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1 Introduction

Zadeh in [21] established the idea of fuzzy in 1965, which is a generalization of usual set using fuzzy
where each element has a membership degree in [0,1]. The subsequent advanement of fuzzy subsets
was the intuitionistic fuzzy set published by Atanassov, [4] in 1983, which has elements having
membership and non-membership degree. In 1968, Chang in [5] defined fuzzy topological space and
fundamental results such as continuity, open and closed set. Following this, Lowen in [7] defined
fuzzy topological space in other form. Coker introduced the idea of intuitionistic fuzzy topological
space with few properties, see [6]. The concept of Pythagorean fuzzy subset which is a typical fuzzy
subset was presented by Yager, see [18, 19, 20]. Pythagorean fuzzy topological space was introduced
by Olgun in [11] by taking the lead as from Chang.

In 2013, a new topology called Nano topology was introduced by Lellis Thivagar [9] which is an
extension of rough set theory. He also introduced Nano topological spaces which were defined in
terms of approximations and boundary region of a subset of a universe using an equivalence relation
on it. The elements of a Nano topological space are called the Nano open sets and its complements are
called the Nano closed sets. Nano means something very small. Nano topology thus literally means the
study of very small surface. The fundamental ideas in Nano topology are those of approximations and
indiscernibility relation. Furthermore nano & open sets in nano topological space was studied in [13].
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Recently, Lellis Thivagar et. al [10] explored a new concept of neutrosophic nano topology, and also
Z-open sets in topological spaces by El-Magharabi and Mubarki [8], M -open sets in a nano
topological spaces by Padma et. al [12], Z-open sets in nano topological spaces by Selvaraj and
Balakrishna [3] and fuzzy Z-closed sets and generalized fuzzy Z -closed sets in double fuzzy
topological spaces by Shiventhiradevi et. al in [14, 15]. Thangammal et. al [16] introduced fuzzy nano
Z-open sets in fuzzy nano topological spaces. Vadivel et al. [17] discussed some open sets in fuzzy
nano topological spaces.

Research Gap: No investigation on some stronger and weaker forms of Pythagorean fuzzy nano
open sets such as Pythagorean fuzzy nano & open set, Pythagorean fuzzy nano §-semi open set,
Pythagorean fuzzy nano pre open set and Pythagorean fuzzy nano Z open sets on Pythagorean fuzzy
nano topological space has been reported in the Pythagorean fuzzy literature.

In this paper some preliminary concepts required in our work are briefly recalled in section 2. In
section 3, we introduce the concept of PFNo, PFN o, PFN6So, PFNPo and PFN_Zo sets
and studied some of their properties. Also, we discuss on Pythagorean fuzzy nano Z-interior and
Pythagorean fuzzy nano Z-closure operators in Pythagorean fuzzy nano topological spaces.

2 Preliminaries

Definition 2.1 [21] A function A from X into the unit interval 1 is called a fuzzy set in X. For every
x € X,A(x) €1 is called the grade of membership of x in A. Some authors say that A is a fuzzy
subset of X instead of saying that A is a fuzzy set in X. The class of all fuzzy sets from X into the
closed unit interval 1 will be denoted by 1%.

Definition 2.2 /2] If A and & are any two fuzzy subsets of a set X, then A is said to be included in
& or A is contained in & or A is less than or equal to & iff A(x) < &(x) for all x in X and is
denoted by A < &. Equivalently, A < ¢ iff uy(x) < ug(x) forall x in X.

Note that every fuzzy subset is included in itself and empty fuzzy subset is included in every fuzzy
subset.

Definition 2.3 [21] Two fuzzy subsets A and p of a set X are said to be equal, written A = p, if
A(x) = u(x) forevery x in X.

Definition 2.4 [21] The complement of a fuzzy subset A in a set X, denoted by 1 — 4, is the fuzzy
subset of X defined by 1 — A(x) forall x in X. Notethat 1 — (1 —21) = A.

Definition 2.5 /[21] The union of two fuzzy subsets A and p in a set X, denoted by AV U, is fuzzy
subset in X defined by (AV p)(x) = max{A(x), u(x)}, forall x in X.

In general, the union of a family of fuzzy subsets {;:i € I} is a fuzzy subset denoted by V;¢; & and
defined by (Vg &) (x) = sup{&;(x):i € I}, for all x in X.

Definition 2.6 [21] The intersection of two fuzzy subsets A and p in a set X, denoted by A Ay, is
fuzzy subset in X defined by (A A u)(x) = min{A(x), u(x)}, forall x in X.

