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1. Introduction

Zadeh [25] established fuzzy sets, that are crucial for topology and analysis. Numerous
Researchers have studied fuzzy sets and their applications. Kramosil and Michlek [8] introduced a
novel concept for fuzzy metric spaces. Using the continuous t-norm, George and Veeramani [5]
updated the concept of fuzzy metric space. This leads to the derivation of numerous fixed point
theorems in fuzzy metric spaces for different types of mappings. In addition to defining D-metric
spaces, Dhage [3] established numerous additional fixed point theorems in D-metric spaces. Dhage
theory has advanced significantly with the recent definition of G-metric space provided by Mustafa
and Sims [11].

Sun and Yang first proposed the idea of a Q-fuzzy metric space in [18]. As a generalization of
the fuzzy metric space, we present the idea of a generalized intuitionstic fuzzy metric space. We
present new theorems for fixed points in these types of generalized intuitionistic fuzzy metric spaces.
The findings of this study expand and enhance a few previously published findings.

The Neutrosophic Metric spaces were defined by Kirisci et al. [7]. Neutrosophic extended
metric-like spaces were introduced by Ishtiaq et al. [23], who also proved several FP theorems. The
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authors used the notions of continuous triangular norms, continuous co-norms, metric space, and
Neutrosophic sets in Neutrosophic extended metric-like spaces. The notion of neutrosophic double-
controlled metric spaces was introduced by Uddin et al. [4] as introduced the concept of a
generalization of Neutrosophic metric spaces. See [19-22] for other relevant results.

2. Preliminaries

In this section, we provide some definitions that are helpful for readers to understand the main
section.

Definition: 2.1 [5]
A binay operation *:[ 0, 1] x[0,1] —> [0, 1] is a continuous t-norm if it satisfies the
following conditions:

(1 * is associative and commutative,

(i) * |s continuous,

(i) a*l=aforallae[0,1],

(iv)  a*b < c*d whenevera<candb<d, foreacha,b,c,d e [0,1].
Examples of continuous t-norm are a*b =ab and a*b =min{ a, b }.

Definition: 2.2 [5]
A Dbinary operation ¢ : [0, 1] x [0, 1] — [0, 1] is continuous t-conorm if ¢ satisfies the
following conditions:

0] ¢ 1s commutative and associative,

(i) O iscontinuous,

(i) ad¢0=aforalla e [0, 1],

(iv) a0 b<cOdwhenevera<candb<dforalla,b,c,d e [0,1].

Definition :2.3 [14]

A 5-tuple (X, Q, H,*,0) is said to be an intuitionstic generalized fuzzy metric space (for short
IGFMS) if X is an arbitrary set, = is a continuous t-norm, ¢ is a continuous t- conorm and
Q, Hare fuzzy set on X3- (0, oo) satisfying the following conditions. For every X, vy, z, a €X
and t,s>0

)  QxyztH+HKXKYz1) <1,

@i Q(x,xy,t) >0, forall x=+y,

@iy  Q(x, x,y,t)<Q(xy,zt) for y#z,

(iv), Q(xy,zt) =liff x=y=1z,

v) Q(xvy,z,t)=Q{p(x,y, 2),t}, where p is a permutation function,
(vi) Qxaat)* Q(ayzs) <Q(xy, z t+s),

(vii) Q(xV¥,z, .): (0,00)—>[0,1] is continuous,

(viii) Q is non decreasing function on R* tlgg Q(xy,zt)=1 and

}:irr(}Q(x,y,z,t):O, forall x,y,z e X ,t>0,
(ix) H(x,x,yt)<1, forall x=+y,
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(x) H(x,x,y,)=2H(x,y,z,t)for y#z2,

xi) H(xvyzt)=0Iiff x=y=2z,

xi) H(x vy, z,t)=H{p (XY, 2),t} where p is a permutation function,
(xiii) H(x,a,at) 0 H(a,y,z,5) =2H(Xy,zt+53),

(xiv) H(xvy,z .): (0,00) > [0,1] is continuous,

(xv) His anon-increasing function on R+1ti£rolH (X,y,z,t)=0 and

ltirr(}H(x,y,z,t) =1 forall x,y,z € X,t>0,
In this case, the pair (Q, H) is called an intuitionistic generalized fuzzy metric on X.
Definition: 2.4 [20]

A 6-tuple (£, Q, H, O *, 0) is Said to be an Neutrosophic Metric space if Z is an arbitrary
set, * is a Continuous t-norm, is a Continuous t-conorm, and Q, ', O are Neutrosophic set on =2
x (0, oo) satisfying the following conditions: for all @, w,o €E, 4, >0,

() Q(w, w,1,{)+ H (w, w,7,{) + 0 (w, w,1,{) < 3;

