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ABSTRACT. In this article, a new affine type AQ functional equations is proposed. The
generalized Ulam-Hyers stability of this equations is analyzed using the product, sum, and
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1. INTRODUCTION

S.M. Ulam’s question [31] in 1940 rewoke the journey of the research in the stability theory of func-
tional equations. Many mathematicians have studied and published several novel results in the field
of stability theory, such as, D.H. Hyers (1941) [14] , T. Aoki (1950) [2], Th.M. Rassias (1978) [24], ].M.
Rassias (1982) [23], P. Gavruta (1994) [13], and K. Ravi, M. Arunkumar, J.M. Rassias (2008) [26].

Famous functional equations for additive and quadratic functions are
]:(wl +ZU2) = ]:(ZU1) +]~"(w2), (1.1)
and

.F(ZU1+ZU2) +.7'-(ZU1 —wz) :Z.F(wl) +2]—"(w2). (1.2)

SM. Jung [15], PL. Kannappan [16], and Th.M. Rassias [25] discussed the general solution and gen-
eralized Ulam - Hyers stability of different forms of functional equations in various normed spaces. In
fact, M. Arunkumar et. al., [3], M. Arunkumar, ].M. Rassis [4], M. Arunkumar et. al., [5[6], A. Bodaghi
[8], and references therein establish the general solution and generalized Hyers-Ulam stability of the
several AQ functional equations.

2010 Mathematics Subject Classification. :39B52, 32B72, 32B82 .
Key words and phrases. : Mixed functional equations, Generalized Ulam - Hyers stability, Direct Method, Fixed Method, Banach
space, Intuitionistic Fuzzy Banach space.
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L. Lucht, C. Methfessel [17] proposed affine functional equations and recurrent sequences in 1993.
Additionally, in 2013, L. Cadariu, L. Gavruta, and P. Gavruta [11] demonstrated the generalized Hyers-
Ulam stability and obtained the general solution for an affine functional equation of the form

f@x+y)+ f(x+2y) + f(x) + f(y) = 4f(x +y +2) (1.3)

by using the direct method as well as the fixed point method. Infact, in 2014, M. Mursaleen, KJ. Ansari
[19] considered the following affine functional equation

fBx+y—+z)+ f(x+3y+z)+ f(x+y+3z)+ f(x)+ f(y) + f(z) =6f(x +y+2) (1.4)

and find its general solution and proved some stability results by using direct method as well as the
fixed point method. Also in 2015, Md. Nasiruzzaman [2]] provide the fuzzy version Hyers-Ulam-
Rassias stability of . Further, in 2016 M. Mursaleen, KJ. Ansari[20] prove the general solution of the
following affine functional equation

floxy+xa 4 +x) + f(xr + kg + - xg) + -+ fxg +x2+ -+ k)
+ f(x1) + f(x2) + -+ flxg) =2kf(x1 +x2+ - +x),k>2. (15

and established the Hyers-Ulam-Rassias stability of the above functional equation in the fuzzy normed
spaces which as an generalized version of (1.4).

Recently, C. Benzarouala et.al., [9, [10] proved the general Ulam stability result for the functional
equation

Y Aif (Z ﬂz’jxj> =D(xq,-- -, xn), (1.6)
i=1 =1

in the class of functions f mapping a module X, over a commutative ring KK, into a Banach space Y,
where m and n are fixed positive integers, a;; € K foreveryi € {1, ,m}andje{1,---n}, Ay, -, An
are scalars, and the function D : X" — Y is fixed.

Numerous important functional equations are particular cases of A}s the homogeneous version of
are Cauchy, Jensen, Jordanvon Neumann, Drygas, Frechet, Popoviciu, Wright and many others.
Also, for particular cases of A’s in (1.6), we get functional equations , like equation in a single variable,
cohomological equation, Schroder equation, Abel equation and many others. The stability of in
random normed spaces has been studied by C. Benzarouala et.al., [10].

Inspired by the aforementioned information and study findings, in this paper we present a novel
affine type additive quadratic mixed functional equation of the form

f(3w1+w2+w3)+}"(w1 +3ZU2+ZU3)+.F(ZU1 +w2+3w3)

_6f<f;w¢> +;{}'<iw¢> +f<— iw¢>}—é{}"(wlp)—;[]:(w¢)+}'(—w¢)}}.

l[J:l Lp=1 L/J:l
(1.7)

We analyze the stability in the sense of Ulam, Hyers, Rassias’s, Gavruta and Radu of the above affine
type AQ Functional Equation in Banach Space and Intuitionistic Fuzzy Banach Space using Direct and
Fixed Methods.

Remark 1.1. The homogeneous version of (I.6) form =n =3, Ay = Ay = A3 =1, a11 = axp = az3 = 3and
a1y =a13 = Ay = dp3 = dz; = azp = 1is

f(Bx1+x2+x3) 4+ f (x1 + 332+ x3) + f (x1 +x2 4+ 3x3) = 0. (1.8)

So, we cant get our functional equation from (1.6).
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Remark 1.2. In the functional equation (L.6), forn = 3, m = 15, D = 0,

Al =Ay=As3=1la;1 =ap =ax3=3,ap=a13 =4ay; =dy3 =4az =azp =1,

1
Ay = —6,a41 = agp = a3 =1,A5 = Ag = — 50051 = 52 = 53 = 1,461 = ag2 = ag3 = —1
A7 = Ag = Ag = 1,a71 = 1,a7p = az3 = 0,ag1 = ag3 = 0,agp = 1,491 = agp = 0,a93 =1,
5
Ap=An=Ap=Ap=Au=A;5= —>5

a01 =1,a102 =a103=0,a111=an3=0,an2=1a1p1 =a1p2 =0,a123 =1,
a131 = —Laz2r=a133=0,a141 =a143 =0,a142 = —Lais1 =a152=0,a153 = —1.