In general, the intersection of a family of fuzzy subsets {&;:i € I} is a fuzzy subset denoted by A;¢; &;
and defined by (A;e; &) (x) = inf{¢;(x):i € I}, for all x in X.
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Definition 2.7 [18, 19, 20] Let X be a universal set. Then, a Pythagorean fuzzy set A, which is a set
of ordered pairs over X, is defined by the following: A = {< x,us(x), 4(x)|x € X} or A=
{<M> |x € X}, where the functions pys(x): X = [0,1] and A4(x): X = [0,1] define the degree
of membership and the degree of nonmembership, respectively, of the element x € X to A, which is a
subset of X, and for every x €X, 0< (ua(x))?+ (M ()2 < 1. Supposing (1a(x))?+
(A4(x))? < 1, then there is a degree of indeterminacy of x € X to A defined by my(x) =
V1= (a2 + (A4 (x))2] and mu(x) €[0,1] . In what follows, (a(x))? + (Aa(x))? +
(ma(x))? = 1. Otherwise, ma(x) = 0 whenever (us(x))? + (A4(x))? = 1. We denote the set of all
PFS’s over X by pfs(X).

Definition 2.8 /[20] Let A and B be pfs’s of the forms A = {< a,py(a),A4(a) > |a € X} and
B ={< a,ug(a),Ag(a) > |a € X}. Then

1. AC B ifandonly if uy(a) < ug(a) and A4(a) = Ag(a) forall a € X.
2. A=B ifandonlyif AS B and B € A.

A ={<a(a),us(a) > |a€ X}.

ANB ={<a,uys(a) ANug(a),14(a) vV Ag(a) > |a € X}.

AUB ={<a,uy(a)Vug(a),4(a) ANg(a) > |a € X}.

0p ={<a,01>|a€X}and 1 ={<a,1,0 > |a € X}.

N AW

ip = Op and GP = 1p.

Definition 2.9 [I] Let U be a non-empty set and R be an equivalence relation on U. Let A be a
Pythagorean fuzzy set in U with the membership function p,(x) and non membership function
Aa(x), ¥V x € U. The Pythagorean fuzzy nano lower, Pythagorean fuzzy nano upper approximation
and Pythagorean fuzzy nano boundary of A in the approximation (U,R) denoted by

PFN (A), PFN (A) and Bpgy-(A) are respectively defined as follows:

1. PEN(A) = {(x, treay (%), Agay () /v € [x]p,x € U}

2. PFN(F) = {(x, gy (), Apgay (/Y € [x]a x € U}

3. Bpgy(F) = PFN(F) — PEN (F)

where ppa)(X) =Ayepxp #a(V)

Aray(X) =Ayerxr 24 V),
Hza)(X) =Vyelxp Ha(y),
A () =Vyerep AO):

Definition 2.10 [I] Let U be an universe of discourse, R be an equivalence relation on U and A
be a Pythagorean fuzzy set in U and if the collection t(A)={0p, 1p, PFN(A),
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PFN(A), Bpry (A)} forms a topology then it is said to be a Pythagorean fuzzy nano topology. We
call (U,tx(A)) (or simply U) as the Pythagorean fuzzy nano topological space. The elements of
tR(A) are called Pythagorean fuzzy nano open (briefly, PFN o) sets.

Remark 2.1 /1] [tx(A)]¢ is called the dual fuzzy nano topology of tx(A). Elements of [tx(A)]¢
are called Pythagorean fuzzy nano closed (briefly, PFNc) sets. Thus, we note that a Pythagorean
fuzzy set G of U is Pythagorean fuzzy nano closed in tx(A) if and only if 1p — G is Pythagorean
fuzzy nano open in t¢(A).

Definition 2.11 /1, 2] Let (U,tx(A)) be a PFN'ts with respect to A where A is a Pythagorean
fuzzy subset of U. Let S be a Pythagorean fuzzy subset of U. Then Pythagorean fuzzy nano

1. interior of S (briefly, PFNint(S) ) is defined by PFNint(S)=U{l:]C
S & [isaPFNoset inU}.

2. closure of S (briefly, PFNcl(S) ) is defined by PFNcl(S)=n{A:SCc
A & AisaPFN'cset inU}.

3. regular open (briefly, PFNTro) setif S = PFNint(PFNcl(S)).
4. regular closed (briefly, PFNrc) setif S = PFNcl(PFNint(S)).
3 Pythagorean fuzzy nano Z (resp. 8, S and pre)-open sets

Definition 3.1 Let (U,tx(A4)) be a PFN'ts with respect to A where A isa pfs of U. Let S bea
pfs of U. Then Pythagorean

1. fuzzy nano § interior of S (briefly, PFN§int(S)) is defined by PFN §int(S) =U {I:]1 <
S & lisaPFNro setinU}.

2. fuzzy nano § closure of S (briefly, PFN6cl(S)) is defined by PFNcl(S) =n {A:S €
A & AisaPFNrcsetin U}.

Definition 3.2 Let (U,12(A)) be a PFN'ts with respect to A where A is a pfs of U. Then a
pfs S in U is said to be Pythagorean :

1. fuzzy nano &-open (briefly, PFN o) setif S = PFNGint(S).

2. fuzzy nano §-a-open (or) fuzzy nano a-open (briefly, PFNéao (or) PFNao) set if S ©
PFNIint(PFNcl (PFNSint (S))).