(i) 9@, w, w,{) > 0; forw +# w;

@) 9w, ow,{) <9(w,w,t,{), for w # {;

(iv)y Q(w,w,t,{) =1ifandonlyif w=w =T1;

(V) 9@, w,1,{) *9(p (w, w, T), {) Where p isa permutation function;

(Vi) 9@,33a*Q9(aw1,n) <@ wr1,{+n),

(vii) Q(w, w,t, .): (0, ) - [0,1] is continuous;

(viii) Q is non-decreasing of R™, }Lr& 9(w,w,7,{) =1 and %131) 9(w,w,7,{) =0

forallw, w,7 €E, (>0

(X)) H@ owl) <l forom+ w,

x) Hw owl)=>2H @@ w71/, for w+ (;

xi) H(w,w,t1,{) =0ifandonlyif w=w =T,

(xi) H(w,w,t,{) OH(p (@, w,T),{) where p isa permutation function;

(xiii) H(w,a,a,{) *H(a,w,1,1n) = H(w, w,7,{ +1n);

(xiv) H(w,w,t, .): (0, ) - [0,1] is continuous;

(xv) A is non-increasing of R, {ll_)rg] H(w,w,7,{) =1 and %igl)}[(w, w,7,{) =1

forall w, w,7 €&, (>0

(xvi) O(w,o,w,{) <1;forw # w;

(xvii) O (w,ww,{) =0 (w, w,1,{), for w # {;

(xviii) O(w, w,1,{) =0ifandonlyif w=w =1,

(xix) O(w, w,1,{) 00(p (@, w, T), {) Where p isa permutation function;

xx) O(w,a,a,{) *0(a,w,1,1n) = O(w, w,T,{ +n);

(xxi) O(w, w,t, .): (0, ©) —>[0,1] is continuous;

(xxii) O is non-increasing of R*, 511_{{30 O(w,w,7,{) =1 and l{i{)r(l) O(w,w,7,{) =1

forallw, w,7 €E, (>0
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—

Then (9, #, O) is said to be a neutrosophic metric on E. The function Q, H and O denote
respectively degree of closeness, neutrality and noncloseness between @, w and t with respect to ¢
respectively.

Example: 2.5 [20]
Let (E,d) be a Q- metric space, for all @, w,7,{ €E, and every { >0,

consider Q, 7, O to be fuzzy sets on Z3x (0, 00) defined by

- ¢
Q(’(D', a)' T, () - {+G(w,(1),‘[,() and
- G@ord)
H(w, w,w,{) = (+6(w,0,7,0) and
_ _6@wrg) = = mi
0@, @,0,0) = e denote axb=ab anda ¢ b=min {a+b, 1}.

Then( E, Q, H,0 *,0) is an Neutrosophic metric space. Notice that the above example holds
even with the t-norm a*b=min {a, b} and t-conorm a ¢ b= max {a, b}.

Definition: 2.6[20]

Let ( E, Q, H,0 *,0) be Neutrosophic metric space, then a sequence { wn} in E is said to be
convergent if

) lim O( @, @y, @, )= 1,
limH (@, o, @, () =0,
n—oo

lim O( w,, w,,@,{) =0.

n—

i) A sequence {@n} in Eis said to be Cauchy sequence if
lim_Q( @, @y, @, § ) = 1,

n,m-oo
lim H(w,, @, @y, () =0,
n,m-—o0
lim O(wy,, @, @y, () =0
n,m-o0

thatis, for any { >0ande > 0 there exists ng € N such that

Q(an,wn;wm,f) >1-¢,

H( @y, @y, @y, § ) <€

O( @y, @y, Wy, { ) <efor n,m=no.

iii) A Neutrosophic metric space (£, @, H,0 *0)is said to be complete if every Cauchy

sequence in Z is convergent.
Definition: 2.7[20]

Let (B, Q, H,0 *,0)be a Neutrosophic metric space . The following conditions are satisfied :
lim Q(w,, wn,Tn,6n) = 0@, ,7,9)

Liinooj{(w“’ Wy, Ty, n) = H (@, 0,7, ()

lim O (@, n, T, {a) = 0(@, 0,7,9)

Wheneverlim wn= @w; limw,=w; limt,=1 and

n—-oo n—-oo n—-oo
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lim 9(@, w,7,¢n) = Q(@,,7,9),
lim H(w,w,1,{,) = H(w,w,1,{)
n—->o0o

lim O0(w, w,7,{,) = 0(w,w,1,{)

n—>0oo

then Q, 7, Oare called convergent function on =3 X(0, o).
Definition:2.8 [20]
Let f, g be self maps on Neutrosophic metric space

(B, Q, H,0 *,0) . Then the mappings are said to be weakly compatible if they commute at their
coincidence point, that is, f @ = g wimplies that fg @ =¢f @.