So, after giving particular values to Als and as, we get our functional equation from .

Moreover, the results in the manuscript under review complement of the results in [9, [10].

Lemma 1.3. [21] Let A and B be real vector spaces. Suppose F : A — B be an odd mapping satisfying (1.7).
Then F is additive.

Lemma 1.4. [12] Let A and B be real vector spaces. Suppose F : A — B be an even mapping satisfying (1.7).
Then F is quadratic.

Now, we present the result due to Margolis, Diaz [18] and Radu [22] for fixed point theory.

Theorem 1.5. [18] 22] Suppose that for a complete generalized metric space (Q),5) and a strictly contractive
mapping T : QO — Q with Lipschitz constant L. Then, for each given x € Q) , either

or there exists a natural number ngy such that

(FPC1) d(T"x, T" 1x) < oo forall n > ny ;

(FPC2) The sequence (T"x) is convergent to a fixed point y* of T

(FPC3) y* is the unique fixed point of T in the set A = {y € Q) : d(T"x,y) < co};
(FPC4) d(y*,y) < ti7d(y, Ty) forall y € A.

2. STABILITY OF ((1.7) IN BANACH SPACES

In this section, we explore the generalized Ulam - Hyers stability of the functional equation in
Banach space. To prove the stability results, let us take YV; be a normed space and W, be a Banach space.
Suppose that F : Wi — W, and ¥ : W3 — [0, o) satisfying the following functional inequalities

3
H.F(3w1 + wy + ws3) + F (w1 + 3wy + w3) + F(wy + wy + 3ws) — 6F <Z wq,)
Pp=1

—é{f(i w¢> + F (— i w¢>}+é{]—'(w¢)—g{}'(wlp)Jr}“(—wlp)”H <Y (wq, wo, w3),

p=1 p=1
(2.1)
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and

3
H]—"(3w1 + wy + w3) + F(wy + 3wy + w3) + F(wy + wy + 3ws) — 6F <2 ww)
p=1

3 3 >
el or( o)) Bl T
S,

3
5¢§1 |w¢

3
8 Y |wy|™,
Pp=1

9

7

IN

3
ST |w¢|¢l (2.2)
p=1

5 T1 [y,
p=1

3 3
a{zww”+nww§,
p=1 g=1

for all wy, wop, w3 € Wy, 6 be a positive constant and ¢ be any real number.

2.1. Oddness of F: Additive Case Stability Results : Direct Method.
Theorem 2.1. Suppose that an odd function F : Wi — W, satisfy the functional inequality where
Y : W3 — [0, 00) with the condition
¥ (5fmw1,54mw2,5fmw3)
lim
{—o0 5tm

for all wy, wy, w3 € Wy. Then there exists a unique additive mapping A(wq) : Wi — W, which satisfies
and the functional inequality

=0; u==+l, 2.3)

1 & 1
| F (wr) — A(wn)|| < 5 Z B Ya (57w) (2.4)
_1 i 1 1{1y(5ww 5wy, 51w, ) + 3Y (5Mwy, 51wy, —5Tw )}
5 —~ 5K 3 1, 1, 1 1, 1, 1 ’
="
2.5)
and the mapping A(w- ) is obtained by
— 1; 1 m
A(wy) = zh_f?o STmF (5 wl) , (2.6)

fOT’ all wp € Wy.

Proof. Using oddness of F in (2.1), we get

3 3
H]:(3wl + wy +ws3) + F(wq + 3wy + ws3) + F(wy + wy + 3ws) — 6F (Z w¢> + Z ]:(wlp)H
Pp=1 Pp=1
S b4 (ZU],ZUZ, w3) ,VZU],ZUQ, w3 € Wl' (27)

Interchanging (wq, wy, w3) by (wq, wq, w1 ) in (2.7), we obtain

H3]—"(5wl) — 6F (3w1) + 3F (wy) H <Y (wy,wi,w1),¥ w; € Wi 2.8)
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Again interchanging (w1, wp, w3) by (w1, wy, —wq) in , we have
HZf(3w1) — 6F (w1) H <Y (wy, w1, —w1)
= H6]—'(3w1) —18F (w) H < 3% (wy, w1, —w1), ¥ w0, € Wi (2.9)
Combining and (2.9), we arrive
H3]—"(5w1) - 15]—"(w1)H < H3]—"(5w1) — 6F (Bw) +3]—"(w1)H + H6.7-"(3wl) —18F (w1) H
<Y (wy,wy,w1) +3Y (w1, wy, —wy),Vwy € W, (2.10)
One can see from (2.10) that
1
H]—"(Swl) — 5./—"(601)” < g{lf (‘(/U1,‘(/U1,wl) + 3% (w1,w1, *ZU1) } = TA (ZU1) ,V wp € Wl. (2.11)
It follows from (2.11) that

1 1
Hg}-(Swl)if(wl)H < glPA (wl),le € W. (2.12)
Generalizing for a positive integer £, we get
1 141
HQF(}SZ@; F(wl)H < g Z 57"}[14 (5’7w1),v w1 € Wl. (2.13)
n=0

Now, changing w; by 5w, in (2.13), we obtain

1
(40 L _ (40 4
| s F 6 ) — G F (6 wn)|| = o H?}'(S twy) - F (5w |
141
— - n+é
<5 L g 1A (57 0wr)
— Qasl; — oo,Vw, € W,. (2.14)
Therefore, the sequence
1
{5(4]:(52301)},
is a Cauchy sequence and it converges to A(wq) in Ws. So, we define
— im L ¢
A(wl) = éh—glo a]: (5 wl) ,Vw € Wy. (2.15)
Taking limit £ — oo in (2.13), we have
1& 1
HA(wl) - ]-'(wl)H <z Y5 ¥a (5w, Yy € Wy (2.16)