3. fuzzy nano §-semi open (briefly, PFN8So0) set if S € PFNcl(PFN §int(S)).
4. fuzzy nano pre open (briefly, PFNPo) setif S € PFNint(PFNcl(S)).

The complement of an PFNéo (resp. PFNSao, PFNESo & PFNPo) set is called a
Pythagorean fuzzy nano & (resp. Pythagorean fuzzy nano 6-a, Pythagorean fuzzy nano §-semi &
Pythagorean fuzzy nano pre) closed (briefly, PFN 6c (resp. PFN Sac, PFN8Sc & PFNPc)) in
U.

Definition 3.3 Let (U,tx(A)) be a PFNts with respect to A where A isa pfs of U. Let S bea
pfs of U. Then Pythagorean fuzzy nano
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1. & semi interior of S (briefly, PFNSint(S)) is defined by PFNSint(S) =U{l:] S
S & lisaPFN6So setinU}.

2. & semi closure of S (briefly, PFNEScl(S)) is defined by PFNEScl(S) =N {A:S C
A & AisaPFN éScsetin U}.

3.  pre interior of S (briefly, PFNPint(S) ) is defined by PFNPint(S) =U{l:] S
S & [isaPFNPo setinU}.

4.  pre closure of S (briefly, PFNPcl(S) ) is defined by PFNPcl(S) =n{A:S
A & AisaPFN Pcsetin U}.

Definition 3.4 Let (U,12(A)) be a PFNts with respect to A where A is a pfs of U. Then a
pfs S in U is said to be a Pythagorean fuzzy nano

1. Z-open (briefly, PFRZo) set if S € PFRcl(PFRSint(S)) N PFRint(PFNcl(S)),
2. Z-closed (briefly, PFRZc) set if PFRint(PFNRScI(S)) N PFRcl(PFNint(S)) € S.

The family of all PFNZo (resp. PFIZc) sets of a space (U,tz(A)) will be as always denoted by
PFRZOU,A) (resp. PFNZC(U, A)).

Definition 3.5 Let (U,1¢x(A)) be a PFN'ts with respect to A where A is a pfs of U. Then a
pfs K in U, then the Pythagorean

1. fuzzy nano Z-interior of K is the union of all PFJZo sets contained in K and denoted by
PFNZint(K).

2. fuzzy nano Z-closure of K is the intersection of all PF9tZc sets containing K and denoted
by PFNZcl(K).

Remark 3.1 Let K be a subset of a PFNts (U,tx(A)). Then (PFRZcl(K))C =
PFNRZint(K), (PFRZint(K))¢ = PFNZcl(K®).

Theorem 3.1 Let (U,tx(A)) be a PFN'ts. Then,
(1) Every PFNdo setis PFINo set.
(i1)) Every PFJto setis PFINPo set.
(iii)) Every PFNdo setis PFIdSo set.
(1V) Every PFIdSo setis PFItZo set.
(V) Every PFNPo setis PFIZo set.

Proof. (1) If K is a PFNdos in U, then K = PFNSint(K) & PFRint(K). Therefore, K is a
PFNos.

(i) If K is a PFNos in U, then K = PFRint(K). So, K = PFRint(K) € PFRint(PFNcl(K)).
Therefore, K is a PFNPos.

(i) If K is a PFNSos in U, then K is PFNos by (i) . So, K S PFhint(K) €
PFRint(PFINScl(K)). Therefore, K is a PFISPos.
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(iv) K is a PFRSSos, then K € PFRcI(PFNRSint(K)) and so K S PFRC(PFRSint(K)) S
PFR(PFRSint (K)) U PFRint(PFRcI(K)). ~ K isa PFRZos.

(v) K is a PFNPos, then K S PFNint(PFINcl(K)) and so K & PFRint(PFcl(K)) €
PFRint(PFIcl(K)) U PFRcl(PFRSint(K)). ~ K isa PFItZos.

The converse of the above propositions need not to be true. The following examples show it.

Example 3.1  Assume U = {s4,S,,53,54} be the universe set and the equivalence relation is

U/R = {{s1, 54} {52}, {S3}}- Let A = <0 3 01> <0 1,0. 5> <0 2045> <0.4i‘)}.25>} bea pfs of U.
PFR(A) = {<05310S;5> <0 1,0. 5> <o 2,0. 45> !
PFR(A) = {(05;:(5)7,) <0 1,0. 5> <0 2,0. 45>}

_ 51,54 S2 S3
Bpep(A) = {<0.25,0.3>’ <0.1,o.5> ’ <0.2,0.45>}'
Thus T;R(A) = {O:D, 13),?:7:%(14), :PTER(A),B??W(A)} Then

{( Sl’s‘*>,< 22 >,< ! >} is a PFRo (resp. PFNZo ) set but not PFNbo (resp.
0.4,0.1/\0.1,0.5/ \0.2,0.45

PFI6S0) set.

2. {( *1.% > < 52 > < % >} is a PFN6So (resp. PFNZo) set but not PFRSEo (resp.

0.25,0.3/ > \0.5,0.1/ ’ \0.45,0.2

PFNPo) set.