Definition:2.9 [20]
Let f, g be self maps Neutrosophic metric space(E, Q, 1,0 *,0)
The pair (f,g) is said to be compatible if

lim 9(fgay,, gfw,,  gfan, ) = 1,

lim 7—[( fgw, gfw,, gfw,, () = 0,

n—-0o0

lim 0( fgw, gfw,, gfw,,{) = 0

Whenever {@wn} isa sequence in E such thatlim fw, = lim gw, = z for some z €&.

n—-oo n—-,oo
Definition:2.10 [20]

Two self maps A,S and T of a Neutrosophic metric space (£, Q, H,0 *,0) are called jointly W-
continuous if there exists a point @ € Z such that if

lim 0@, @, @, ) = 1,
Ili_r)roloﬂ'-[(wn,zzr,w,() =0
rlli_r)‘rolo(ﬂ(zzfn,zzr, @,{)=0
then r%i_r)rOloQ(Awn, Sw,Sw,{) =1,

lim H (Aw,, Sw,Sw,{) = 0,

n—oo

lim 0(Aw,, Sw, Sw,{) = 0,

n—-oo

whenever {w,} is a sequence in E such thatlim Aw,, = lim Sw, = p for some p € E.
n—->oo

n—»,oo

Definition: 2.11 [20]

Let the self maps A,S and T of a Neutrosophic metric space (£, @, H,0 *,0) . If A, S and T satisfy
the following conditions:
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There exists a sequence { @ n} such that
lim Q(Azzrn,u, u,{) = lim Q(Sw,, u,u,{) = lim Q(Tw,,u,u,{) =1
n—oo n—-oo n—-oo

lim H(Awn,u, u,() = lim H(S@,,u,u,{) =1 lim H(Tw,,u,u,{) =0
n—-oo n—-oo

n—-oo

lim O (Awn,u,u,i) = lim O (Swy,u,u,{) =1 lim 0 (Tw,,u,u,{) =0
n—-oo n—-oo

n-co
for some ue E and ¢ >0, we say that A,S and T have the property (E.A).
Lemma: 2.12 [20]
Let (E, Q, H,0 *,0) be a Neutrosophic metric space. Then , Q, H, O

are continuous function on Z3x (0, o0).

Proof:

Since r%i_)r{)lozzfnz w | Aijgown=w; r%i_r>£101n=r

}lianQ (w,w,1,) =9( w,w,1 {) and

Liinoo}[(w,w,r,fn) =H(w, w1 {)

lim 0 (w,w,71,¢{,) =0(w,w,1, {)
n—>oco

Thereis9, € Nsuchthat |{ — {,|<e and |{ —(,| >6 for9 =9, and e < (/2 and 6 > 5/2

We know that Q( @, w, 7, {) is non-decreasing and H(w,w,t, {), O(w,w,t, {) is non-
increasing with respect to ¢,

So, we have
Q (@n, wn, T, {) 2Q (@n, wn, Tn, {- &)

>0 @@ @, 3 * Q@ wn T {-3)

>Q @n @, @,9) * Q(wn w05 * Q0 1m{-2)

>0 @n @, @9 * Q(wnw ) * QT 1.9)x Q1 w1{-2) and
H (@n, wn, Tn, () < H (@n, wn, Tn, {-6)

< H(wn @, @, g) ¢ Q (w, wn, Tn, { - %)

SH@n @@35) 0 H(on0.03) 0H @ m-3)

< H (wn, w,w,g) 0 }[(a)n,a),a),g) 0 }[(Tn,r,r,g)o H(t,w, 71,7 -
26)
o0 (wn, Wn, Tn, O <0 (?D'm Wn, Tn, (' 5)
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< 0 (wn @, @, g) 0 O (w, wn, Tn, - 43—8)
< O (wn, w,w,g) 0 O(wn,a),a),g) 0 O(w,w,rn,f-z—{s)
< O (wn, w,w,g) 0 O(wn,w,w,g) 0 O(Tn,r,r,g)o O(t,w, 1, -28)
Q@ w,t, (+2¢) 20 (w,w, 7, {te)

20 (@ @n @) * Q (@n 0,7, {0t S)

>Q (@, @n, @n, %) * Q (w, wn, wn,g) * Q (wn, wn, T, (n+§)

> Q (w, wn, wn,g) * Q (w, wn, Wn, g)* 9 (t, Tn, Tn, g) * Q (1, w, @, {n)and
H(w w7t {(+2¢) <H (@, 0,1, {,+8)

S}[(w,wn,wn,g)o}[(wn,w,r, Cn+23—5)

< H (w, @wn, @n, g) 0 H (w, wn, wn,g) 0 H (wn, @n, T, (n+§)

