

In this section, we introduce Pythagorean fuzzy nano contra § (resp. § pre, § semi, da and
&f)-continuous mappings and discuss some of their properties.

Definition 3.1 Let (U,tp(A)) be a PFINts with respect to A where A is a pfs of U. Let S be a
pfs of U. Then [(i)]

1.  Pythagorean fuzzy nano & interior of S (briefly, PFJtdint(S) ) is defined by
PFNRSint(S) =V {I:1 € S & [isaPFIro setinU}.

2. Pythagorean fuzzy nano & closure of S (briefly, PFIScl(S)) is defined by PFIScl(S) =
N{A:S € A & AisaPFItrc setin U}.

Definition 3.2 Let (U,tp(A)) be a PFItts with respect to A where A is a pfs of U. Then a
PFs S in U is said to be Pythagorean: [(i)]

1. fuzzy nano §-open set (briefly, PFItdos) if S = PFIJint(S).
2. fuzzy nano 6P-open set (briefly, PFINGPos) if S € PFNint(PFNScl(S)).
3. fuzzy nano §S-open set (briefly, PFItdSos) if S € PFRcl(PFNJint(S)).

4. fuzzy nano Sda or a -open set (briefly, PFIdaos or PFNaos ) if SC
PFRint (PFRcl(PFNSint(S))).

5.  fuzzy nano 6B or e* -open set (briefly, PFItSBos or PFJte*os ) if SC
PFRcl(PFNint(PFRScl(S))).

The complement of a PFIdos (resp. PFINSPos, PFNSSos, PFNSaos & PFNSLos) is called a
Pythagorean fuzzy nano § (resp. 6P, 65, da and &) closed set (briefly, PFNScs (resp.
PFNS6Pcs, PFNSScs, PFItdacs and PFNSLces)) in U.

The family of all PFJtdos (resp. PFNdcs, PFISPos, PFNGPcs, PFNSSos, PFINIScs,
PFIbaos, PFIdacs, PFISPos and PFNSPcs) of U is denoted by PFNSOS(U) (resp.
PFRECS(U), PFREPOSU), PFRSPCSWU), PFRSSOS(U), PFNRSSCS(U), PFRSa0S(U),
PFREaCS(U), PFNRSLOS(U) and PFRSBCS(UV)).

Definition 3.3 Let (U,tp(A)) be a PFItts with respect to A where A is a pfs of U. Let S be a
pfs of U. Then Pythagorean fuzzy nano [(i)]

I. & pre (resp. 6 semi, da and 6f ) interior of S (briefly, PFNSPint(S) (resp.
PFNESint(S) , PFISaint(S) and PFNSLint(S) )) is defined by PFINOPint(S) (resp.
PFNSESint(S), PFRSaint(S) and  PFRSGBint(S)) =V {l:1 € S & [isaPFNSPo (resp.
PFI6So, PFIéao & PFNSLo) setinU}.

2. & pre (resp. & semi, Sa and &f) closure of S (briefly, PFISPcl(S) (resp. PFNSScl(S),
PFRSacl(S) and PFNSBcl(S))) is defined by PFRSEPcl(S) (resp. PFREScl(S), PFNSacl(S)
and PFNSPcl(S)) =N {A:S € A & AisaPFNSPc (resp. PFI6Sc, PFItdac & PFISPFc) set in
U}.
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Definition 3.4 Let (U,79(A)) bea PFNts withrespectto A where A isa pfs of U. Let S bea
pfs of U. Then [(i)]

1.  Pythagorean fuzzy nano & interior of S (briefly, PFINSint(S) ) is defined by
PFNSint(S) =V {l:1 € S & lisaPFJiro setinU}.

2. Pythagorean fuzzy nano § closure of S (briefly, PFItécl(S)) is defined by PFIScl(S) =
N{A:S € A & AisaPFJirc setin U}.

Definition 3.5 Let (U,tp(A)) be a PFItts with respect to A where A is a pfs of U. Then a
PFs S in U is said to be Pythagorean: [(i)]

1. fuzzy nano &-open set (briefly, PFItdos) if S = PFRNJint(S).
2. fuzzy nano 8dP-open set (briefly, PFNSPos) if S € PFRint(PFRcl(S)).
3. fuzzy nano &S-open set (briefly, PFINSSos) if S € PFRcl(PFRSint(S)).

4. fuzzy nano Sda or a -open set (briefly, PFIdaos or PFNaos ) if SC
PFNRint(PFRcl(PFNSint(S))).

5.  fuzzy nano 8B or e* -open set (briefly, PFISLos or PFNe*os ) if SC
PFRc(PFRint(PFNScL(S))).

The complement of a PFIdos (resp. PFINSPos, PFNESos, PFINdaos & PFNSLos) is called a
Pythagorean fuzzy nano § (resp. 6P, 65, da and &) closed set (briefly, PFNScs (resp.
PFNEPcs, PFNSGScs, PFItdacs and PFNSLces)) in U.

The family of all PFJtdos (resp. PFNdScs, PFISPos, PFNSPcs, PFNSSos, PFINSIScs,
PFNdaos, PFIdacs, PFNSLos and PFISPcs) of U is denoted by PFINSOS(U), (resp.
PFRECS(U), PFRSPOS(U), PFREPCS(U), PFRESOSU), PFRSESCS(U), PFRSa0S(U),
PFNSaCS(U), PFNSLOS(U) and PFNSBCS(V)).