{( 51,54 > < 52 > < 5 >} isa PFRPo set but not PFIo set.

0.45,0.35/ " \0.25,0.45/ ’ \0.3,0.2

Remark 3.2  According to Definition 3.4 and Theorem 3.1, the following diagram holds for any set
in PFNts.

PFNO0s e 2 FNAS 05

R

PFNos =D VTP () e ‘P N 7 05

Lemma 3.1 Let (U,t32(A)) be a PFIts. Then the following statements are hold.
(1) The union of arbitrary PFNZo setsis PFIZo,
(i1) The intersection of arbitrary PFItZc sets is PFNZc.
Proof. (i) Let {K;,i € I} be a family of PFJtZo sets.

Then K; € PFNcl(PFNSint(K;)) U PFRint(PFNcl(K;)) and hence U; K; ©
U; (PFR(PFRSint(K)) N PFRint(PFRc(K;))) S PFRA(PFRSint(U; K;)) N
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PFRint(PFNcl(V; K;)), forall i € 1. Thus U; K; is PFINZo.

(i1) It follows from (i).

Remark 3.3 By the following we show that the intersection of any two PFIWZo sets is not PFIZo.

Example 3.2 In Example 3.1, let A ={<sé’§4>,<%>,<%>} and B ={<S;’i4>,<%>,<%>} are

PFNZo setsbut ANB = {(%) <§—22> <ﬁ>} is not PFN'Zo set.

Theorem 3.2 Let K be a PFNZc setin (U,tx(A)) then PFNZcl(K) — K does not contain any
non-empty PFItc set in (U,tx(4)).

Proof. Let K be a PFItZc set in (U,tz(A)) and S be a PFJic subset of PFIZcl(K)— K.
Thatis, S € PFNZcl(K) — K implies S € PFIZcl(K) N (1 — K). Thatis S € PFItZcl(K) and
S € (1p — K) which implies K € (1p —S) where 15 — S is a PFJo set. Since K is PFNZc,
PFNRZcl(K) € (1p —S) . That is S € (1p —PFNRZcl(K)) . Thus S € PFNZcl(K) N (1p —
PFNZcl(K)) = 0p. Hence S = 0p. Therefore PFIZcl(K) — K does not contain any non-empty
PFNc setin (U,tx(A)).

Remark 3.4 The converse of the theorem 3.2 need not be true as seen from the following example.

Example 3.3 In Example 3.1, let K = {l,,13,1,} be any subset of U then PFNZcl(K) — K =U —
{15, 15, 1,} = {11} which contain any non-empty PFItc in U, but K is not a PFNZc in U.

Theorem 3.3 Let K be a PFN set in (U,tx(A)) then K is PFNZcs if and only if
PFNZcl(K) — K is a PFic setin (U,tx(4)).

Proof. Let K be a PFItZc set. Assume that K is PFItZc then we have PFIZcl(K) =K,
PFNZcl(K) — K = 0p which is PFJics.

Conversely, assume that PFNZcl(K) — K be PFcs and K is a PFItZc set in U. Now
PFNZcl(K) — K is a PFJic subset of itself. Therefore by theorem 3.2, PFIZcl(K) — K = 0p.
That is PFItZcl(K) = K, implies K is PFNZcs.

Theorem 3.4 [If K is PFNZc set in (U ,tx(A)) and K € L € PFNZcl(K), then L is also
PFNZc in (U,t5(A)).

Proof. Let K be a PFINZc set in U and K € L € PFIZcl(K). Let L € O where O be PFJic
setin U. Since K € L, implies K € O and K is PFItZcs,

implies PFIZcl(K) €0 . By hypothesis L S PFIZcl(K) , implies PFINZcl(L) S
PFNZcI(PFNZcl(K)) = PFRZcl(K) € 0, which implies PFNZcl(L) € O . Therefore L is
PFNZcs in U.

Theorem 3.5 If a subset K of U is PFNZc set, then PFIcl({x,}) N K # 0p for each x, €
PFRZcl(K).

Proof. Suppose K is a PFIZc set and x, € PFIZcl(K). If possible PFItcl({x,}) N K = 0p.
Then K € 1p — PFJtcl({x,}) and 1p — PFNcl({x,}) is a PFIto set containing K. Since K is
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PFNZc set, implies PFNZcl(K) S 1p — PFItcl({x,}) which is a contradiction to x, €
PFNZcl(K). Therefore, PFItcl({x,}) N K # Op.

Theorem 3.6 [f PFNRZO(U,A) = PFRZC(U,A), then PFNRZC(U,A) = P(U) is the power set of
U.

Proof. Suppose K € O, where O is PFJto in U. Since every PFNo set is PFItZo, O is
PFNZo. By hypothesis, O is PFIZc. Hence, PFIZcl(K) € 0. Therefore, K is a PFIZc set.
Since, K is arbitrary, by Theorem 3.5, every subset of U is PFIZc. Thus PFRZC(U,A) = P(U).