Thus, (2.4) and (2.5) holds for # = 1. Interchanging
(w1, W, w3) = (5€w1,5£w2,5zw3) ,

we arrive

1 3
=7 || F (6" (B + w2 + w5)) + F (5" (w1 + 3wz + w3)) + F(5" (wr + wy + 3ws)) - 6F (2 5fw¢>
Pp=1

3 3

{]: <25£w¢> + F (— Z 5‘w )}—l— Z { wlIJ _i[f(#w#’)*f(—#ww)]} H
p=1 Pp=1

< %‘I’ <5éw1,55w2,5 ZU3) ,Ywy, wp, w3 € Wh. (2.17)

N —
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Taking limit £ — co in , using (2.15) and (2.3), we get
AQBwq + wy + ws3) + A(w1 + 3wy + w3) + A(wy + wo + 3ws)

T b )

p=1 =1 p=1

for all wy, wy, w3 € Wi. So, A(wq) satisfies (1.7). In order to confirm that A(w;) is unique, suppose
B(wy) be another mapping (1.7), (2.15) and (2.16), we obtain

HAwﬂ—m%W:HéA@%O—%B@%OH

A () = (swn) [+ 5|7 (50n) 8 () |

i % (5'7+Kw1) — 0asl; — oo,

IN

IN
U‘I\I\) m‘

for all wy € W. Therefore A(wq) is unique. So, the Theorem holds for p = 1.
Changing wy = % in (2.11), we have

[P =57 () [ < ¥a (G ) verem (2.18)

Generalizing for a positive integer £, we get

! 1]
| Fwn) 57 (5 )H 25 ¥4 (57) V€W, (2.19)
The rest of the proof is similar to that of above case. So, the Theorem holds for 4 = —1. Hence the proof
is complete O

Corollary 2.2. Suppose that an odd function F : Wy — W, satisfy the functional inequality for all
w1, wy, w3 € Wy. Then there exists a unique additive mapping A(wy ) : Wi — W, which satisfies and the
functional inequality

5
lle
w
57T’ ¢ #1,
40 % ‘ww‘ v . 7& 1
3 ] ‘5759041'/ @1, P2, P3 ’
48]w 37
|7 (wr) = Awr) || < § 35-57] 3 #1, (2.20)
Py
45 p=1 3
%; gl 9, #1,
55021 =
165|w, |37 |
3‘575134)‘ ’ S(P 7‘4_ 1;

forall wy € Wh.

2.2. Evenness of F: Quadratic Case Stability Results : Direct Method.

Theorem 2.3. Suppose that an even function F : Wy — W, satisfy the functional inequality where
Y : W3 — [0, 00) with the condition

¥ (5fmw1,55mw2,5fmw3)
lim =0; =1, (2.21)

{—ro0 25(111
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for all wy, wy, w3 € Wy. Then there exists a unique quadratic mapping Q(wy) : Wy — W, which satisfies
and the functional inequality

1 & 1
|F(wr) = Qw)|| = 52 le[ e Yo (5"wi) (2.22)
="
1o 1 1 M, 5w, 51H Ty (510 Ui Uiz
=% ¥ g{‘If(5 wy, 5w, 5wy ) + ¥ (57wy, 5wy, =5 wl)} ,
1—
="z
(2.23)
and the mapping Q(wy) is obtained by
—1; 1 Im
Q(wr) = lim = F (5 wl), (2.24)

forall wy € Wi.

Proof. Using evenness of F in (2.1), we get

H]—'(?,wl Wy + w3) + F(wy + 3w + w3) + Fwy + wy + 3ws) — 7F <¢Z3:1 w¢> - 4;1 F(wy) H
<Y (w1, wy, ws),V wy,wy, w3 € W). (2.25)
Interchanging (w1, wy, w3) by (w1, w1, w1) in (2.25), we obtain
H3.F(5w1) —7F (3w;) — 12}"(w1)H < ¥ (wy,wi,w1),Y w € Wy (2.26)
Again interchanging (w1, wp, w3) by (w1, wq, —w1) in , we have
HZ]—"(E}wl) — 18F (wq) H <Y (w1, wy, —w1)
= 77 Gw) ~ 637 (@) | < g‘lf (wy, w1, —w1), ¥ Wy € Wy 227)
Combining and (2.27), we arrive
H3]—"(5wl) — 75F (w;) H < H3]—"(5wl) —7F (3wy) — 12F (w;) H + H7]—'(3wl) — 63F (w) H
<Y (wy,wq,w1) + ;‘P (w1, w1, —w1),V wy € Wy. (2.28)

One can see from (2.28) that

1 7
H]-'(5w1) *25]:(&)1)” < 5{11} (wl,wl,wl) + E‘I’r (wl,ZU1, —wl) } = LI’rQ (wl),v w1 € Wh. (2.29)

It follows from (2.29) that

1 1
|55 7 (5w1) = Flwn)|| < 52¥q (wr) ¥ wy € Wi, (2.30)
The rest of the proof is similar to that of Theorem 2.1} Hence the proof is complete. O

Corollary 2.4. Suppose that an even function F : Wy — W, satisfy the functional inequality for all
w1, wy, w3 € Wy. Then there exists a unique quadratic mapping Q(wq) : Wy — W, which satisfies and
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the functional inequality

35
8
275w |? |
6‘257*\15”/ qo # 2,
3 ?
% wy| "
6 1/;21 [25—5%¥|” P1, 92, 93 # 2,
96w 39 . 3 )
||f(w1) - Q(wl)H S 6‘25753@, @ # ) (231)
95w |¢£1q’¢ 5
lpi%; ll,zl P, 72,
q’ =
6|25—5¥=1 L4
365|w1‘3<p
2oofn | . 3 )
6[25 — 5%¢| ¢ #

forall wy € W.