Definition 3.6 Let (U,tp(A)) be a PFINts with respect to A where A is a pfs of U. Let S be a
pfs of U. Then Pythagorean fuzzy nano [(i)]

1. & pre (resp. 6 semi, da and 8f ) interior of S (briefly, PFISPint(S) (resp.
PFNSSint(S) , PFNSaint(S) and PFISLint(S) )) is defined by PFISPint(S) (resp.
PFRESint(S), PFNSaint(S) and  PFNSBint(S)) =V {l:]1 € S & lisaPFNSPo (resp.
PFNSSo, PFIbao & PFI6Lo) setinU}.

2. & pre (resp. 6 semi, da and &f) closure of S (briefly, PFNSPcl(S) (resp. PFNSScl(S),
PFNRSacl(S) and PFNSLcl(S))) is defined by PFNRSPcL(S) (resp. PFNSScl(S), PFNSacl(S)
and PFNSBcl(S)) =N {A:S € A & AisaPFINSPc (resp. PFI6Sc, PFNSac & PFNSPc)  set in
U}.

Definition 3.7 Let (Ui,tp(A1)) and (U,,tp(Ay)) be two PFNts ’s. Then a function
hp: (Uy, tp(A1)) = (U3, 75(Az)) is said to be a Pythagorean fuzzy nano & (resp. & pre, § semi, da
and 6f ) continuous (briefly, PFNSCts (resp. PFNSPCts, PFNOSCts, PFNSalts and
PFNSBCts )) function if hp(G) is PFNGSo (resp. PFNSPo, PFNESSo, PFNSao &
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PFNGELo) setin Uy for all PFNo set G in U,.

Definition 3.8 Let (U;,tp(41)) and (Uz,tp(Az)) be two PFNts ’s. Then a function
hp: (Uy, tp(A1)) = (Uz,75(Az)) is said to be a Pythagorean fuzzy nano contra § (resp. § pre, &
semi, O6a and O6f ) continuous (briefly, PFNcontradCts (resp. PFNcontradPCts ,
PFNcontradSCts, PFN contradaCts and PFNcontradBCts)) function if hp*(G) is PFNSc
(resp. PFNOSPc, PFNESc, PFNSac & PFNSLc) setin Uy for all PFNo set G in U,.

Lemma 3.1 Let hp: (Uy,tp(41)) = (Uy, tp(A3)) be a function. Then the following statements
hold.

1. If S and T are pfs’sof U; suchthat S € T, then hp(S) € hp(T).
2. If S and T are pfs’s of U, suchthat S € T, then hp1(S) € hp(T).

Lemma 3.2 Let hp: (Uy,7p(A1)) = (Uz, 7p(43)) be a function. If S is a pfs of Uy and T is a
pfs of U,. Then

1. hp(hp'(S)) S S

2. hp(hpl(S)) =S © hp is surjective.

3. hpt(hp(S)2S

4. hpl(hp(S)) = S whenever hp is injective.

Theorem 3.1 Let (U;,7p(A1)) and (Uz,tp(A3)) be two PNN'ts'’s and let hp: (U;,1p(41)) =
(Uz,7p(A2)), then

(1) Every PFNcontradCts isa PFN contraCts.
(i1)) Every PFNcontradCts isa PFN contradPCts.
(ii1)) Every PFNcontradCts is a PFN contradSCts.
(1V) Every PFNcontradSCts is a PFN contradfCts.
(V) Every PFNcontradPCts isa PFN contradfCts.
(Vi) Every PFNcontradaCts is a PFNcontradPCts.
(Vii) Every PFNcontradaCts isa PFNcontradSCts.
But not converse.

Proof. (i) Let hp: (Uy,7p(41)) = (U,, tp(4,)) be a PFN contradCts. Let S be a PFNo set in
(U, tp(A3)). Then hp1(S) is PFNSc set in (Uy,1p(41)). Since every PFNSc set is PFNcs,
hp1(S) is pfNc setin (Uy,7p(A;)). Hence hp is PFNcontraCts function.

(i1)) Let hp: (U, tp(A41)) = (Uz,tp(Az)) be a PFNcontradCts. Let S be a PFNo set in
(U, 7p(A5)). Then hx1(S) is PFNSc setin (Uy, p(A1)). Since every PFN ¢ setis PFNSPcs,
hz1(S) is pfNSPc setin (Uy,7p(A4;)). Hence hp is PFN contradPCts function.

(ii1)) Let hp: (Uy,tp(A7)) = (Uz,7p(Az)) be a PFNcontradCts. Let S be a PFNo set in
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(U, tp(A3)). Then hpl(S) is PFNSc setin (U, Tp(Ay)). Since every PFN ¢ set is PFNS8Scs,

hp1(S) is pfNSSc setin (Uy,1p(A;)). Hence hp is PFN contradSCts function.

(iv) Let hp: (Uy,tp(A1)) = (Uy,tp(A3)) be a PFNcontradSCts. Let S be a PFNo set
(U, tp(A3)) . Then hp'(S) is PFNESSc set in (Uy,tp(A,)). Since every PFNSESc set
PFNSBcs, hpl(S) is pfNSBc setin (Uy, Tp(A,)). Hence hp is PFN contradBCts function.

(v) Let hp:(Uy,tp(A1)) = (Uy,tp(4,)) be a PFNcontradPCts. Let S be a PFNc set
(U, tp(A3)). Then hpl(S) is PFNGSPc set in (Uy,tp(41)). Since every PFNSPc set
PFNSLcs, hpt(S) is pfNSBc setin (Uy,tp(A4;)). Hence hp is PFN contradfCts function.

(vi) Let hp: (Ui, tp(A41)) = (Uy,tp(A3)) be a PFNcontradaCts. Let S be a PFNo set
(U, tp(A3)). Then hpl(S) is PFNSac set in (Uy,tp(A;)). Since every PFNSac set

PFNESPcs, hpt(S) is pfNEPc setin (Uy,tp(A4,)). Hence hp is PFN contradPCts function.