<H (w, @n, wn,g) 0 H (w, wn, wn,g)o H (z, Tn, Tn,g) 0 H (t, w, @, {n)
0 (w,w,7, { +2¢) <0 (w,w,T, {+96)

SO(w,wn,wn,g)O 0 (on, w, T, (n+23—8)
1) ) 1)
< O (@, @Wn, @n, 5) 0 0 (w, wn, wn,g) 0 O (wn, @n, T, €n+§)

<0 (@, on, wn,g) 0 0 (w, wn, wn,g)o O(T,Tn,l’n,g) 00 (1, w, @, {n)

Let n — oo, by continuity of the function Q, H, O with respect to ¢, we can get
Q@ w,t, (+2¢) 2 Q(t,w,w,t)>Q (1, w, @, {-2¢)

H (w,w,1, (+2e) <H (t,w,w, )< H (1, w, D, {-20)

0 (w,w,7, {+2¢) <0 (1,w,w,t)< O (1, w, @, {-28)

Therefore Q, 7, O are continuous function on Z3 x (0, o).

3. Main Theorem
We first generalize a classic theorem in Neutrosophic Metric Space
THEOREM 3.1: [20]

Let 3,3, F, 9, n and & be self- mappings of a complete symmetric Neutrosophic metric
space (E,Q, H,0 *,0) with { *{>Cand ¢ { < 1-{ if the mappings satisfy the following
conditions:

[B11] 3JIEEHE),A3E) €@, FE 5B
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[3.1.2] (3,8 or (Qm)or (F,9) satisfy the property (E.A)

[3.1.3] (3,89 ,(@m)and (F,9) are weakly compatible

[3.14] 9 Rw,lw, Fr, ki) 2{Q €@, Hw,n7,{) * Q (Sw, Hw,n7,{) *Q (@, o, Fr,{) }
[3.1.5] H(Sw, dw, Ft, k() < {H (Ew, Hw, 1, {) ¢ H (S, Hw,nt,{) ¢ X (Mo, o, Fr,
0}

[3.1.6] O (Sw,2w,F1,k{) <{0 (Ew, Hw,nt, ) ¢ 0 (Jw, Hw,nt,{) ¢ 0 w, w, F1, {)}

there exists k € (0,1) such that for every @, w,7 € EZ and ¢ >0.
Then J3,3,F,$H,n and § have a unique common fixed point in E.

Proof:

Suppose (3, €) satisfy the property (E.A), hence there exists a sequence {wn} such that
lim Q(Swn,u,u,() = lim Q Ewy,,u,ud) =1
n—oo n—-oo

lim % (Sw,u,u,{) = lim H Ewo,uud) =0
n—->oo

n—-oo

lim 0 (Sw,u,u,{)= lim 0 E®m,uu =0
n—»>oco

n—-oo

for someu€Z and ¢ >0.

Since J(E) € 9 (), there exists a sequence {wn} such that Jwn = Hwn

= lim Q(Sﬁwn,u,u,t) = 1, lim 7—[(55wn,u,u,t) = 0and lim 0(55wn,u,u,t) =0
n—-oo n—oco n—oo0

Therefore,

Q (SZD'n, Dwna TTn+1: k() = Q(Ewna 5wn1 NTn+1 6)* Q(Swn' g)(‘)na NTn+1 () * Q (T]ZD'n, Dwna
:FTn+1l ()

> {9Emy, U, u, %2 Q) * Q (U, Hwp, NTps1, ¥20) * Q (S, U, U, % () *
Q (U, D0, NTyy1, 2 $) * Q M@y, Jwp, FTyya, O)}
HEwy, Qwn, Frner, kO < HEwy, Hwn, NTnia, )0 HEO@y, Hwn, NTpt1, )0 H (@, wy,
FTni1, )
< {H(ED,, U, u, % Q) 0 H (U, Hn, NTpers %) 0 H (S@,, U, U, % 0) 0
H (U, HWn, NTpi1, 2 4) O H M@y, Jwp, FTnyq, )}
0 (3w, Ao, Frnr, KO < 0 @wy, Hon, NTni, )0 0 (B@y, HWn, NThy1, )0 Oy, wy,
FTni1, §)
< {0Ewy, u,u,% 7)) ¢ O (U, Wy, NTpe1, 2 ) ¢ O (Jwy,, U, U, %2 ) O
O(U, HWn, NTn41, 72¢) ¢ 0 M@y, Jwn, FTnia, §)

there exists § >0 such that k+ 6 <1, for k€ (0,1). On making n— o and by the symmetry
Neutrosophic metric space, we have
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lim Q (Sw,, Jw,, Frpe, K =11 1x1

