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Abstract: This study explores the dynamics of human finger movement through the lens of 

a nonlinear differential equation. By employing Lie symmetry analysis, we derive the exact 

form of the torque parameter τ(θ) and obtain an analytical solution to the governing 

equation. The results are visualized for various initial conditions, showcasing the utility of 

Lie symmetry methods in biomechanical modelling. This work not only advances the 

understanding of human finger dynamics but also provides a mathematical foundation for 

applications in robotics and physiology. 

Introduction: The human finger is a complex biomechanical system whose dynamics can 

be modeled using nonlinear differential equations. Understanding these dynamics is crucial 

for applications in robotics, prosthetics, and rehabilitation medicine. 

Objectives: This study aims to: (1) derive the exact form of the torque parameter 𝜏(𝜃) 

governing finger movement, (2) obtain an analytical solution to the nonlinear differential 

equation describing finger dynamics, and (3) validate the solution through graphical 

representation under various initial conditions. 

Methods: We employ Lie symmetry analysis to systematically determine the form of 𝜏(𝜃) 

and solve the governing equation. This mathematical approach identifies invariant 

transformations that reduce the equation's complexity, enabling the derivation of an exact 

solution. The methodology includes symmetry generator identification, equation reduction, 

and analytical solution derivation. 

Results: The analysis yields a quadratic form for the torque parameter,𝜏(𝜃) = 𝑘 𝜃2 −
6𝜇2𝜃2

5!
, 

and provides the exact solution 𝜃(𝑡) =
6𝜇2

25𝑘𝐼[1+5𝐼 exp(
𝜇𝑡

5𝐼
)]

2 . Graphical representations 

demonstrate the solution's behavior for different initial conditions, showing excellent 

agreement with expected physical behaviour. 

Conclusion: This work demonstrates that Lie symmetry analysis is a powerful tool for 

solving nonlinear biomechanical systems. The derived analytical solution provides a rigorous 

benchmark for numerical simulations and experimental studies of human finger dynamics, 

with potential applications in robotic hand design and rehabilitation engineering. 

keywords : Lie symmetry analysis, nonlinear differential equations, biomechanical 

modelling, human finger dynamics, analytical solutions, torque parameter, robotic 

applications 
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1. Introduction 

The human finger is a marvel of biological engineering, capable of performing intricate and precise 

movements essential for daily activities. Understanding the dynamics of finger movement is crucial 

not only for advancing our knowledge of human physiology but also for developing robotic systems 

that can mimic human dexterity. The movement of the human finger is governed by complex 

interactions between muscles, tendons, and joints, which can be modeled using nonlinear differential 

equations (DEs). These models provide a mathematical framework for analyzing the underlying 

mechanics and predicting the behavior of the system under various conditions. 

Nonlinear DEs are widely used in biomechanics to describe the dynamics of biological systems [7,8]. 

The analytical solutions of these equations are invaluable for validating numerical simulations and 

experimental data [9,10]. However, solving nonlinear DEs analytically is often challenging due to 

their inherent complexity. Traditional methods may fail to yield solutions, necessitating the use of 

advanced mathematical techniques such as Lie symmetry analysis [2,3]. 

Lie symmetry analysis is a powerful mathematical tool for solving differential equations by identifying 

transformations that leave the equation invariant [4,5]. These transformations form a Lie group, and 

their generators are known as Lie symmetries. The method has been successfully applied to various 

fields, including fluid dynamics [11], quantum mechanics [12], and biomechanics [13]. In the context 

of human finger movement, Lie symmetry analysis can be used to determine the form of the torque 

parameter  𝜏(𝜃) and derive an exact solution to the governing equation. 

The torque parameter 𝜏(𝜃) plays a crucial role in determining the dynamics of the finger movement. 

Previous studies have employed numerical and experimental methods to estimate 𝜏(𝜃) [1,15]. 

However, these approaches often rely on assumptions and approximations, which may limit their 

accuracy. In contrast, Lie symmetry analysis provides a systematic and rigorous method for 

determining 𝜏(𝜃) and obtaining an analytical solution [16,17]. 

The importance of understanding human finger dynamics extends beyond basic science. Applications 

in robotics and prosthetics require accurate models of finger movement to design systems that can 

replicate human dexterity [18,19]. Analytical solutions derived from these models serve as 

benchmarks for validating numerical simulations and experimental results [20,21]. Furthermore, 

insights gained from studying finger dynamics can inform the development of rehabilitation strategies 

for individuals with motor impairments [22,23]. 