(vii) Let hp: (Uy,tp(4A7)) = (Uz,1p(A,)) be a PFNcontradaCts. Let S be a PFNo set
(Up,7p(A3)). Then hp'(S) is PFNSac set in (U, 7p(4,)). Since every PFNSac set
PFNEScs, hpl(S) is pfNSSc setin (Uy, Tp(A4;)). Hence hp is PFNcontradSCts function.

in
is

n
1s

n
1S

in
1S

Remark 3.1 The following Figure shows the relations among the different types of Pythagorean

fuzzy & continuous mappings that were studied in this section.

‘ PFNcontraCts

|

| PFNcontradCts |

- —
= T

| PFNcontradSCts | — ‘ PFN contrad3Cts ‘ — | PFNcontradPCts |

| PFNcontradaCts

Figure : PFN contradCts mappings in PFN contraCts

Example 3.1  Assume U; = U, = U = {54, S,,S3,54} be the universe set and the equivalence

relation is U/R = {{sq, S4}, {52}, {S3}}.

— S1 S2 S3 Sy
Let A = {<0.3‘0.1> , <0.1’0_5> , <0_2,0_45>, <0_4‘0.25>} be a Pythagorean fuzzy subset of U.

_ S1,54 S2 S3
PFR(A) = {(0_3,0_25) ’ <0.1,o.5>' <o.2,0.45>}'
g (] s1.54 Sz S3
PFR(A) = {<0.4,o.1>’ <0.1.0.5>’ <0-2,0-45>}’

_ S1,54 Sp S3
Bprn(4) = {<0_25,0,3>' <0.1,o.5> ’ <o.2,0.45>}'

Now 7p(4;) = {0p, 1p, PFR(A), PFR(A), Bprn(A)} and Tp(4z) = {05, 1p, (PFR(A))",
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(PFR(A))C, (Bprn(A))€}. Let hp: (U,7p(41)) = (U,tp(A,)) be an identity function, Then hp is
PFNcontraCts but not PFNcontradCts . Since, PFI(A) is a PFNo set in U, but
hp L (PFR(A)) = PFR(A) is not PFNSc setin Uj.

Example 3.2 Let Uy ={51,52,53,54} , Uy ={ty,t,,t3,t4} are the universe sets and the
equivalence relations are Uy/R = {{s1,53},{S2,54}} and U,/R = {{ty,t3},{t2, t4}}. Let A =

S1 S2 S3 Sy _ ty ts i3 ty
{<0.4,0.8>’<0.5,0.4>’<0.6,0.6>’<0.7,0.6>} and A; = {<0.4,0.8>'<0.5,0.7>'<0.4,0.6>'<0.3,0.7>} be a Pythagorean

fuzzy subsets of Uy and U, respectively.
_ $1,53 52,54
PFR(A,) = {<0.4,0.8>’ <0.5,0.6>}

P 51,53 52,54
PFR(AL) = <0606> <0704

)
Bpryn (A1) = <05613 236> <Osfzj 245>
)

to.ts tots
PFR(A,) = <0407> <0307

Bprn(Az) = PFR(Az) = {<ot.41t:(t:6>’ <0t;f)47>}

Now  7p(A1) = {0p, 1p, PFN(A1), PFR(A1), Bprn(41)} . 7p(A2) = {0p, 1p, PFR(4>),

PFNM(A;) = Bprn(A3z)}. Let hp: (U1, tp(41)) = (U, tp(A3)) be an identity function, then hp is
PFNcontradPCts  (resp. PFNcontradfCts and PFNcontradPCts ) but not
PFNcontradCts (resp. PFNcontradSCts and PFNcontradaCts). Since, PFI(A,) is a

PFNo set in U, but hpl(PFR(4,)) = PFN(A,) is not PFNESc (resp. PFNSSc and
PFNSac) setin U;.

Example 3.3 Let Uy = {51,S2,53,54} , Uy ={ty,ty, t3,t4} are the universe sets and the
equivalence relations are Uy /R = {{s1,54},{s2},{s3}} and U,/R = {{t1,t,},{t2}, {t3}}. Let A, =

S1 Sy S3 Sy _ tl tz t3 t4_
{<0.3,0.7>'<0.1,0.6>'<0.4,0.6>'<0.4,0.6>} and A = {<0.6,0.4>’<0.6,0.2>’<0.6,0.4>’<0.6,0.4>} be a Pythagorean

fuzzy subsets of Uy and U, respectively.

w(“ll) = {<OS;Z47> ! <O.f,20.6> ! <0:,30.6>}'
Bprn (A1) = W(Al) = {<os.zlt:(s)4.‘6>’ <0.1S,20.6>’ <0.:,30.6>}’
M(AZ) = {<02:g‘.}4> ! <o.6t,20.2> ! <0.6t,30.4>}’
PR = () (c2) ()

_ tl,t4 tZ t3
Bpran(Az) = {(0,4,0,6> ’ <0,2,0.6> ’ <0.4,0.6>}'
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Now  7p(A1) = {0p, 1p, PFN(A,), PFN(A1) = Bprn(A1)} .  7p(A2) = {0p, 1p, PFR(Ay),

W(Az), Bprn(A,)}. Let hp: (Uy,tp(A1)) = (Uy, tp(A43)) be an identity function, then hp is
PFNcontradSCts  (resp. PFNcontradSCts ) but not PFNcontradCts (resp.
PFN contradaCts). Since, PFR(A,) is a PFNo set in U, but hp'(PFIN(A,)) = PFR(A,) is
not PFN ¢ (resp. PFN Sac) setin Uj.