2.3. Oddness and Evenness of 7: Additive Quadratic Case Stability Results : Direct Method.

Theorem 2.5. Suppose that a function F : Wy — W satisfy the functional inequality where ¥ : W3 —
[0, 00) with the conditions and for all wy, wy, w3 € Wy. Then there exists a unique additive mapping
A(wy) : Wi — W and a unique quadratic mapping Q(w- ) : Wy — Wh which satisfies and the functional
inequality

| F (wr) — A(wr) — Q(wn) ||
< % % i ;H {‘FA (6™wy) +¥ 4 (—5"wy) } + % i 25% {TQ (5Mw1) +¥q (=5"wr) }}

IN

11 & 1 (1
59: L {3{‘1’ (5w, 5wy, 57w, ) + 3F (5w, 57wy, —5"w,) }
1

|

7
+§{‘P (—577le, —577]47,01, —5’”%01) + E‘P (—SUHZUl, —5’7”w1,5’7”w1) }}} ’ (232)

and the mapping A(wy) and Q(w) are given in and for all wy € Wy.

Proof. Consider a function F,4;(w;) by

Faa(wr) = 2 { Flwr) = Fl-awn)}, Y € W, 2.39)

which gives

Fodd(0) =0; Fodd(—w1) = —Foqa(wy),V wy € Wy. (2.34)
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By Theorem 2.1} it follows from (2.33), 2.1), (2.5) and (2.6), we arrive

H]:odd(wl) *A(wl)H

1 e 9]
5 = L o {‘{’A (5" wy) + ¥ u (— 5'”’w1)} (2.35)
,*V
==
_11 i 1 {1{ <5ww1,5ww1,5ww1)+3\{r(5ww1,5wwl,_5ww1)}
25 5,513

N‘

1
+3 {‘I’ (=5, —5Mwy, —5Twy) + 3F (—5Mwy, —5T wy, 5w, ) } } . (2.36)

for all wy € Wj. Consider a function Feyen (w1) by

1
which gives
Feven (O) =0; ]:even(_wl) = ]:even(wl)/v wy € W (2.38)

By Theorem [2.3] it follows from (2.37), (2.1), (2.22) and (2.23), we see

| Feven(w1) — Q(w1)]|
SRURIN
257

I
N
&l
(&
M

{‘PQ (5MMwy) + ¥ (— 5Ww1)} (2.39)

1-u
1 Uig Uis T Uig nu nu
,{IF(5 w1,5 w1,5 ZU])+*2“IJ(5 w1,5 wl,—5 wl)}

+% {11’ (=5, —5Mwy, —5Tw;) + ;11’ (—5"Hwy, —5Mawy, 5wy } } , (2.40)

for all wq; € Wj. Assume a function F(w;) by
]:<wl) = ]:odd(wl) + ‘Feven(wl)zv w, € W. (2.41)
Now, it follows from (2.35), (2.36)), (2.39), (2.40) and (2.41), we have

(| F (wr) — A(wr) — Q(wn) ||
< || Foda(w1) — A(w) || + || Feven(w1) — Q(w1)]|

1]1 & 1 1 & 1
< 2 Z Uig nu _ nu Uig
=2 {5 L {¥a (") + ¥a (-5 }+ o L {Yo(s"w) +¥o (-5 wl)}}
== ==
1]1 & 1 .
<31z L = { (5w, 5wy, 51w, ) + 3¥ (5w, 57wy, —5"w,) }
1
+§{T( 51”’[?/01 —5””7,01 —5;7”71)1) +31P( 5’7#?,01 —57”{601 5””&)1) }}
1 & 1 {1 7
+ — — Y (517le 517le,57]le) + =Y (5’”‘&)1 5’”’&)1 —5””&)1)
25 ’7:1%# 2514 3{ }
“‘%{‘P( 5’”‘w1 —5’”%01, —5’”4101) + ‘P( 5”“&)1 —517’4%(]1 51”‘301) }}},
for all wy, wy, w3z € Wy. O
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Corollary 2.6. Suppose that a function F : Wy — W satisfy the functional inequality forallwy, wy, w3 €
Wi. Then there exists a unique additive mapping A(w) : Wy — W, and a unique quadratic mapping Q(wq) :
Wi — W, which satisfies and the functional inequality

5, 35
|3\| +‘ 374] "
46|wq|? 276|w1|? .
[5—57] + 6]25—59]” ¢ #1,2,
3 ¢ 3 2y
46 [wp|"V | 96 wy|"¥
3 Z 5w5q)lp +? 2 5 ¢ Py’ (P1r§02/§03#1r2r
p=115-5""] p=1125-5"7
40wy 37 | 98|w P9
| F(w1) — A(wy) — Q(w) || < 3]5—59] + 6]25—5%¢| 3¢ # 1,2, (2.42)
3 3
x %P x (PLP
48|wyy|#=1 98wy | ¥=1 3
£ 3 + L 3 ’ Z % 7& 1/2/
L gy L oy Pp=1
3|5—5¢=1 6|25—5%=1 ‘
168|wy 3 | 368wy |3 |
355 1 6]25-5%7]/ 3¢ #1,2,

forall wy € Wh.