In this study, we focus on a specific nonlinear differential equation that models the angular 

displacement 𝜏(𝜃) of a human finger: 

𝐼𝜃̈(𝑡) + 𝜇  𝜃̇ (𝑡) − 𝜏(𝜃(𝑡)) = 0,   𝑡 > 0 

where 𝐼 is the moment of inertia, 𝜇 is the coefficient of viscosity, and 𝜏(𝜃) represents the torque acting 

on the finger. Previous work by Kosugi et al. [1] utilized numerical and experimental methods to solve 

this equation, deriving 𝜏(𝜃) using the principle of virtual work. Our approach, however, employs Lie 

symmetry analysis to determine 𝜏(𝜃) and obtain an exact solution, offering a complementary 

perspective to the existing literature. 
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The remainder of this paper is organized as follows. Section 2 provides a theoretical background on 

Lie symmetry analysis and its application to biomechanical systems. Section 3 details the methodology 

used to derive the exact solution to the governing equation. Section 4 presents the results and discusses 

their implications for understanding human finger dynamics. Finally, Section 5 concludes the paper 

and outlines future research directions. 

2. Theoretical Framework 

2.1. Lie Symmetry Analysis 

Lie symmetry analysis is a powerful mathematical framework for solving differential equations by 

identifying transformations that preserve the structure of the equation. These transformations, which 

form a Lie group, are generated by vector fields known as Lie symmetries. The method is particularly 

advantageous for addressing nonlinear differential equations, where conventional analytical 

techniques often fall short. By leveraging the inherent symmetries of the system, Lie symmetry 

analysis enables the reduction of the equation's complexity and facilitates the derivation of exact 

solutions. The systematic application of Lie symmetry analysis involves the following key steps: 

1. Identification of Symmetry Generators: Determine the infinitesimal generators of the Lie 

group that leave the differential equation invariant. These generators are derived by solving a set of 

determining equations obtained from the invariance condition. 

2. Reduction of the Equation: Utilize the identified symmetries to reduce the order of the 

differential equation. This step often involves transforming the equation into a simpler form, such as 

an ordinary differential equation (ODE) of lower order or a partial differential equation (PDE) with 

fewer independent variables. 

3. Solution of the Reduced Equation: Solve the reduced equation to obtain an exact solution. 

The reduced equation is typically more tractable and can often be integrated directly or solved using 

standard techniques. 

 

2.2.  Application to Finger Movement 

The dynamics of human finger movement can be modeled as a nonlinear dynamical system, where the 

torque 𝜏(𝜃) plays a central role in governing the system's behavior. Applying Lie symmetry analysis 

to this model involves determining the functional form of 𝜏(𝜃) and solving the resulting governing 

equation. This approach not only provides a rigorous method for deriving an analytical solution but 

also offers insights into the underlying physical mechanisms of finger movement. 

 

By identifying the symmetries of the governing equation, we can reduce its complexity and derive an 

exact solution that captures the system's dynamics. This analytical solution serves as a benchmark for 

validating numerical simulations and experimental observations, ensuring the accuracy and reliability 

of the model. Furthermore, the application of Lie symmetry analysis to biomechanical systems, such 

as finger movement, highlights the versatility of the method and its potential for advancing our 

understanding of complex biological processes. 
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3. Methodology 

3.1. Determining the Symmetry Generators 

The Lie symmetry analysis begins with the identification of symmetry generators for the given 

nonlinear differential equation. These generators are vector fields that leave the differential equation 

invariant under a continuous group of transformations. For the governing equation of human finger 

movement, 

𝐼𝜃̈(𝑡) + 𝜇  𝜃̇ (𝑡) − 𝜏(𝜃(𝑡)) = 0,   𝑡 > 0, 

we seek the generator of Lie point symmetries in the form: 

𝑋 = 𝜉(𝑡, 𝜃)
𝜕

𝜕𝑡
+ 𝜂(𝑡, 𝜃)

𝜕

𝜕𝜃
, 

where 𝜉(𝑡, 𝜃) and 𝜂(𝑡, 𝜃) are functions to be determined. The operator 𝑋 is a symmetry generator if it 

satisfies the invariance condition: 

𝑋[2](𝐼𝜃̈ + 𝜇  𝜃̇  − 𝜏(𝜃))|(1) = 0, 

       where 𝑋[2]  is the second prolongation of 𝑋, given by: 

𝑋[2] = 𝜉 
𝜕

𝜕𝑡
+ 𝜂

𝜕

𝜕𝜃
 + 𝜁1

𝜕

𝜕𝜃̇
+ 𝜁2

𝜕

𝜕𝜃̈
 . 

      The coefficients 𝜁1 and 𝜁2 are defined as: 

ζ1 =  ηt +  𝜃̇(ηθ − ξ t) − 𝜃̇2ξθ, 

ζ2 =  ηtt +  𝜃̇(2ηtθ − ξ tt) +  𝜃̇2(𝜂𝜃𝜃 − 2ξtθ) − 𝜃̇3𝜉𝜃𝜃 + 𝜃̈(𝜂𝜃 − 2𝜉 − 3 𝜃̇𝜉𝜃 ). 