Example 3.4 Let Uy = {S1,52,53,54}, Uy = {t1,t5,t3,t4} are the universe sets and the equivalence
relations are  Uy/R = {{s1,53},{s2,54}} and U,/R = {{t1,t3},{t2,t4}} . Let A;=

S1 S2 S3 Sy _ 51 t2 t3 ty
{<0.4,0.7>'<O.5,0.7>'<0.4,0.6>'<0.3,0.7>} and A, = {<0.4,0.8>'<0.5,0.4>'<0.6,0.6>'<0.7,0.6>} be a Pythagorean

fuzzy subsets of U; and U, respectively.

. S1,S3 52,54
m(‘ql) - {<0.4,0.7>’ <0.3,0.7>}

PFR(4;) = {<os_iff6>' <os-§:§-k7>}
Bprq(A1) = {(05.2(?6> ’ <OS;:;"}7>}
PFR(A,) = {<0t_lj§3s> ‘ <ot§ff6>}
PFR(Ay) = {(;2:21) ’ <0t;:(t;4>}
Bprn(42) = {(ofé:f)%6> ’ <ﬁ>}

Now  7p(41) = {0p, 1p, PFIR(A1), PFN(A1), Bprn(41)} . 1p(42) = {0p, 1p, PFNR(4,),
PFN(A3), Bprn(A,)}. Let hp: (Uy,7p(41)) = (U, tp(A,)) be an identity function, then hp is
PFNcontradfCts but not PFNcontradPCts. Since, PFI(A,) is a PFNo set in U, but
hpL(PFN(A,)) = PFIR(A,) isnot PFNSPc setin Uj.
Theorem 3.2 Let (Uy,7p(41)) & (Uy,tp(Ay)) be a PFNts’s. A mapping hp: (Uy, tp(A1)) =
(U3, tp(Ay)) satisfies the following conditions are equivalent.

(1) hp is PFNcontradfCts;

(ii) The inverse hp(K) of all PFNcs set K in U, is PFNSBos in Uj.

Proof. (i) — (ii): Consider a PFNcs K in U,. Then K¢ is PFNos in U,. As hp is
PFNcontradBCts, hpl(K€) is PFNSBcs in U;. As hpl(K€) = (hpt(K))C, hpl(K) is a
PFNSBos in U;.

(ii) = (i): Consider a PFNcs K in U,. So K€ is a PFNos in U,. By presumption, hp'(K¢) is
PFNSBcs in Uy. As hpt(K) = (hp1K)¢, (hpt(K))€ is a PFNSBcs in U;. Hence hp1(K) is a
PFNESPos in U;. Thus hp is PFNcontradfCts.
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Theorem 3.3 Let (Uy,7p(41)) & (U, tp(Ay)) be a PFNts’s. A mapping hp: (Uy, tp(A1)) =
(Uy,tp(Ay)) is PFNcontradfCts satisfies the following conditions are hold.

(1) hp(PFNEBcl(L)) 2 PFNSint(hp(L)), for all pfs L in U;.

(i) PFNSBcl(hp1(K)) 2 hp(PFNSint(K)), for all pfs K in U,.

Proof. (i) Since PFNécl(hp(L)) is a PFNScs in U, and hp is PFNcontradfCts, then
hpl(PFNSint( hp(L))) is PFNSBos in U; . Now, since L 2 hpl(PFNSint(hp(L))) ,
PFNSBcl(L) 2 hp(PFNSint(hp(L))). Therefore, hp(PFNSBcI(L)) 2 PFNSint(hp(L)).

(i1) By replacing L with K in (i),
we obtain  hp (?TNSBcl(h;,l(K))) 2 PFNSint(hp(hp (K))) 2 PFNSin(K) . Hence,
PFNSBcl(hp (K)) 2 hpt(PFNSint(K)).

Remark 3.2 Let (U1’ TP(Al)) & (UZ’TP(AZ)) be a PFNts ’s. Let hp: (Ul' Tp(Al)) -
(Uy,7tp(A3)) be a mapping. If hp is PFNcontradfCts, then

1. hp(PFNSLcl(L)) is not necessarily equal to PFN Sint(hp(L)) where L € Uj.
2. PFNESBcl(hpt(K)) is not necessarily equal to hp!(PFNSint(K)) where K € U,.

Example 3.5 Assume U; = U, = U = {s4, 55, S3,S4} be the universe set and the equivalence relation

is U/R = {{s1, 84}, {52}, {s3}}-

— S1 S2 S3 Sy
Let A= {(0_3’0_1> , <0.1,0.5> , <0.2,0.45>’ <0_4'0_25>} be a Pythagorean fuzzy subset of U.

_ 51,54 Sz S3
PFR(A) = {(0,3,0,25> ’ <o.1,o.5> ’ <0.2,0.45>}’
—_— _ S1,54 Sp S3
PFR(A) = {<0.4,0.1>’ <0.1,0.5>’ <o.2,0.45>}'

_ 51,54 Sz S3
Bprn(4) = {<0.25,0.3> ’ <0.1,0.5> ’ <0-2,0-45>}'

Now 1p(41) = 1p(43) = 1p(4) = {05, 1p, PFN(A), PFI(A), Bprn(A)} is a PFNts. Let
hp: (U,tp(A1)) = (U,7p(A43)) be an identity function, then hp is PFNSLCts.