00
}113100 Q(SBwy, Jw,, Frn[1-(k+3)] ) * LiglooQ(Swn, dwy, Frner, (k+0)]0) =11+ 1x1 *1
7lliLnooQ(Swn, dw,, Frary, (k+06)] Q)
}jinmﬂ-[ Sy, dwn, Fte1, k) <0000 000
‘LiLnoo H([wy, Aw,, Fra[l-(k+0)] Q) ¢ lliinoo}[(ﬁwn, dwy,, Frner, (k+0)]¢) <0000 000
EanO(Swn, dwy,, Frary, (k+06)] Q)

lli_rpoo(? (S, Jw,, F141, k) <0000 000
lliinoo O0([S@y, Jwy, Fn[1-(k+9)] () ¢ quiinooO(Swn, dwy, Ftney, (k+0)]) <0000 000

Hence lllinoo Sw, = Liinoolwn = L'Lnooﬂ-"rn = ngloo HT, = Liinoonwn = Einm‘éwn =u
Let (B, Q, H,0 *,0) is acomplete Neutrosophic metric space, there exists
@, € 2 such that
§wo =U = Q (3@, Wy, FTny1, KO) = Q M@o, HWi, § Trtr, §) * Q([B@o, Hwp, § Tpia, §) *
Q (§wo, HWn, § Tni1s §)
If n—>o00 wecanget Q (Jwy, U, U, {) =1 x Q (IJwy,u,u,J) =1
By the property of non- decreasing with respect to ¢,
Ewo=U = H (Jwg, Jwn, FTpi1, KO) < H (M@o, Hwn, § Trs1, §) ¢ H(Swo, Hwn, § Tni1, §) 0
H Ewo, Hwn, & Tne1s §)
If n—> oo wecanget H (Jwy, U, u,{) < 0 O H (Jwy,u,u, )00
By the property of non- increasing with respect to ¢,
Ewo=U = 0 (Jwp, Jwy, FTpy1, KO) < 0 M@o, Hwp, & Tni1, §) ¢ OFwp, Hwn, § Trir, §) O
0 (§wo, HWn, § Tns1, §)
If n—> o wecanget O (Jwy, U, U,{) <0 00 (Jwy,u,u, )00
it is easy to see that Jw, = § @wo = U.
As J(E) € H(E), there exists w, such that Iwmy = Hw,. Suppose Hwy # wy. Then
Q By, Awy, Awy, k{) = @ M@y, Hwo, Hwo, §) * Q([P@y, Hwo, Hwo, §) * QM@y, 2@y, 2w, )
= 9wy, U, U, §) * Q (Swp, U, U, {) * 9Ny, Iw, @y, {)

H (S'(D'n, 3570, DZD-OV k() <¥ (nw-nv 5(‘)01 ’60)0’ () 0 :H‘(S?D'n, ‘6(‘)0! g)woa {) 0 }[(nwn’ DID-O! JZD-Ov
9
< H(Mwy, U, U, {) 0 H (Swp, u, U, {) 0 H(Mw,, Jwy, Awy, ()
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0 (Swy,, 2wy, Jw,, k() < 0 M@y, HDwy, Hwy, () ¢ O(Iwy,, Hwy, Hwy, {) ¢ OM®y,, 2@y, 2@, {)
< 0 M@y, U, U, Q) 00 (Iwy, U, U, ) ¢ 0wy, oy, @y, {)
Letting n— oo we have
9 (u, 2@y, 2wy, k{) =09 (u,u, u, ) * Q9 (u,u,u, ) * Q (u, Iwy, 2wy, {)
H (U, 2wy, dwy, k() <H (U, u,u, ) ¢ H (u,u,u, ) ¢ H (U, dwy, 2wy, {)
0 (U, 2@y, 2wy, k) <0 (U, u,u,{) 00 (u,u,u, )00 (U, Awy, 2wy, {)
Which is a contradiction. So, 2wy = Hwy=u.
Now by (3, ), () and (F,9) are weakly compatible
33 wy = IEw, = ESw, = E&wy and 22wy = Nwy =N2w, = Mw, and
FF1o=FHT19 = HF10= HHTH
Suppose Ju # u.
Then @ (Ju, u, u, k{) = Q (Ju, Jwy, Jwy, k)
>0 (8U, Hwo, Hwo, ) * Q (Iu, Hwo, Hwo, ) * @ (8U, Jwg, Iwo, {)
>Q (8u, U, U, ¢) * Q@ (3u,u,u,¢) * Q(8u, U, U, 4)
> lim Q (8, &, @y, €) * © (3U, U, U, §) * Q (U, §0y, En, €)
lim 0 (5, £y, §n, )
H (Ju, u, u, k() = H (Ju, 2wy, 2wy, kJ)
<H (&U, Hwg, Hwg, ) ¢ H (IU, HDwy, Hwe, {) ¢ H (U, 2wy, 2wy, ()
< H (Eu,u,u, O)OH (Ju,u,u,q) ¢ H (8u,u,u, )
< lim 38U, §@y, § @y, €) 0 H (I, U, U, §) 0 H U, &y, §y, €)