2.4. Oddness of F: Additive Case Stability Results : Fixed Point Method.

Theorem 2.7. Suppose that an odd function F : Wi — W, satisfy the functional inequality where
Y : W3 — [0, 00) with the condition

T(wal,rfwz,T£W3) 51v =0
lim 7 =0, ©= { 17 Y wy, wy, w3 € W (2.43)
{—sc0 T, 5/ V= 1
If there exists L = L(v) be a function have the property
w1 1
‘I’A(wl) =%y <?) and ?‘PA (val) = L‘I’A(wl), YVw €W;. (2.44)
(%

Then there exists a unique additive mapping A(wq) : Wi — W, which satisfies and the functional inequal-
ity

Ll—v
1F (@) = A(wi) || < 7= ¥a (@) (2.45)
L' (1
= 11 {B{T(wllwllwl)+3T(w1,w1,_wl)}}, (2'46)
and the mapping A(w) is obtained by
i A ¢
A(wy) = lim ;gf (val)/ (2.47)
forall wy € Wh.
Proof. Assume a set
g = {./_'-/./_" : W1 — Wz, ./_"(0) = O}, (2.48)
and introduce the generalized metric on the above set G as
d(F,F1) = inf{K € (0,00) : || F(wy) — F1(w1)| < K¥(wy, w1, wy), w1 € Wi} (2.49)

It is easy to see that (G, d) is complete. Define a function / : G — G by

HF (wy ) = Tl]-"(rv w1 ), forallwy € Wy. (2.50)

“%
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Now F, F1 € Gand wy € Wy, we see

d(]:,]'—]) <K= H F(wl) —Fl(wl) ||§ K‘I’(wl,wl,wl),

1
*}—(val) - ,?]:1 (val)
v

1
’ S 7KT(TUw1/TUw1/va1)/
Ty

= | HF(w1) = HF1(wr) ||< LKY (wr, w1, w1),
Sd(HF,HF) <LK,

i.e., H is a strictly contractive mapping on G with Lipschitz constant L (see [18]).
For the case v = 0, it follows from (2.12) and with the help of (2.44), (2.50), (2.49), we get

1 1
Hgf(sm) - .F(wl)H < g‘I’A (w),= d(HF,F) < L=L"" Yw € W. (2.51)

For the case v = 1, it follows from (2.18) and with the help of (2.44), (2.50), (2.49), we obtain

HM 5f< )H<‘PA(

Combining (2.51) and (2.52), we have
L]

- ) = d(F,HF) <1=L"", Vw, € W,. (2.52)

L]

d(F,HF) <1=1L'"". (2.53)

Therefore (FPC1) of Theorem 1.5 holds. The rest of the proof follows by Theorem 1.5. Hence the proof
is complete. g

Corollary 2.8. Suppose that an odd function F : Wy — W, satisfy the functional inequality for all
w1, wy, w3 € Wy. Then there exists a unique additive mapping A(wy ) : Wi — W, which satisfies and the
functional inequality forall wy € Wh.

Proof. If we take
J,
8y [wy|”

5 Yy [wy| 7,
T(wllw21 w3) = 51—[ _

|:| ‘51—[1/::1’5"1/”%'
3
{5 [y + Ty [yl },

in Theorem 2.7 and changing (w1, wy, w3) by (Tgfwl, waz, T£w3> and dividing by Tf in (2.54), one can
see

7

(2.54)

% — 0as £ to oo,
v
¢
%Z?p:l Tgwlll , —0as £ to oo,
; 9
1 . . T%Z?p:l T£w¢‘ v, — 0as £ to oo,
Bl - _ ¢
o ‘I’(val,rvwz,rvwa) (s[ I—Lp ) T(’wlp‘ ) . 0as(to oo,
%Hlpzl valp‘ v, — 0as £ to oo,
¢ 4
fg{Zi_ Twlp‘ + 1 Ty—1 Tgww‘ }, — 0as £ to co.
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Therefore (2.43) holds for all wy, w,, w3 € W;. Now, from (2.44), we have

%ﬁ
12|k
3 7
w 1 wp w w %5 ;?;;3:1 |”é1
L4 v (71) :7{\}f (71,71/71) 3y (J/J,_J>}: 7P
aw) =¥ (F)=3¥ 55 5) ¥ (55 3 5
r e
e 4
16(5\“’—13\3"’
5
=2
1 11
;HM(%wO==;g{T(nwhuwhuwn+6T(nwpnwpfnw0}
v v
49 _
Eﬁ; w9 o l‘lyA(wl)’ LY
o rf-331*f . o4 ‘YA(W%)/ L ‘I’jgzi
ﬁzdﬁ)l |val’b| ' 23:1 Tzipw ‘PA(wl)r L‘I’A(wl
= TyW = _ =
Tv-’s‘l ):3’ 'rg(’; 1"FA(ZU1), £$A§w1
=19 o —1 w
Llw%lsi# —, 1 % Ya(wr), L ‘I’z(wi
165|§v?‘3’1\3"’, TZI:I3¢11PA(W1>/
forall wy € W;.
For the case v = 0, we have L = T 1 =571 and from (2.46), we arrive

1-v 1-v
I (or) = Alwn) | < T (o) = 11 {5{¥ oo, 00) +3¥ (s, 00— }

1— T1-L \3
B (571)170 g _é
- 1-5-1 33

For the case v =1, wehave L = 7, ! = ()~! = 5and from 1i we obtain

1-v 1-v
I (or) = Alwn) | < T (o) = T {5{¥ oo 00) +3¥ (s, 00, —o) }

1-L 1-L |3

_(911{“._

T 1-5 |3 -3

For the case v = 0, we have L = 7771 = 5¢-1 and from (2.46), we arrive

17 () = Al < £ ¥a o) = 1 {5{¥ @) 3% (- }

1-L 1-L |3

(B0 (125157 40
1591 3 T 5_5¢°

For the case v = 1, we have L = ¥ = (2)?~1 = 5!=¢ and from (2.46), we get

| F(w1) — A(wr)]| < L Ya(wr) = e {1{T (w1, wy, wy) +3Y (wy, wy, —wy) }}

1-L 1-L |3
_ (Bt f1ao)e | 46
1-51-¢ 3 59 -5
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For the case v = 0, we have L = Tg’ ¢~1 = 53¢-1 and from (2.46), we arrive