1. hp(PFNSBCL(PFR(A))) = Bppn(A). But PFNScl (hp (m(A))) = Bppn(A)°. Thus
hp(PFNSLCl(PFN(A))) #= PFNScl(hp(PFI(A))).
2. PFNEBcl(hp*(PFN(A))) = Bpexn(A). But hp' (PFNScl(PFR(A))) = Bpra(A)C. Thus
PFNSBcl(hp* (PFNR(A))) # hp  (PFNScL(PFR(A))).
4 Pythagorean fuzzy nano contra 6 (resp. § pre, 6 semi, 6a and éf)-irresolute maps

In this section, we introduce the concept of Pythagorean fuzzy nano contra irresoluteness called
Pythagorean fuzzy nano contra (resp. §, 8P, dS,6a and 6f)-irresolute maps by using PFNSos
(resp. PFNcontrados , PFNcontradPos, PFN contradSos, PFNcontradaos and

https://internationalpubls.com 1936



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 10s (2025)

PFNcontradfos)’s and study some of their basic properties. This definition enables us to obtain
conditions under which maps and inverse maps preserve respective open sets.

Definition 4.1 A map hp: (Uy,7p(41)) = (U,, tp(4,)) is said to be Pythagorean fuzzy nano contra
(resp. 6, 0P, 6S, Sa and O8f)-irresolute (in short, PFN contralrr (resp. PFNcontradlrr,
PFNcontradPlrr, PFNcontradSlrr, PFNcontradalrr and PFNcontradflrr)) map if
hpY(K) is a PFNScs (resp. PFNScs, PFNSPcs, PFNESScs, PFNSacs and PFNSBcs) in
(U1, tp(A1)) for each PFNSos (resp. PFNSos, PFNSPos, PFNSos, PFNbéaos and
PFNSLos) K of (U, tp(A3)).

Theorem 4.1 Let (Uli TP(AI)) & (Uz, TP(AZ)) be a PFNts ’s. Let hp: (Ull Tp(Al)) -
(Uy,tp(A3)) be a mapping. Then the following statements are hold for PFN'ts, but not conversely.

(1) Every PFNcontralrr map isa PFNcontraSCts.

(i1)) Every PFNcontradSIrr map isa PFN contradSCts.
(iii)) Every PFNcontradPIrr map isa PFNcontradPCts.
(iv) Every PFNcontradalrr map is a PFNcontradaCts.
(V) Every PFNcontradBlrr mapisa PFNcontradfCts.

Proof. (i) Consider a PFN contralrr map hp and a PFNos K in U,. As each PFNos is a
PFNSos, K is a PFNSos in U,. By presumption, hp(K) is a PFNScs in U;. Thus hp is a
PFN contrasSCts map.

(i) Consider a PFNcontradSlrr map hp and a PFNSos K in U,. As each PFNdos is a
PFNos and PFNSESos, K is a PFNSos and PFNS8Sos in U,. By presumption, hp(K) is a
PFNEScs in Uy. Thus hp isa PFNcontradSCts map.

(ii1) Consider a PFN contradPIrr map hp and a PFNdos K in U,. As each PFN os is a
PFNos and PFNSPos, K is a PFNSos and PFNSPos in U,. By presumption, hp1(K) is a
PFNEPcs in Uy. Thus hp isa PFN contradPCts map.

(iv) Consider a PFNcontradalrr map hp and a PFNdos K in U,. As each PFNJos is a
PFNos and PFNSaos, K is a PFNSos and PFNSaos in U,. By presumption, hp(K) is a
PFNbacs in U;. Thus hp is a PFN contradaCts map.

(v) Consider a PFNcontradBlrr map hp and a PFNéos K in U,. As each PFNos is a
PFNos and PFNSBos, K is a PFNSos and PFNSBos in U,. By presumption, hp'(K) is a
PFNSLcs in U;. Thus hp isa PFNcontradfCts map.

Example 4.1 Let Uy = {S1,52,53,54}, Uy = {t1,t3,t3,t4} are the universe sets and the equivalence
relations are  Uy/R = {{s1,53},{s2,54}} and U/R = {{t1,t3},{t2,t4}} . Let A;=

S1 S2 S3 Sy _ ty tr i3 ty
{<0.1,0.8>’<O.3,0.7>'<0.2,0.9>'<0.4,0.6>} and Az = {<0.4,0.8>'<0.5,0.4>'<0.6,0.6>’<O.7,0.6>} be a Pythagorean

fuzzy subsets of U; and U, respectively.

_ 51,53 52,54
PFR(A,) = {<0.1,0.9>’ <0-3,0-7>}'
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Brm(Ay) = PFR(AY) = ({2225, (2224},

0.2,0.8 0.4,0.6
PRy = (i) ()
PRI = (e (el
Bprg(Az) = {<ﬁ>’<ﬁ>}'
Here 1,(4;) ={0p, 1p, PFR(4,), PFR(A;) = Bprn(41)} and 7,(4;) = {0p, 1p, PFR(A,),

PFN(A,), Bprg(A,)} are the PFN'ts's on U; and U, respectively.

Let hp: (U1, 7p(A1)) = (Uz,7p(A4,)) be an identity function, then hp is PFN contraSCts but not
PFNcontralrr, because the set (PFI(A,))C is a PFNSos in U, but hpl((PFR(A,))°) =
(PFNR(A,))€ isnot PFNScs in Uj.

Example 4.2 Let Uy = {S1,52,53,54}, Uy = {t1,t3,t3,t4} are the universe sets and the equivalence
relations are Uy/R = {{s1,53},{S2,84}} and U,/R = {{t1,t3},{t2ts}} . Let A=

S1 S2 S3 Sy _ ty tr i3 ty
{<0.4,0.7>'<0.5,0.7>'<0.4,0.6>'<0.3,0.7>} and A; = {<0.4,0.8>'<0.5,0.4>'<0.6,0.6>'<0.7,0.6>} be a Pythagorean

fuzzy subsets of Uy and U, respectively.