Definition 3.6 The intersection of all PFNo subset of U containing K is called the Pythagorean
fuzzy nano kernel of K (briefly, PFIker(K) ), this means PFItker(K) =n{G €
PFRO(U,A):K < G}.

Theorem 3.7 A subset K is a PFIZc set iff PFIZcl(K) € PFNker(K).

Proof. Suppose K is PFNZc set, then PFIZcl(K) S O whenever K € O and O is PFJto. Let
X, € PFRZcl(K). If x, &€ PFItker(K), then there exist a PFJto set O containing K such that
x, € 0. Since O is a PFJto set containing K, implies x, € PFItZcl(K), which is a contradiction.
Therefore x, € PFNker(K).

Conversely, let PFNZcl(K) € PFNker(K) . If O is a PFJto set containing K , then
PFxker(K) € 0, which implies PFNZcl(K) € O. Therefore, K isa PFIZc set.

Theorem 3.8 If K €V € 1p and suppose that K is a PFNZc set in 1p, then K is PFNZcs
relative to V.

Proof. Given that K €V € 1, and let K €V N0 where O is PFJtos in U. Since K is a
PFNZc setin U, K € O which implies that PFIZcl(K) € 0. Thatis, VN PFRZcl(K) €V N O,
where VN PFNRZcl(K) is PFRZcl(K) in V. Thus K is PFItZcs relativeto V.

Lemma 3.2 Let K and L be two pfs’s of (U,tx(A)). Then:
(1) 1p — PFNSint(K) = PFNScl(1p — K) and PFNSint(1lp — K) = 1p — PFNScl(K),
(i) PFRcl(K) € PFRScl(K) (resp. PFISint(K) € PFNint(K)), for any subset K of U,

(i) PFRSECI(K UL) = PFRSCL(K) U PFRSCI(L) , PFRSint(K N L) = PFRSint(K) N
PFRSint(L).

Proposition 3.1 Let K bea pfs ina PFNts (U,tx(4)). Then:
(1) PFRPcl(K) = K U PFRcl(PFhint(K)), PFRPint(K) = K N PFRhint(PFcl(K)),

()  PFRSScl(lp — K) = 1p — PFRSSint(K) , PFREScl(K N L) S PFRSScL(K) U
PFRNSSc(L),

Lemma 3.3  The following hold for a pfs H ina PFNts (U,tx(A)).

1. PFNPcl(H) = HNPFRcl(PFNint(H)) and PFNPint(H) = H N
PFRint(PFIcl(H)),
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2. PFRSSint(H) = H N PFRAPFRSint(H))  and  PFRSScl(H) = H U
PFRint(PFRScL(H)).

Lemma 3.4  The following hold for a pfs H in a PFNts (U,tx(A4)). PFRcl(PFNSint(H)) =
PFRScL(PFR Sint(H)) and PFRint(PFNRScl(H)) = PFRSint(PFRScl(H)).

Theorem 3.9 Let (U,tx(A)) be a PFIts. Then:
(1) If K € PFRS60(U,A) and L € PFRZO(U,A), then K N L is PFNZos,
(i) If K € PFNaOU,A) and L € PFNZO(U,A), then K N L € PFNZos.

Proof. (i) Suppose that K € PFNSO(U,A). Then K = PFNSint(K). Since L € PFRZO(U,A),
then L © PFNcl(PFI Sint(L)) U PFINint(PFIicl(L)) and hence

K NL S PFRSint(K) N (PFR(PFRSint(L)) U PFRint(PFRcl(L)))

= (PFNSint(K) N PFRl(PFRSint(L))) U (PFRSint(K) N PFRint (PFRcl(L))
C PFRCA(PFNSint(K) N (PFRSint(L))) U PFRint(PFRint(K) N PFRcl(L))
c PFRC(PFNSint(K N L)) U PFRint(PFRcl(K N L)).

Thus K NL S PFRcI(PFISint(K N L)) UPFNint(PFIcl(K NL)). Therefore, KNL is
PFINZos.

(1) Suppose that K € PFNa0O(U,A) and LePFNZOWU,A), The KnNLC
PFRint (PFRl(PFRSint(K)) ) 0 (PFRI(PFRSint (L)) U PFRint (PFRCl(L)))
= (PFRint (PFRC(PFRSint (K))) N PFRI(PFRSint(L))) U (PFNRint(PFNcl
(PFRSint(K))) N PFRint(PFRc(L)))

C PFRcl(PFRcl(PFNSint(K)) N PFISint(L)) U PFNRint (PFNcl(PFNSint(K))
N PFRint(PFIcl(L)))

c PFRcl (PFRl(PFRSint(K) 0 PFRSint (L)) ) U PFRint (PFRcl(PFRsint(K)) N
PFRint(PFRCL(L)))

and hence

K nL S (K NPFR(PFRSint(K) N PFRSint(L))) U (K N
PFRint (PFR(PFRSint(K)) N PFRint(PFRcl(L))))

C PFRCI(PFRSint(K) N PFRSint(L)) U PFRint(PFRcl(PFRSint(K) N
PFRint(PFRcI(L))))