1-v 1-v
I (or) = Alwn) | < T ¥ (o) = =1 {5{¥ oo 00) +3¥ (s 00, —o) }

1-L T1-L |3
_ (53¢-1)1-0 45|%|3m 45|wq 39
1 — 531 3 | 3(5-5%)
For the case v =1, we have L = qukl = (£)3?~1 = 5!73¢ and from (2.46), we obtain
L1-v L1-v 1
| F(w1) — A(wn)|| < Ya(w) =—— < 33%Y (w1, w1, wy) +3¥ (w1, w1, —w1)
1-L 1-L |3
_ 45|%|3¢ _ W[w 7
1—51-3¢ 3 3(5%% —5)
Similarly, we can prove the rest cases. O

2.5. Evenness of F: Quadratic Case Stability Results : Fixed Point Method.

Theorem 2.9. Suppose that an even function F : Wi — W satisfy the functional inequality where
Y : W3 — [0, 00) with the condition

i Y (Tgwl,rfwz,rfwg) 0 5.0 =0 y W 557

Jim = =0 w —{ Ly—q /7 Ouw2ws € W (2.57)
If there exists L = L(v) be a function have the property
w 1

‘I’Q(wl) = TQ <?1) and ?‘YQ (val) =1L ‘I’Q(wl), YVw €W;. (2.58)
0

for all wy, wy, w3 € Wy. Then there exists a unique quadratic mapping Q(wq) : Wi — W, which satisfies
and the functional inequality

Ll—v
1F (1) = Qwn)|| = = Yo (w1) (2.59)
L' (1 7
e {3{‘? (wy, w1, w1) + 5¥ (w1, 01, ~w1) }} (2.60)
and the mapping Q(w ) is obtained by
— bm L ‘
Qwy) = Jim @f (val) , (2.61)

forall wy € Wy.
Proof. By Theorem[2.7] define a function H : G — G by

2
v

1
HF(wy ) = T—]-'(Tz, wy ), forallw; € Wy. (2.62)
Now F, F; € G and w; € Wy, we see

d(f,f1) <K= || .7-"(w1) — fl(W1) HS K‘P(wl,wl,wl),

1 1 1
= g}—(val) — ?fl(rvwl) < ;K Y (tyw1, Tywy, Tywy ),

[ [ v

= || H.F(Z()l) —Hfl( wq ) ||§ LK‘I’(wl,wl,wl),
Sd(HF,HF) < LK,

i.e., H is a strictly contractive mapping on G with Lipschitz constant L (see [18]). The rest of the proof is
similar to that of Theorem [2.7] Hence the proof is complete. g
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Corollary 2.10. Suppose that an even function F : Wy — W, satisfy the functional inequality for all
w1, wp, w3 € Wy. Then there exists a unique quadratic mapping Q(w,) : Wi — W, which satisfies and
the functional inequality for all wy € Wy.

2.6. Oddness and Evenness of 7: Additive Quadratic Case Stability Results : Fixed Point Method.

Theorem 2.11. Suppose that a function F : Wy — Wi satisfy the functional inequality where' ¥ : W3 —
[0, 00) with the conditions (2.43) and (2.57) for all wy, wy, w3 € Wh. If there exists L = L(v) be function have
the properties M and (2.58) Then there exists a unique additive mapping A(w,) : Wi — W, and a unique
quadratic mapping Q(w1) : Wy — W), which satisfies (1.7) and the functional inequality

[ F (w1) = A(wr) = Qw1

1 L1-v
< 5 T {¥a ) + YA (—w1) + ¥o () + ¥ (—wn) | (2.63)
1 L' (1
= E . 1-1L g{qf (wlrwlrwl) + 3Y (wlrwlr _wl) + Y (_wl/ —w1, _wl) + 3Y (_wl/ _wlrwl)
7 7
+¥ (wy,wi,w1) + 5 (wr,wr, —wn) + ¥ (—wy, —wy, —w1) + 5 (—wy, —wr,wi) }} /
(2.64)
and the mapping A(wy) and Q(w ) are given in and for all w; € Wy.
Proof. The proof is similar ideas to that of Theorem 2.5] g

Corollary 2.12. Suppose that a function F : Wy — Wh satisfy the functional inequality forall wy, wy, w3 €
Wi. Then there exists a unique additive mapping A(w1) : Wi — W and a unique quadratic mapping
Q(wy) : Wi — W, which satisfies and the functional inequality forallwy, € Wy.

3. STABILITY IN INTUITIONISTIC FUZZY BANACH SPACE OF (1.7)

In this section, we explore the generalized Ulam - Hyers stability of the functional equation (1.7) in
Intuitionistic Fuzzy Banach Space.

In order to prove stability results, assume (Wy, u,v) and (Wh, i/, v') are Intuitionistic Fuzzy normed
space and Intuitionistic Fuzzy Banach space respectively. Suppose that F : Wi — W, and ¥ : W} —
[0, 00) satisfy the following functional inequalities

U (]—"(3w1 + wy + w3) + F (w1 + 3wy + ws3) + F(wy + wy + 3ws) — 6F (Z?p:l ww)

—H{F (Swy) + F (~ S wg) }+ 5o {Flwy) = §[Fwg) + F(=wy)] ), A)
> ' (¥ (wy, wo, w3), A) 3.1)
v (F(3w1 + wy 4+ w3) + F(wy + 3wy + w3) + F(wy + wy + 3ws) — 6F (213,, 1w¢)

(T + 7 (T} S (Pl - [P + o]} )
<V (¥ (wl,wz,ws)r/\)