. S1,S3 52,54
PFR(A,) = {<0.4,0.7>’ <0.3,o.7>}

Now p(41) = {0p, 1p, PFR(A1), PFR(A), Bprn(A1)} : Tp(42) =
{0p, 1p, PFR(A,), PFR(AL), Bprn(A2)}. Let hp: (Uy,7p(Ar)) = (Uz, Tp(4;)) be an identity
function, then hp is PFNcontradPCts but not PFNcontradPIlrr. Since, (PFI(A,))° is a
PFNEPo setin U, but hpt((PFN(A,))C) = (PFR(A,))C isnot PFNSPc setin Uj.

Example 4.3 Let Uy = {S1,52,53,54}, Uy = {t1,t5,t3,t4} are the universe sets and the equivalence
relations are U;/R = {{s1,54}, {S2},{s3}} and U,/R = {{t1,t,4},{t2}, {t3}} . Let A; =

{( - >;< 22 >,< 2 >,< - >} andA2={< 2! >,< 2 >.< = >,< e >} be a Pythagorean
0.4,0.3/*\0.4,0.2/ * \0.5,0.5/ " \0.5,0.2 0.3,0.1/ " \0.1,0.5/ * \0.2,0.45/ * \0.4,0.25

fuzzy subsets of Uy and U, respectively.
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praan) = ((25e). (525). (s}
PR = {(2225). (7255). (25}
Brea(n) = {[3555). 252 (25
prn) = ({205 (i) ()
PR = ({555 (oiss)- ()}
Brea() = {[535). (725 ()

Here Tp(Al) = {OP' 1P, :P.‘]:m(Al), ?T%(Al), B?T‘R(Al)} and Tp(AZ) = {OP' 1P' ?:Fm(Az),

PFRNR(A;), Bprsi(A,)} are the PFN'ts's on U; and U, respectively.

Let hp: (U1, tp(A1)) = (Uz,7p(45)) be an identity function, then hp is PFN contradfCts but not

PFNcontradBlrr , because the set B = {< fuls >,< 2 >,< = >} is PFN6Bos in U, but
0.4,0.1/ " \0.4,02/ " \0.2,0.3

h*(B) = B is not PFNSBcs in U;.

Definition 4.2 A4 PFN'ts (U;,tp(A41)) is known as a Pythagorean fuzzy nano dSU1 (resp. 6P U1,
2 2
daU1 and SBU4) (in short, PFNSU1 (resp. PFNOSPU1, PFNSaUr and PFNSLU1))-space, if
2 2 2 2 2 2
each PFN6Sos (resp. PFN6Pos, PFNSaos and PFNBos) in X is PFNos in U;.

Theorem 4.2 Let  hp:(Uy,1p(41)) = (Uy,tp(43)) be a PFNcontradSlrr (resp.

PFNcontradPlrr , PFNcontradalrr and PFNcontradflrr ) map. Then hp is a

PFNcontraCts map if X is a PFNSSUr (resp. PFNSPUr , PFNSaU: and
2 2 2

PFNSLU1)-space.
2
Proof. (i) Consider a PFNos K in U,. Then K is a PFNS8Sos in U,. Therefore hp1(K) is a
PFNESScs in Uy. Since Uy is a PFNS8SU1-space, hpt(K) is a PFNcs in U;. Hence hp is a
2
PFNcontraCts map.

(ii) Consider a PFNos K in U,. Then K is a PFNSPos in U,. Therefore hp(K) is a
PFNSPcs in U;. Since X is a PFNSPU1-space, hp'(K) is a PFNcs in U;. Hence hp is a
2

PFNcontraCts map.

(iii) Consider a PFNos K in U,. Then K is a PFNSaos in U,. Therefore hp'(K) is a
PFNSacs in U;. Since U; is a PFNSaUi-space, hp1(K) is a PFNcs in U;. Hence hp is a
2

PFNcontraCts map.
(iv) Consider a PFNos K in U,. Then K is a PFNGSBos in U,. Therefore hp(K) is a
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PFNSBcs in U;. Since Uy is a PFNGSBU1-space, hpt(K) is a PFNcs in U;. Hence hp is a
2
PFNcontraCts map.

Theorem 4.3 Let hp:(Ul,Tp(Al)) 4 (Uz,Tp(Az)) and gp:(Uz,Tp(Az)) 4 (U3,TP(A3)) be
mappings. Then gp o hp: (Uy, tp(A1)) = (U3, tp(43)) is

(i) PFNcontradCts (resp. PFNcontradSCts, PFNcontradPCts, PFNcontradaCts
and PFN contradfCts) if hp is PFNSIrr (resp. PFNESIrr, PFN6PIrr, PFNbéalrr and
PFNSLIrr) maps and gp is PFNcontradCts (resp. PFN contradSCts, PFNcontradPCts,
PFNcontradaCts and PFN contradfCts).

(i1)  PFNcontralrr (resp. PFNcontradlrr , PFNcontradPlrr, PFNcontradSirr,
PFNcontradalrr and PFN contradflrr) if hp is PFNcontralrr (resp. PFNcontradlrr,
PFNcontradPlrr, PFNcontradSlrr, PFNcontradalrr and PFN contradfIrr) and gp is
PFNSIrr (resp. PFNOSIrr, PFNSPIrr, PFN Salrr and PFNSLIrT).