C PFR(PFRSint(K) N PFRSint(L)) U PFRint(PFRcl(PFRSint(K) N PFRcl(L)))
C PFRI(NSint(K) N PFRSint(L)) N PFRint(PFR(PFRSint(K) N L)).
Since PFNSint(K) N PFRSint(L) € PFNRSint(K) S K which is PFNSo in K,
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Then

K N L S PFRAPFRSint(PFRSint(K) N PFNSint(L)) U PFRint(K U PFRcl(PFRSint (K)
nL))

C PFIRcIPFNSint(K N L) U PFRIintPFNcl(PFNSint(K) N L)
C PFRcIPFNSint(K N L) U PFRIintPFIcl(K N L).
Therefore K N L € PFNZO(U, A).

Proposition 3.2  Let (U,t(A)) be a PFNts. Then the closure of a PFNZo set of A is
PFNSos.

Proof. Let K € PFRZO(U, A).

Then PFRCI(K) € PFRAPFRAPFRSint(K)) S PFRint(PFRcl(K))) <
PFRCA(PFNRSint (K)) U PFRA(PFRint(PFRI(K))) = PFRA(PFRint(PFRI(K))).

Therefore, PFItcl(K) is PFISos.

Proposition 3.3 Let K be a PFNZo set of a PFNts (U,1x(A)) and PFNSint(K) = 0p. Then
K is PFNPos.

Proof. Obvious.
Theorem 3.10 Let K and L be two subsets of a PFIts (U, tx(A)). Then the following are hold:
(1) PFNZcl(lp — K) = 1p — PFNZint(K),
(i) PFRZint(lp — K) = 1p — PFRZcl(K),
(i) If K € L, then PFNZcl(K) € PFINZcl(L) and PFRZint(K) € PFNZint(L),
(iV) | € PFNZcl(K) iff for each PFItZo set A contains [, AN K # 0p,
(V) 1l €PFNZint(K) iff there exista PFIZo set W suchthat € W € K,
(Vi) PFRZc(PFRZcl(K)) = PFNRZcl(K) and PFRZint(PFNZint(K)) = PFRZint(K),

(Vi)  PFRZcI(K) U PFRZcI(L) € PFRZA(K UL) and PFRZint(K) U PFRZint(L) S
PFRZint(K U L),

(Viii) PFRZint(K N L) € PFRZint(K) N PFRZint(L) and PFRZcI(KNL) S
PFRZcI(K) N PFRZcl(L).

Proof. (i) It follows from Definition 3.5.

Remark 3.5 By the following example we show that the inclusion relation in parts (vii) and (viii) of
the above theorem cannot be replaced by equality.

Example 3.4 [n Example 3.1, the sets

Loa={{53) () ) ana B = {55 () (52} men avs = {(32).(32). (2))-
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PFRZint(A) = {<ﬁ><5—2><5—3>} PFRZint(B) = {(Sls4><s—2><s—3>} and PFRZint(AV B) =

0.1 0.3 0.4 0.2 0.4 0.6

{(%‘Z‘*) , %} : (i)} Thus PFRZint(AV B) < PFRZint(A) Vv PFRZint(B).

2= {5 G o) e 0= {03595 Gl e cn0 = {33965 Gl

PFRZint(C) = {<&><5—2><5—3>} PFRZint(D) = {<”><S—2><5—3>} and PFRZint(C AD) =

0.1 0.5/’ \o0.7 0.2 0.4/’ \o.6
(). (2). ()
0.1 /’\0.3/’ \o.af)"
Thus PFRZint(C) N PFNZint(D) £ PFNRZint(C A D).

Theorem 3.11  Let (U,tx(A)) be a PFIhts and K S S. Then K is a PFIhZo set iff K =
PFNRESint(K) U PFRPint(K).

Proof. Let K be a PFItZo set.

Then K € PFJRcl(PFISint(K)) U PFNint(PFIicl(K)) and hence by Proposition 3.1 and
Lemma 3.3,

PFNRESint(K) U PFRPint(K) = (S N PFNRcl(PFSint(K))) U (S N PFRint(PFNcl(K))) =
KN (PFNRcl(PFNS int(K)) UPFRint(PFNcl(K))) = K. The Converse, it follows from
Proposition 3.1 and Lemma 3.3.

Proposition 3.4 Let (U,tx(A)) be a PFNts and K € S. Then K is a PFNZc set iff K =
PFNRSEScl(K) N PFRPcl(K).

Proof. It follows from Theorem 3.11.
Theorem 3.12  Let K be a subset of a space (U,t¢(A)). Then:
(1) PFRZclI(K) = PFNSScl(K) N PFRPcl(K),
(i) PFNRZint(K) = PFNRSSint(K) U PFRPint(K).