These coefficients account for the transformation of the first and second derivatives of  𝜃 under the 

symmetry operation. 

 

3.2. Classifying the Symmetries 

The invariance condition leads to a system of determining equations, which are partial differential 

equations (PDEs) for 𝜉 and 𝜂. These equations are derived by substituting the prolongation 𝑋[2] into 

the invariance condition and equating the coefficients of like terms to zero. The resulting determining 

equations are: 

𝜉𝜃𝜃 = 0, 

2μξθ −  2Iξtθ  +  Iηθθ =  0, 

τηθ − τθη +  Iηtt +  μηt −  2τξt =  0, 

2 Iηtθ −  Iξtt +  μξt −  3τξ =  0.  

 

      Solving these equations, we find that $\xi$ and $\eta$ can be expressed as: 

𝜉 =  θa(t) +  b(t), η =  θ2 (
𝑎̇(𝑡) − 𝜇𝑎(𝑡)

𝐼
) +  θc(t) + d(t), 
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     where 𝑎(𝑡), 𝑏(𝑡), 𝑐(𝑡), and 𝑑(𝑡) are arbitrary functions of time. Substituting these expressions          

into the determining equations yields the classifying relations: 

[𝜃2 (
𝜇𝑎

𝐼
− 𝑎̇) − 𝜃𝑐 − 𝑑]

𝑑𝜏

𝑑𝜃
+ (𝑐 − 2𝑏̇ − 2𝜃

𝜇𝑎

𝐼
) 𝜏 

+𝜃2 (
𝐼𝑎 − 𝜇2𝑎̇

𝐼
) + 𝜃(𝜇𝑐̇ + 𝐼𝑐̈) + 𝜇𝑑̇ + 𝐼𝑑̈ = 0, 

3𝑎𝜏 + 3𝜃(𝜇𝑎 − 𝐼𝑎̈) + 𝐼(𝑏̈ − 2𝑐̇) − 𝜇𝑏̇̇ = 0. 

These relations are used to classify the symmetries and determine the form of the torque parameter 

𝜏(𝜃). If 𝜏(𝜃) is arbitrary, the principal Lie algebra consists of the time translation symmetry 𝑋 =
𝜕

𝜕𝑡
. 

For nonlinear dependence of 𝜏 on 𝜃, we impose the condition: 

 
𝑑2𝜏

𝑑𝜃2
 ≠ 0. 

Solving the classifying relations under this condition, we obtain: 

τ(θ) =  k𝜃2 −
6𝜇2 θ2

5𝐼
 ,  

where 𝑘 is an arbitrary nonzero constant. Substituting this into the governing equation yields: 

I 𝜃̈(t) + μ𝜃̇(t) −  k𝜃2 +
6𝜇2 θ2

5𝐼
= 0. 

The corresponding Lie point symmetries are: 

𝑋1 =  
𝜕

𝜕𝑡
, 𝑋2 = 5𝐼 exp (

𝜇𝑡

5𝐼
) 

𝜕

𝜕𝑡
− 2𝜇 exp (

𝜇𝑡

5𝐼
) 𝜃

𝜕

𝜕𝑡
, 

which form a two-dimensional symmetry Lie algebra. 

 

3.3. Deriving the Exact Solution 

To derive the exact solution, we use the symmetry generators to reduce the order of the differential 

equation. The characteristic system for the linear combination 𝑋1 + 𝑋2 is: 

𝑑𝑡

1 + 5𝐼 exp (
𝜇𝑡
5𝐼

)
=

𝑑𝜃

−2𝜇 exp (
𝜇𝑡
5𝐼

) 𝜃
. 

Solving this system, we obtain: 

𝜃(𝑡) =
𝐾1

[1 + 5𝐼 exp (
𝜇𝑡
5𝐼)]

2, 

 

where 𝐾1 is an integration constant determined by the initial conditions. Substituting this into the 

governing equation and solving for 𝐾1, we find: 

25𝐼𝑘𝐾1 − 6𝜇2 = 0. 

Thus, the exact solution is: 
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𝜃(𝑡) =
6𝜇2

25𝑘𝐼 [1 + 5𝐼 exp (
𝜇𝑡
5𝐼)]

2. 

 

For graphical representation, we use the parameter values 𝐼 = 4.2 × 10−3kg m
2, and 𝜇 = 0.1 from 

[1]. The constant 𝑘 is determined by imposing specific initial conditions, as illustrated in Figures 1 

and 2. 

 

4. Plotting the Exact Solution 𝜽(𝒕)  

The exact solution 𝜃(𝑡) is given by:   

𝜃(𝑡) =
6𝜇2

25𝑘𝐼 [1 + 5𝐼 exp (
𝜇𝑡
5𝐼)]

2, 

 

 for the two initial conditions 𝜃(0) =
𝜋

18
 rad and 𝜃(0) = −

5𝜋

18
 rad. To plot this solution, we first need 

to determine the constant 𝑘 for each initial condition. This is done by solving 𝜃(0) for 𝑘.  