(1i1) PFNcontralrr (resp. PFNcontradlrr, PFN contradPlrr, PFN contradSirr,
PFNcontradalrr and PFN contradflrr)if hp is PFNSIrr (resp. PFN6SIrr, PFNSPIrr,

PFNSalrr and PFNSLIrr ) and PFNcontralrr (resp.
PFNcontradlrr, PFNcontradPlrr, PFNcontradSlrr, PFNcontradalrr &
PFNcontradBIrr).

Proof. (i) Let K be a PFNos in Us. Then gpl(K) is a PFNSBcs in U,. As gp is a
PFNSBIrr, hpl(gpl(K)) is a PFNSBcs in Uy. Thus gp o hp is a PFNcontraCts map. The
other cases are similar.

Theorem 4.4 Let hp: (Uy,7p(A1)) = (Uy,1p(4,)) be a mapping.
(1) If (Uy,tp(A1)) is PFNGESUL (resp. PFNSPULr, PFNSaU:r and PFNSBU1 )-space,
2 2 2 2

then the concepts of PFN contraCts and PFNESCts (resp. PFNOPCts, PFNSalts and
PFNSLCts) are equivalent.

(1) If gp i1s PFNESUs (resp. PFNSPUr, PFNSaU:r and PFNSLU:)-space, then the
2 2 2 2

concepts of PFNcontradSCts (resp. PFNcontradPCts , PFNcontradaCts and
PFNcontradfBCts) and PFN contradSirr (resp. PFNcontradPlrr, PFNcontradalrr and
PFNcontradPIrr) are equivalent.

(ii1)) If hp and gp are PFNGSSU:1 (resp. PFNSPUr, PFNSaU: and PFNSLU1)-spaces,
2 2 2 2

then the concepts of NgScontraCts , PFNcontradSCts (resp. PFNcontradPCts ,
PFNcontradaCts and PFN contradfCts) and PFNcontradSlrr (resp. PFNcontradPlrr,
PFNcontradalrr and PFN contradfIrr) are equivalent.

Proof.

(i) Let K be a PFNcs in U,. Then hpz1(K) is a PFNSBos in Uy if hp is PFNcontrasBCts.
As Uy is a PFNSBU1-space, hp1(K) is a PFNSos in U;. Hence hp is also PFNcontraCts
2
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map. The other cases are similar.

Theorem 4.5 Let hp: (Ulf TP(AI)) d (Uz, Tp(Az)) and 9Ip: (Uz, Tp(Az)) - (U3, TP(A3)) be

PFNESCts (resp. PFNOSPCts, PFNbaCts and PFNSLCts ) mappings and U, be a

PFNESUL  (resp. PFNSPU:. , PFNSaUr and PFNSLU:r )-spaces. Then gpo
2 2 2

2

hp: (Uy, tp(A1)) = (U3, tp(43)) is PFNOESCts (resp. PFNSPCts , PFNSaCts and
PFNSLCts).

Proof. Let K be a PFNcs in U;. Then gpl(K) is a PFNGSBos in U, since gp is
PFNcontradfCts. As U, isa PFNSBU1-space, gpl(K) isa PFNos in U,. Then, gp(hp(K))
2

is PFNSBcs in Uy because hp is PFNcontradfCts. Hence, gp o hp isa PFNSLFCts map.

Theorem 4.6 Let a map hp: (Uy,7p(41)) = (Uy,tp(A43)). Then the following conditions are
equivalent if U; and U, are PFNSSU1 (resp. PFNSPU1, PFNSaU1r and PFNSLU1)-spaces.
2 2 2 2

i) hp is a PFNcontradSlrr (resp. PFNcontradPlrr , PFNcontradalrr and
PFNcontradBIrr) map.

(i) hpY(B) is a PFNSSos (resp. PFNSPos, PFNSaos and PFNSBos) in Uy, for each
PFNEScs (resp. PFNSPcs, PFNSacs and PFNSBcs) B in U,.

(ii1) PFNcontradPlrr, PFN contradSIrr, PFN contradalrr
PFNcl(hpt(B)) 2 hp ' (PFNint(B)), for each pfs B of U,.

Proof. (i) — (ii): Let B be any PFNSfcs in U,. Then, B¢ is a PFNSBos in U,. Since hp is
PFNcontradflrr, hp'(BS) is a PFNSBcs in Uy . But hpl(B¢) = (hp'(B))°. Therefore,
hz1(B) isa PFNSBcs in U;.

(ii) - (iii) : Let B be any pfs in U, and PFNint(B) € B. Then, hp(PFNcl(B)) € hp*(B).
Since PFNint(B) is a PFNos in Uy, PFNint(B) is a PFNSBos in U, . Therefore,
(PFNint(B))¢ is a PFNSBcs in U,. By hypothesis, hp!((PFNint(B))) is a PFNSBos in
U;. Since, hp ((PFNint(B))°) = (hp (PFNint(B)))¢, hp (PFNint(B)) is a PFNSBos in
Uy . Since, Uy is a PFNEBUy , -space, hp (PFNint(B)) is a PFNos in U; . Hence,
PFNcl(hpt(B)) 2 PFNcl(hp (PFNint(B))) = hpl (PFNint(B)) . That is,
PFNcl(hp'(B)) 2 hp'(PFNint(B)).