Proof. (i) It is easy to see that PFNZcl(K) S PFRSScl(K) N PFNPcl(K) . Also,
PFNREScl(K) N PFRPcl(K) = (K U PFRint(PFNRScl(K)) N (K UPFIRcl(PFRint(K)) =K U
(PFRint(PFNScl(K)) N PFRcl(PFNint(K))) . Since PFNZcl(K) is PFItZcs , then
PFNRZcl(K) € PFRint(PFRScL(PFNZcl(K))) N PFRcl(PFNint(PFNZcl(K))) =2
PFRint(PFNRScl(K)) N PFRcl(PFRint(K)).

Thus K U (PFRint(PFRScL(K)) N PFRA(PFRint(K))) S K U PFRZCI(K) = PFRZcL(K)
and hence, PFRSS cl(K) N PFRPcI(K) € PFRZcL(K). So, PFRZcL(K) = PFRSScL(K) N
PFRPCI(K).

(11) It follows from (1).

Theorem 3.13  Let K be a Pythagorean fuzzy subset of a space (U,tx(A)) Then
(1) K isa PFNZo setiff K = PFRZint(K),
(i) K isa PFNZc setiff K = PFNZcl(K).
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Proof. (i) It follows from Theorems 3.11 & 3.12.
Lemma 3.5 Let K bea pfs ofa PFts (U,tx(A)). Then the following statement are hold:
(1) PFRSPint(PFNRPcl(K)) = PFRPcl(K) N PFRint (PFNScl(K)),
(i) PFNRSPcl(PFNPint(K)) = PFRPint(K) U PFRcl(PFNSint(K)).
Proof. (i) By Lemma 3.4,

PFREPint (PFRPcl(K)) = PFRPI(K) N PFRint (PFRScL(PFRPcL(K))) = PFRP
cl(K) N PFRint (PFRScl(K U PFRint (PFRN cl(K)))) = PFRPcI(K) N
PFRint(PFRScL(K)).

(11) It follows from (1).

Proposition 3.5 Let K bea pfs of a PFts (U,t5(A)). Then:
(1) PFNRZcl(K) = KU PFNSPint(PFNRPcl(K)),
(i) PFNRZint(K) = K N PFRSPcl(PFNRPint(K)).

Proof. () By Lemma 3.5, K UPFRSPint(PFRPcI(K)) =K U (PFRPcI(K) N
PFRint(PFRScL(K))) = (K U PFRPcI(K)) N (K U PFRint(PFRScL(K))) = PFRPI(K) N
PFREScL(K) = PFRZCI(K).

(11) It follows from (1).
Theorem 3.14  Let K be a fuzzy subset of a PFIts (U,t¢(A)). Then the following are equivalent:
(1) K isa PFItZo set,
(i) K € PFREPcl(PFNPint(K)),
(iii) there exists O € PFNPO(A) such that O € K € PFI6Pcl(0),
(1V) PFNRSPclU(K) = PFRESPcl(PFNPint(K)).

Proof. (i) = (ii): Let K be a PFItZo set. Then by Theorem 3.13, K = PFIZint(K) and by
Proposition 3.5, K = K N PFRSPcl(PFRPint(K)) and hence, K € PFNOSPcl(PFNRPint(K)).

(i) = (@) Let K S PFNSPcl(PFNPint(K)). Then by Proposition 3.5, K S KN
PFNRSPcl(PFNRPint(K)) = PFIZint(K), and hence K = PFNZint(K). Thus K is PFItZos.

(i1) = (ii1): It follows from putting 0 = PFNPint(K),

(ii1) = (ii). Let there exists O € PFNPO(A) such that 0 € K € PFI6Pcl(0). Since O € K, then
PFNSPcl(0) € PFRSPcl(PFRPint(K)) , therefore K € PFISPcl(0) <
PFROSPcl(PFNPint(K)).

(i) & (iv): It is clear.
Theorem 3.15  Let K be a pfs of a PFIhts (U,tx(A)). Then the following are equivalent:
(i) K isa PFNZc set,
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(i) PFNSPint(PFNPcl(K)) € K,
(ii1) there exists O € PFNPC(A) such that PFItSPint(0) € K <€ 0O,
(1V) PFREPint(K) = PFREPint(PFNPcl(K)).

Proof. It follows from Theorem 3.14.

Proposition 3.6 If K is a PFItZo set of a PFINts (U,tx(A)) such that K € L € PFNSPcl(K),
then L is PFNZo.

Proof. It is clear.

Definition 3.7 A set K of a PFhts (U,tx(A)) is said to be locally PFNZcs if K=0nNS,
where O € 0(A) and S € PFNZC(A).

Theorem 3.16 Let H be a pfs of a PFINts (U,tx(A)). Then H is locally PFNZc iff H=0 N
PFNZcl(H).

Proof. Since H is a locally PFINZc set, then H =0 NS, where O € O(A) and S € PFNZC(A)
and  hence H C PFNZcl(H) € PFRZcl(S) = S. Thus HES ONPFRZcl(H) € 0N
PFNZcl(S) = H.

Therefore H = 0 N PFNZcl(H). The Converse is clear.