 

Step 1: Solve for 𝒌 for Each Initial Condition 

 

At 𝑡 = 0, the equation becomes: 

𝜃(0) =
6𝜇2

25𝑘𝐼[1 + 5𝐼]2
. 

 

Solving for 𝑘: 

𝑘 =
6𝜇2

25𝑘𝐼[1 + 5𝐼]2𝜃(0)
. 

 

Substitute the given values 𝐼 = 4.2 × 10−3kg m2, 𝜇 = 0.1, and the two initial conditions: 

 

1. For 𝜃(0) =
𝜋

18
: 

𝑘1 =
6(0.1)2

25(4.2 × 10−3)[1 + 5(4.2 × 10−3)]2 𝜋
18

. 

 

2. For 𝜃(0) = −
5𝜋

18
: 

𝑘2 =
6(0.1)2

25(4.2 × 10−3)[1 + 5(4.2 × 10−3)]2 (−
5𝜋
18)

. 
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  Step 2: Implement the Solution 

 

5. Discussion 

The results of this study demonstrate the effectiveness of Lie symmetry analysis in determining the 

form of the torque parameter 𝜏(𝜃) and deriving an exact solution to the nonlinear differential equation 

governing human finger movement. The quadratic form of 𝜏(𝜃), expressed as: 

𝜃(𝑡) = 𝑘𝜃2 −
6𝜇2𝜃2

5𝐼
, 

 

was derived through a systematic application of Lie symmetry methods. This form of 𝜏(𝜃) allowed us 

to reduce the original nonlinear differential equation to a solvable form, yielding an exact analytical 

solution: 

𝜃(𝑡) =
6𝜇2

25𝑘𝐼 [1 + 5𝐼 exp (
𝜇𝑡
5𝐼)]

2. 

 

The graphical representation of this solution for different initial conditions (see Figures 1 and 2) 

highlights the dynamic behavior of the system under varying starting points, providing valuable 

insights into the transient and steady-state responses of the finger movement model. 

 

A key observation from this study is the distinction between the form of 𝜏(𝜃) derived here and that 

proposed by Kosugi et al. [1]. While Kosugi et al. employed numerical and experimental methods to 

approximate 𝜏(𝜃), our approach leverages Lie symmetry analysis to derive 𝜏(𝜃) analytically. This 
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difference in methodology leads to distinct expressions for 𝜏(𝜃), implying that the submodel (13) in 

this study is not directly comparable to Eq. (1.2) in [1]. Consequently, a direct comparative analysis 

between the two models may not be appropriate. Instead, this discrepancy underscores the need for 

future work to apply Lie symmetry analysis to the specific form of Eq. (1.2) in [1], enabling a more 

comprehensive comparison and validation of the results. 

 

While the current work is primarily motivated by mathematical interest, its implications extend to 

practical applications in robotics and physiology. Analytical solutions, such as the one derived here, 

serve as critical benchmarks for validating numerical simulations and experimental data. In robotics, 

accurate models of human finger dynamics are essential for designing robotic hands and prosthetics 

that replicate human dexterity [18,19]. Similarly, in physiology, understanding the mechanics of finger 

movement can inform the development of rehabilitation strategies for individuals with motor 

impairments [22,23]. The exact solution provided in this study offers a foundation for such 

applications, enabling researchers to test and refine their models against a mathematically rigorous 

standard. 

 

Furthermore, the Lie symmetry approach used in this study is not limited to the specific problem of 

finger movement. It can be extended to other biomechanical systems governed by nonlinear differential 

equations, such as joint dynamics, muscle activation models, and gait analysis. The ability to derive 

exact solutions for such systems can significantly enhance our understanding of their underlying 

mechanics and improve the accuracy of predictive models. 

 

In conclusion, this study highlights the power of Lie symmetry analysis in solving complex nonlinear 

differential equations and provides a robust mathematical framework for understanding human finger 

dynamics. The results not only advance the theoretical understanding of biomechanical systems but 

also have practical implications for robotics, physiology, and rehabilitation. Future work will focus on 

extending this methodology to other models and exploring its applications in experimental and clinical 

settings. 

 

6. Conclusion 

In this paper, we applied Lie symmetry analysis to a nonlinear differential equation modeling human 

finger movement. The model parameter 𝜏(𝜃) was determined using the Lie symmetry method, and an 

exact solution was derived. The results were graphically represented for different initial conditions, 

demonstrating the effectiveness of the method. This study provides a mathematical framework for 

understanding human finger dynamics and can be extended to other applications in robotics and 

biomechanics. 
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