(iii) » (i) : Let B be any PFNGfcs in U,. Since U, is a PFNSBU, /,-space, B is a PFNcs in
U, and PFNcl(B) =B. Hence, hp'(B) = hp'(PFNSBcl(B)) 2 PFNSBint(hp(B)) . But
clearly, hp*(B) 2 PFNint(hp*(B)) . Therefore, PFNint(hp*(B)) = hp*(B) . This implies,
hp1(B) is a PFNos and hence, it is a PFNSBos in X;. Thus, hp is a PFN contraSfIrr map.
The proof of the others are similar. width 0.22 true cm height 0.22 true cm depth Opt

S Application

Measures of similarity is a real-valued function which quantifies the similarity between two
pythagoren fuzzy sets and its value is always expressed as a number between 0 and 1. 0, a low level of
similarity and 1, a high level of similarity.
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Example 5.1

Gemstones within a species can exhibit distinct colors or optical characteristics, which are prized by
gemologists and enthusiasts alike. These unique features play a crucial role in determining the
gemstone’s beauty, rarity, and ultimately, its value. A vast array of vibrant and colorful gemstones,
representing various types, can be found in different regions of particular area. A panel of experts
specializing in gemology aims to rank several of these gemstone varieties in order of preference based
on a set of predetermined criteria. After thorough discussion and deliberation, the experts have
identified five gemstone varieties Sy, S,, S3, S4 and S5 as alternatives for ranking. The ranking
decision will be based on the following four key criteria’s C;, j = 1,2, 3,4: Color and clarity is Cj,
Cut and polish is C,, Carat and luster or originality is C3 and hardness is C,. Now, the experts
evaluate the alternatives §;, i = 1,2,3,4 under the criteriaCj, j = 1,2,3,4 which can be represented by
the following pf's’s.

S, = {< €1;0.8,0.4 >, < (,;0.3,0.8 >,< C3;0.6,0.3 >,< Cy; 0.6,0.4 >}
S, = {< €;;0.4,0.7 >,< C5;0.3,0.8 >, < C3;0.5,0.6 >, < C,; 0.6,0.5 >}
S; = {< €;;0.6,0.5 >,< C5;0.7,0.4 >, < C3;0.3,0.8 >, < C,; 0.3,0.5 >}
Sy = {< €1;0.7,04 >,< Cy;0.4,0.7 >,< C3;0.5,0.7 >, < Cy; 0.6,0.4 >}
Se = {< €;;0.9,0.2 >,< C,;0.4,0.8 >,< C3;0.6,0.3 >,< C,;0.7,0.2 >}

These pf'ss are shown with the help of decision matrix in Table 1. The pfs of positive index set and
pfs of negative index set are constructed respectively as follows:

Sy ={< C1;1,0 >,< C331,0 >,< C;; 1,0 >,< Cp;1,0 >}
S, ={<C;0,1> < Cyp;0,1><Cy;0,1> < Cp0,1>}

Next, calculating the Zhang similarity between each alternatives S; to pfs of positive index set and
pfs ofnegative index set respectively. The the results are shown in the Table 2. The similarity between
each alternative S; to pfs of positive index set and pfs of negative index set respectively are

utilized to calculate the degree of closeness [41] DC(S;) is calculated as follows. DC(S;) =
'SZ(Sani)
Sz (Sp'Si)+SZ (Sn,Si)

and the results are display in the Table 3.

Table 3, shows the degree of closeness of each alternative S; over the criteria C;j:The degree of
closeness is used to rank the alternative S; in preference order. The results are exhibited in Table 4.
Table 4, shows the rank of alternative S; according to the degree of closeness in preferred order.The
alternative S; with the largest degree of closeness is considered as the best alternative.

Table 1:pf's’s of alternatives

Alternative (Criteria 1 (Cy) Criteria 2 (C5) Criteria 3 (C3) Criteria 4 (Cy)

S, |<58,C1;0804>/<S;,C,;0308>|<S;,Cs0.603><S;,C,;0.604 >

SZ < Sz, Cl’ 04,07 > < Sz, Cz, 03,08 > < Sz, C3, 05,06 >< Sz, C4_, 06,05 >
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53 < S3, Clr 06,05 >

< S3, CZI 07,04‘ >

< S3, Cg, 03,08 >

< 53, C4, 03,05 >

54_ < 54,, Cll 07,04‘ >

< S, Cp; 04,07 >

< 54, Cg, 05,07 >

< S, Cy;0.6,0.4 >

Ss <S5 €y;09,02 >

< Ss,C,;0.4,0.8 >

< Ss,C3;0.6,0.3 >

< S5, C,; 07,02 >

Table 2: Zhang similarity measure of each alternative with S, and S,

Alternative $2(55,5) | $2(54,5)
S 0.476 1.000
S, 0.618 1.000
S; 0.536 1.000
Ss 0.495 0.181
Ss 0.588 0.090

Table 3: Degree of closeness of each alternative

Alternative DC(S;)
S1 0.68
S, 0.62
S3 0.65
S4 0.27
Ss 0.13

Table 4:Ranking of each alternative

Similarity

Ranking

DC(Ss) < DC(S,) < DEC(S,) < DE(S3) < DE(S;)

Hence, the alternative S; is selected as the best alternative.

6 Conclusion

In this paper, PFNcontraCts, PFNcontradCts, PFNcontradSCts, PFN contradPCts,
PFNcontradaCts, and PFN contradfCts respective irresolute map is defined using PFN §o,
PFNESo, PFNSPo, PFNSao and PFNGSLo set and its properties are analyzed with the
examples. Also we extended the concept of Pythagorean fuzzy contra irresolute maps in Pythagorean
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fuzzy topological spaces using above mentioned open sets. Some examples and basic relationships
between the contra irresolute mappings were also discussed. In future, these can be extended to
Pythagorean fuzzy open, closed, homeomorphism and contra maps. Application for Economical
decision making problem was solved with the proposed similarity measure. In future, MCDM to the
field of medical diagnostic can be develope to the PFN'ts.
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