A%

< lim 7 (8u, §@y, §wy, §)
O(3u, u, u, k) = 0 (Ju, 2wy, 2wy, k)
< o0 (EU; 5(1)01 Sjwo’ C) 00 (SU, g)wO’ *6(‘)01 ( ) 00 (EU, DwO’ :1(1)0, {)
<0 ¢Euuul)do (Suuul) o 0 (Euuu,l)
< Llinoo 0 (8, &y, E @y, €) 0 0 (3u, U, U, {) 0 O(8U, @y, &y, ()
< Llinoo 0 (EU: &y, §y, ()
By SU = 33w, = Itw, = ESwe=Ewy=£u and ¢ *{ >¢ and { 0{<1-¢
it is easy to seethat [3.1.6], [3.1.7] [3.1.8] yields a contradiction and so Ju=u=¢u.

Now following the similar argument, we can get 2u =u=nu.
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So J,3,F,9m and & have a common fixed point u.
Uniquness:
Let v#u be another common fixed point of J,2,F,$H,n and . Then,
Q(v,u,u, ki) =Q (Jv,2u,u, k()
>Q @v,mu,mu, ¢) *Q (Iv,nu,nu, {) *Q (8v,u, 2u, {)
=Q(v,uu, ) *Q(v,u,u,0)*9(v,u,u,)
H (v,u,u, k) =H(Iv, 2u, 2u, k()
< HEv,mu,nu, ) 0 H (Iv,nu,nu, ) ¢ H (v, 2u, 2u, )
=HWV,u,u,)0H (V,u,u, O OH (v,u,u,q)
O(v,u,u,ki) =0(3v, 2u,2u, k()
< O0@v,mu,nu, ¢) 00 (Jv,nu,nu,¢) ¢ 0 (v, u,u, )
=0(v,u,u, )00 (V,u,u, Q)00 (v,u,u,q)
By ( *x(>Cand ¢ ¢ < 1-¢,
wecanget Q (v,u,u, k) >9(v,u,u,)
H(v,u,u,k)<H (v,u,u,¢) and O (v,u,u, kd)<o(v,uu,q)
is a contradiction thus v = u.
Hence 3,2, F, $,n and § have a unique common fixed point in X.
THEOREM: 3.2 [20]
Let3,2,F, 9 n and & be self mappings of a complete Neutrosophic metric space

E, 9, H,O*0)with ¢ ¢ >t and{ 0 ¢ < 1-¢ if the mappings satisfy the following
conditions:

B21] 3JIE<EE),2E) =@, FE) <HE)
[3.2.2] Suppose (3, H) satisfy the property (E.A)
[3.3.3] (3,8),(@m)and (F,$) are weakly compatible

Q(gw, nw,nt, f)' Q(SZD', nw,nt, Z): )]
Q®w,nw,NT,7), 93w, Hw, Hw, ()

H®w, w7, ), H (Sw,nw,nT,{), )] and
H(Hw,nw,nT,{), H (Sw, Hw, Hw, ()

0®w,nw,M7, ), 0(Sw,nw,NT,{), )]
0(H@,nw,n7, ), 0 (3w, Hw, Hw, ()

[334] 0 (Sw,1w, 37,0)> ¢ [min(
H(Sw,dw, 21, )< ¥ [max(

0 (Sw,w, 21,{)< Q [max(
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forall @, w,7e E and t>0 where ¢, ¥,Q :[0,1] - [0,1] is a continuous and increasing
function with @(s) >s and ¥(s) <s Q(s) <s for 0<S<land ¢(1)=1, ¥(0)=0, Q0)=
0
Then 3,3, F, H,m and § have a unique common fixed point in E.
Proof:

Let (3, $) satisfy the property (E.A). By the definition of (E.A) we can get

}li_qlooQ(Swn, u, u,() = lniinooQ(gwn, u, u, () = land

lim }[(Swnl,u, u, ()z lnimOo 7—[(55@1', u, u, Z) =0

n—-oo

lim O (Swn,,u,u,{) = Llinoo 0(55wnl,u,u,() =0

n—-oo

for someu e E andevery { >0.
Because Neutrosophic metric space is complete and 3 (E) € & (E), there exists a sequence {wn}
such that J(@, ) = §(wn), which implies