U (.7:(3301 +wy 4+ w3) + F(wq + 3wy + w3) + F(wy + wa + 3ws) — 6F (Zizl w¢)
7 {f (Ell?:l ww) ( Z?,U:l ww)} + 213,]:1 {]—"(w@ — %[}'(wlp) + }'(—w1p)} } ,A)
> (6,MN),
v (.7:(3101 +wo 4 w3) + F(wy + 3wy + w3) + F(wy + wy + 3wz) — 6F (ngzl wq)) (3.2)
“H{F (Darwy) + 7 (- Dhawn) |+ Dot {F ) = 3[Flwy) + F(-wy)] }4)
<v'(5,A),
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U (]—"(3wl + wy + ws3) + F(wy + 3wy + w3) + F(wy + wy 4 3ws) — 6F (Z?pzl ww)
—HF (D wy) + F (- S o) }+ Dy { Flavy) - %[f(ww + F(—wyp)| },A)
> (655 |wyl?,A), .
v (F(3w1 + wy + ws3) + F (w1 + 3wy + w3) + F (w1 + wy + 3ws) — 6F (Z?p:l w¢> .
3 {F (Berwy) + F (- Do wp) b+ Dy {Flwg) = §[Flwy) + F(—wy)| }, )
<v (521/; 1wy, A),
U (]—"(3wl + wy + ws3) + F(wq + 3wy + ws3) + F(wy + wy + 3ws) — 6F (213#:1 ww)
—HF(Dwy) + F (- S o) }+ Dy { Flay) - é[ﬂwlz) +3f<—|w¢|>¢} L.A)
>y 524;:1 wy|"Y, N,
v (]—"(3w1 + wy + w3) + F(wy 4 3wy + w3) + F(wy + wy + 3ws) — 6F (Zf’pzl w¢) (34)
I F (Do) + F (- S5 wp) b+ S5 {Flwy) = §[Flwg) + F(—wy)| }, A)
<v' (6T [wy|* ., A),
u (.7:(37/(}1 + wy + ws3) + F(wq + 3wy + ws3) + F(wy + wy + 3ws) — 6F (213[1:1 ww)
-2 { (le 1 wtﬁ) +]:< Z?p:l wt/})} +Z?p:1 {]—"(ww) - %{}—(wlp) +]-'(—w¢)} }/A)
2 p (6T [wol”A) |
v (]—"(3101 +wy + ws3) + F(wy + 3wy + w3) + F(wy + wy + 3ws) — 6F (pr:1 w¢) .
—H{F (Dwy) + F (- Sy o) }+ Doy {Flawg) = 3[Flwg) + F(—wyp)] },A)
< (0TTy [wy|*, ),
U (./—"(37/01 + wy + ws3) + F(wq + 3wy + ws3) + .7-"(w1 + wy +3ZU3) 6.F (EIIJ 1 wlp)
—3 {]—" (213;;:1 w¢> +F (— 23,:1 wq,)} +Z¢ 1 Flwy) — 3 | Flwy) + F(—
g H |ww|% A :
v (]:(3101 + wy + ws3) + F(wy + 3wy + w3) + F( ZU1 + wy + 3ZU3 le 1 w¢ (3.6)
—%{ (Z¢:1w¢> +f< le:lww)}JrZw 1\ (wy) =3 w)
<v |6 H1|w¢|(”‘/’ A,
P
U (]—"(3w1+wz+W3)+]-'(w1 + 3wy + w3) + F(wy + wy + 3ws) 6]—'(Z¢ 1w¢)
_*{ (le 1wlp>+f( le:lwlp)}Jerp 1{ (w 1[;) [ wlp )+ F(— )}} A)
> (5{Z¢71’w¢’3¢+n i Jwy]? } A, (3.7)
v (f(?)wl + wy + ws3) + F (w1 + 3wy + w3) + F (w1 + wy + 3ws) — 6F (Z?/J:l w¢> .
~3 {f (E?p:l ww) +F (— Yoo ww)} + X5 {f(ww) - g{fg(ww) +f(—w¢)} } fA)
v (0 {)or g + T [y}, A)

for all wy,wo, w3 € Wi and all A > 0 with J be a positive constant and ¢ be any real number.
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3.1. Definitions and Notations of Intuitionistic Fuzzy Banach Space. Now, we recall the basic defini-
tions and notations in the setting of intuitionistic fuzzy normed space given in [27].

Definition 3.1. [27] A binary operation = : [0,1] x [0,1] — [0, 1] is said to be continuous t-norm if * satisfies
the following conditions:

(x1) * is commutative and associative;

(x2) * is continuous;

(x3) ax1=uaforalla € [0,1];

(%4) a*b < cxdwhenevera < candb < d foralla,b,c,d € [0,1].

Definition 3.2. [27] A binary operation ¢ : [0,1] x [0,1] — [0,1] is said to be continuous t-conorm if ©
satisfies the following conditions:

(01) © is commutative and associative;

(02) © is continuous;

(©3) ac0=aforalla € [0,1];

(04) aob < codwhenevera < candb < dforalla,b,c,d € [0,1].

Definition 3.3. [27] The five-tuple (X, u,v,*,©) is said to be an intuitionistic fuzzy normed space (for short,
IFNS) if X is a vector space, * is a continuous t-norm, ¢ is a continuous t— conorm, and p,v are fuzzy sets on
X % (0, 00) satisfy the following conditions. For every x,y € X and s, t > 0

(IFN1) u(x,t) —|—1/(x t) <1;

(IFN2) u(x,t) >

(IFN3) p(x,t) = 1 if and only if x = 0;
(IFN4) p(dx,t) = p (x, %) for each d # 0;
(IEN5) p(x, t )*Pl(% ) Splx+yt+s);
(IFN6) u(x,-): (0,00) — [0,1] is continuous;

(IFN7) lim p(x,t) = 1and im u(x,t) = 0;
t—o0 t—0

(IFN8) v(x,t) < 1;

(IFN9) v(x,t) =0, ifand only if x = 0;
(IFN10) v(dx,t) = v (x,§) for each d # 0;
(IFN11) v(x,t)ov(y,s) > v(x+y,t+5s);
(IFN12) v(x,-) : (0,00) — [0, 1] is continuous;
(IFN13) tlim v(x,t) = 0and }irré v(x, t) =1

—00 —

In this case, (u,v) is called an intuitionistic fuzzy norm.