Theorem 3.17 Let K be a locally PFZc set of a space (U,tx(A)). Then the following
statements are hold:

(1) PFRZcl(K) — K isa PFNZc set,
(i) (KU (1p —PFNZcl(K))) isa PFIZo,
(i) K €S PFRZint(K U (1p — PFNZcl(K))).

Proof. (i) If K is a locally PFJtZc set, then there exists an PFJo set O such that K =0 N
PFNZcl(K). Hence, PFNZcl(K)— K =PFNRZcl(K)— (0 NPFRZcl(K)) = PFNZcl(K) N
(1p — (0O NPFNZcl(K))) = PFNRZcl(K) N (1p —0) U (1p — PFNZcl(K))) = PFRZcl(K) N
(1p — O0) whichis PFZc.

(i) Since PFNZcl(K) — K is PFItZc, then 1p — (PFRZcl(K) — K) is a PFIZo set. Since
1p — (PFRZcl(K) — K) = ((1p = PFRZc(K)) U (1p NK)) = (KU (1p — PFNRZcl(K))), then
KU (1p —PFNZcl(K)) is PFNZos.

(ii1) It follows from (ii).

Definition 3.8 A4 Pythagorean fuzzy set K of a space (U,Tx(A)) is said to be Pythagorean fuzzy
nano D(c,z) (briefly, PFRD(c, z)) iff PFRint(K) = PFRZint(K).

Remark 3.6  One may notice that the concepts of PFNZo and PFND(c,z) are independent and
by we show this the following example.

Example 3.5 [n Example 3.1, the nano sets
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1. {<51'54>, <S—Z>, <S—3>} isa PFRNZos but not PFRD(c, z).

0.3 0.5 0.7

S3

2. {(Sl’s‘*), <S—2>, <—>} isa PFRND(c, z) but not PFNZos.
01/’ \0.3/" \os

Theorem 3.18 Let K be a pfs of PFIts (U,tr(A)). Then the following are equivalent:
1. K isan PFJto set,
2. K is PFItZo and PFND(c,z).
Proof. Obvious.
4 Application

Entropy as a measure of fuzziness was first proposed by Zadeh [21]. Later many mathematicians
defined several entropy measures. In this section, we focus on defining an entropy measure for pfs
that connects the degree of membership and non-membership. As an example, we have applied the
proposed entropy measure in decision making.

Definition 4.1 Let A = {< x, us(x), Aa(x)|x € X} be a pfs in X. The new entropy measure for A
denoted by eprs(A), is a function, &,rs:Tprs(X) = [0,1] and is defined as e,r:(A) =1—

%Z?zl (ua — A4)?; forevery'x; € A, where Tprs(X) denote the family of all pfs’s on X.

Example 4.1 The association of the tourism wants to announce that best “Hotel of the year", for
each year. The actual problem is, they want to select the best hotel based on reviews and ratings. There
are four nominees namely Hotel 1, Hotel 2, Hotel 3 and Hotel 4 for this award and they have to
reviewed based on the four criteria namely Ambiance, Good food, Clean and Tidy, Cyber security
facility. Here we use entropy measure to find the best hotel by the overall entropy measure with the
Pythagorean fuzzy sets.

Table 1. Reviews of the Hotels based on the Criteria
Criteria 1 (Cy)

Criteria 2 (C5) Criteria 3 (C3) Criteria 4 (C,)

Hotel 1 (H;)

< H,,C;;0.9,03 >

< Hy,Cy;0.7,0.6 >

< Hl, C3, 05,08 >

< Hy,C,;0.6,0.4 >

Hotel 2 (H,)

< H,,Cy;0.7,0.1 >

< H,,C,;0.9,0.2 >

< H,,(5;0.8,0.1 >

< H,,C,;0.6,0.3 >

Hotel 3 (H3)

< Hs, Cy;0.8,0.4 >

< H3, Cz, 07,05 >

< Hs, C5;0.6,0.2 >

< H3, C4_, 07,05 >

Hotel 4 (H,)

<H,, Cy;0.7,02 >

<H,,C,;080.2 >

< H,,C5;0.80.4 >

< H,,C,;0.6,0.6 >

Clearly, all values in the Table 1 are pfs’s. Now we calculate the &, of each Hotel.

Table 2. Entropy measure of each Hotel.
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H, 0.64
Hy, 0.9
H, [0.81

From Table 2, Clearly that &,¢;(H;) < &pr5(Hs) < &prs(Hy) < €pps(H3).

Hence we conclude that H, is the best Hotel of the year with less fuzziness.
5 Conclusion

In this paper, we have studied a new class of sets called Pythagorean fuzzy nano Z-open sets in
Pythagorean fuzzy nano topological spaces and their properties, and also discussed about Pythagorean
fuzzy nano Z-closure, Pythagorean fuzzy nano Z-interior and their relations with already existing
well known fuzzy sets. In future, this can be extended to Pythagorean fuzzy nano Z continuous
function, Pythagorean fuzzy nano Z open mapping, Pythagorean fuzzy nano Z closed mapping and
Pythagorean fuzzy nano Z homeomorphic functions.
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