lliinooQ(Ewn u,u,{) =1 and quiinoof]-[(iwnu,u,i) =0, Liinoo(?(zwnu,u,() =0 Now

~ . Q(g)wn,' E Wy, E Wn+1, ()' Q(gwn,r E Wy, E Wn+1, Z)
O (5, don 0, ¢) - 2@ [m'“<9<sswn.:wn.: On1 0,030, $Tn, $Tn, c)>l
max <H(g)wn,' E wn'E Wn+1, Z): H(g)wn,) E wn'E Wn+1, ())l
f]'f(ijD'n, Dwn: ) Wpt1, {)"7{( Swn,' 5@}1’, 5@}1’, ()
O(Sjwn,' E W, E Wnt1 ()' 0(513}1',% Wn, E Wnt1 ())l
O(gﬂvn' Dwnr 2 Wn+1s (): 0( Swn,' g)wn,r g)wn,r ()
By the definition of Neutrosophic metric space, we can get
Q(w,w,7,{) > Q9 (w, u,u,l/3¢) *Q(u,w, t2/37)
>Q(w,u,u,l/3 *Q(wy,u,u,1/37) *Q(t,u,u, 1/30)

H @, w1, < H(w, uu l/3) 0H (U, w, t2/3)

<H (@, uull3{) 0H (wy,u,u,1/3¢) ¢ H (r,u,u,1/3Q)
0(w,w, 7,{) < O0(w, u,u,1/3¢) ¢0 (u, w, 237

<0, uul3f{) 00 (wy,u,u,1/3¢) 00 (r,u,u, 1/37¢)

H (Swy, dwg, dJwns, ()<YW

0 (S, 2wy, v, §) <O [max(

Thus
lim Q (S, dwy, dw n+l, ) > lim )
n—oo n—-oo

lmin (Q (gﬂD-n,l E Wn, E Wn41) (), Q(g)wn,l E Wn, E Wn41) ())l
Q (g)wn' :lwnr | wn+1’ ()' Q( SZD-n,' S)wn,' g)wn,' ()
: (1 #1x1, (S, § Wn,§ Wny1, ) >]
1«1x1 , 1«11
lim H (S, dwy, dw n+1, ) < lim y

n—-oo n—->0oo

lmax <}[(g)wn,l E Wy, E Wn+1, 5)’ }[(gwn,l E Wy, E Wn+1, ())l
H(S:)wn' an, 2 Wpt1, Z)' H (Swn,r g)wn,' 5513}1’, ()

< lim V¥ [max (0 0000 H(55?Un,:§wn,5wn+1,f) )]
n—oo 00000 00000
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lim O (S, dwy, dw n+l, ) < lim Q

n—-oo n—oo

Imax <0(‘6wn,' E Wy, E Wn+1, Z); 0(555711,: E Wy, E Wn+1, ())l
O(gﬂnnﬂ Dwm 2 Wn+1, ()r 0 (Swn,r gwn,' g)wn,' f)

< lim Q [max (0 0090 O(H®n, & wn,§ wn41,$) )]
n-o 000¢0 00000

If 2w, #u then }ll_r)réo Q (Sw,, Jwy, Jwne, () = %l_f& ¢ [9($®y, § wn, E Wnt1,{)]

> }ll_r)r(l)o Q(gwn,; E Wy, E Wn+1, ()

lim H (3w, g, Iows, §) 2 lim W [H(H@n, § wp, § wni, O]

n-oo
> 7111220 }f(f)w'n,, E Wy, E Wn+1, ()

lim O (Swnn Qwp, oy, §) = Tlll_r)go Q [0(5:)@}1,, & wn, & Wpiq, Z)]

n—-oo
> }llzgo O(S:)?D'n’, E (Un, E wn+1' {)
isa contradiction by the above lemma.
Therefore

lim Jw, = lim dw, =limF 7, = lim $@, = limnMw, = lim§ 7, = u
’ ’ n—oco n—oco

n—»,oo n—-,oo n—-oo n—-,oo
(E, Q, H,0 *,0)is a complete Neutrosophic metric space.

There exists 9, € Z such that $9, = u,

Hence Q (31907 me:w ned, c)) > o) [min (Q(@ﬁo,fwn@wnﬂ,f), Q(Sﬁorzwnrzwrwl' 6)]

9( 39, 2wy, A0p41, ), Q( 390, 99, 990, )

o (39, dwy, dw M+, {) ) <

}[( 5190; E Wy, E Wnt1) (): \7{( S190' E W, E Wnt1) Z
¥ [max ( H (I, 20, Jwnt1, §), H (I, H90, H90, () >]
) (3190, Dwn, 20 iy () ) < QO [max (0( S5190: E Wy, E Wnt1) {)’ 0( S190» E W, E Wnt1) 5)]

0( c:5190' :wn' :wn+1 ) ()' 0( 3190' ‘5190' 55190' O

0] [min< Q@uuu,¢), 2w, uu, ) )]

On making n — o, Q (I, u,u,{) > Q(SI9u,u,0),9( 3%, u,u,{)

~ H,uu, ), H(uuu,)
H @, uu¢) < ¥ [max (}((Sﬁou, u, (), H(I9,u,u, C))]

-~ O(u,u,u,0),0(u,u,u,{)
0 (3%, 1, U, 0) < [max (0( S9ou,,0) , O( 30, U, 1, ())]

which can imply 39, =u, with ¢(s) >s , ¥(s) <s, Q) <s for 0<s<1

As 3 (E) € € (), there exists w, such that I 9, =& w,
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Suppose § wy #1M wy. Now

0 (Swn,, Ywo, 2wy, O) = @ min(Q(g)wn" Eonwo,C), Q(fxy, Two & wy,{) )l

Q($®@y, 2wn, 20, ¢), Q(I@y, § W, & 0y, Q)

<7—[($§wn,, Ewo & wy ,(), H(fx,, Ewy & wg, ) >l
max
}[(g)wn,: Awy, AWy, ()’ }[(Swn,r € Wn, & Wy, Z)

O(Sf)wn‘, §wo Ewog, ()' 0(fxn, §wo&wo, ) )l
0($5wn,, Awy,, Aw,, Z), O(Szvn,, E Wy, § Wy, {)

Q( uu,u, Z) !Q( u!3w0'3w0’6)>:|
(u,u,u,d),9(uuud)

}[(u,u,u,(),ﬂf(u,lwo,lwo,())]
H(u,uu, ), H(uuul)

0(u,u,u,0),0( u,:lwo,:lwo,{)>
0(u,u,u,{),0(u,u,u,l) ]

by the continuity of @, H, 0 and o, ¥, Q

Hence Q(U, Qwy, 2wy, {) = ¢ (Q (U, 2wy, Awy, ¢) ) > Q (U, Jwg, Jwy, {)
H (U, Jwg, dwg, {) < ¥ (H (U, Jwg, dwy, {)) < H (U, Jwy, Awy, {)
O(U, Jwp, 2wy, ) < Q(0 (U, Jwg, Awg, €)) < O (U, Jwy, Awy, {)

H (Swy,, dwg,wy, () <Y

0 (Swy,, Jwg, 2wy, {) <Q lmax(

If N> 00,09 (U, 2wy, Awg, ) > @ [min(
H (U, Qwg,dwg, () < ¥ [max(

O (U, 2wp, 2wy, {) < O [max(

is a contradiction.

S0J3 99 =€ wyg

Now by (3, %), (Qm) and (F, $H) are weakly compatible, we can get,
IFI 9 =IN9 =TIy =mndy and 22w =2 wy =M dwe=NN Wy

- (Q(bbu,nwn,nwnﬂ. 0, 9(Su,nynnyn+1,¢ ))l
Q(@u, Dwn' 3wn+1: (); Q(Su’ bu, Sf)u, t)

max <‘7{(g)u' NWy, NWp41, O' }[(Su' nYD,nYH +1 Z))l
H(HU, 2w, 2wnt1,0), H(Su, Hu, Hu, t)

lmax (0(55% Wy MWn41, ), O (UMY NYn 41, ))l
0(HU, Aw,, Jwns1, (), O0(Su, Hu, Hu,t)

Then, lim Q (Ju, 2w, 2wp41, () = @
n—oo

lim H (Ju, Jw,, AWy, () < W

n—-oo

lim O (3u, dwy,, Jw,eq, () < Q

n—-oo
= Ju=Uu=Hu.

Similarly we can getnu=2u=u
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Uniqueness:

Let v be another common fixed point of 3,23, F,$,n and §.
Then

Q (V’ u’ u’ {) = Q (SV’ T]u’ nu’ ()

Q®v,munu, ), 2(Iv,nu,nu,{) )]
Q($Hv,gu,gu,0), Q(Iv,Hv,Hv,{)

H (V’ u, u, {) =H (va nu, nu, ()

[ma (%(bv,nu,nu,C),H(Sv,nu,nu.i) >]
}[(g)V, gu' gu, (), }[(SV’ 5‘/1 Sf)V, ()

0 (v,u,u,{) =0 (3Iv,qu,nu, )

0($Hv,nu,nu,{),0(3Iv,nu,nu, )
= q [m”‘x(ousv, gu,gu,0), 0(3v, $v, Hv, c))]

It implies v=u. Hence 3,2, F, $,n and & have a unique common fixed point in E.

- o [min

<V

Coclusion:

In conclusion, this paper has explored the concept of fixed point theorems within the framework
of common neutrosophic metric spaces, offering new insights and extending existing results in the
field. By integrating neutrosophic logic into metric space theory, we have developed several fixed
point theorems that address both classical and novel types of metrics, accommodating the inherent
uncertainty and indeterminacy present in neutrosophic contexts.
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