Example 3.4. [27] Let (X, ||-||) be a normed space. Let axb = aband acd = min {a + b, 1} foralla,b € [0,1].
Forall x € X and every t > 0, consider

E i s el .
u(x, ) =< il lf ~ and  v(x,t) ={ HIx Zf £>0;
0 if t<0; 0 if t<0.

Then (X, 4, v, *,©) is an [FN-space.
Definition 3.5. [27] Let (X, p, v, %, ) be an IFNS. Then, a sequence x = {x } is said to be intuitionistic fuzzy
convergent to a point L € X if
lim p(xp—L,t) =1 and lim v(xy—L,t) =0,
forall p > 0. In this case, we write
IF
xp — L as k — oo.
Definition 3.6. [27] Let (X, u, v, %, ) be an IFN-space. Then, x = {x; } is said to be intuitionistic fuzzy Cauchy
sequence if
U <xk+p — X, ) =1 and v (xk+p — X, ) =0,
forallp > 0,andp=1,2---
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Definition 3.7. [27] Let (X, u, v, *,¢) be an IFN-space. Then (X, u,v,*,<) is said to be complete if every
intuitionistic fuzzy Cauchy sequence in (X, i, v, , o) is intuitionistic fuzzy convergent (X, u, v, *, o).
3.2. Oddness of F: Additive Case Stability Results : Direct Method.

Theorem 3.8. Suppose that an odd function F : Wi — W, satisfy the functional inequality where
Y : W} — [0, 00) with the conditions

W (Y (5w, 5wy, 5 ws ), A w (1Y (wy, wo, w3) , A
v ((‘I’ (<5€’”w1,5£mw2,55mw3>>,/\§ < <(IZ"“I’ (wy, wo, w3), A)> } 58)
and
[11_>Ir010y ( (55mw1,55mwz,5z’”w3) ,5f’”A) =1
Eh_}rrolov (‘I’ (5Emw1,5émw2,5f’"uJ3),SZmA) =0 } (39)

M
forall wy,wp, w3 € Wyandall A > Owithm = +1and 0 < (%) < 1. Then there exists a unique additive
mapping A(wy) : Wi — W, which satisfies and the functional inequality

p(Alwon) = Fwn), ) 2 ' (¥a (o), 5 15 1])
= (‘P (wy, w1, w), % |5 — I|) * 1 <‘-P (w1, wy, —wy), % 15— I|)
v (A(w) — Fwy),A) < o/ (‘YA (wy), % (5- 1))
v (Ylwy ), 28 5-0) ov (¥ oy, -wn), 5 1))
and the mapping A(w- ) is obtained by
()
lim v (5211]: (SZ”‘wl) - A(wl),A)

(—o0

(3.10)

1

(3.11)
0

forall wy € Wy and all A > 0.

Proof. Using oddness of F in (2.1), we get

U (f(3w1+w2+w3) +f(W1 +3LU2+ZU3) +.7:(ZU1 +ZU2+3ZU3) 6F ():lp 1w¢> +):1/7 1 wlp),/\>

2 (‘Y (wlr wy, w3) /A)
p) + Tt Flwy), A
v (¥

(w1, wy,w3), A\)
(3.12)

N————

/
/

v(]—"(3w1+w2+W3)+]-"(w1 + 3wy + w3) + F(wy + wo + 3ws) — 6.F (Z;}

|/\8|v

for all wq, wy, w3 € W and all A > 0. Interchanging (w1, wy, w3) by (w1, w1, w1 ) in (3.12), we obtain

i (BF (bwy) — 6F (Bwy) +3F (wy), A) > ' (¥ (wy, wy,wy),A)

v (3F (5wy) — 6.F (Bwy) + 3F (wy),A) <V (¥ (wy, wy, wy),A)
for all w; € Wy and all A > 0. Again interchanging (wy, w2, w3) by (w1, w1, —w1) in (3.12) and using
(IFN4), (IFN10), we have

1 (2F(Bwy) — 6F (wy),A) > u' (¥ (wl,wl,—wl),A) }
v (2F(Bwy) — 6F (wy),A) <V (¥ (wy,wy, —wy),A)
M

v
6.F (3wy) — 18F (w w1, W1, A
6]-'(3w11))—18]-' ((wll)) 3A)) v ((‘-P ((wll,wll,_ ))/ A)) } (3.14)

(3.13)
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for all w; € Wy and all A > 0. Combining (3.13) and (3.14) using (IFN5), (IFN11), we arrive

1 (3F (5wy) — 15F (wq),4A) > u (3F (5wy) — 6F (3wy) + 3F (wy), A) * u (6F (3wy) — 18F (wy),3A)

Vv

# (¥ (wy,wy,w1), A) * p' (¥ (w1, w1, —w1),A) = p' (¥4 (w1),A)

v (BF (5bwq) — 15F (wq),4A) < v (3F (5wy) — 6F (Bwy) + 3F (wq), A) ov (6F (3wy) — 18F (w1),3A)
,V/

for all w; € Wy and all A > 0. Using (IFN4), (IFN10), one can see from (3.15) that

14 (;]:(5101) _]:(wl)/g : % A) > (Fa(wr),N)
(570 - Fn) 5 3 A= (o)

(¥ (wy, w1, w1) , A) ov' (¥ (wy, w1, —w1), A) =V (Fa (w1),A)
(3.15)

[]

(3.16)

forall w; € W and all A > 0. Changing wq by 5w, in (3.16), and using (IFN4), (IFN10), (3.8), we get

1 1 401
i (Wf(s“lwl) —gFBEw) s A) > (Ya (5'w1),A) = 4 (¥4 (1), A)
1
= ;4/ ("PA (wl), I[A)
1 1 41
v (5“1]-'(5”1101) —5FBw) g A) < (‘I’A (5%1) ,A) </ (If\PA (w1) ,A)

B (‘I’A (1), 11£A>

forall w; € W; and all A > 0 also £ > 0. Changing A by I'Ain (3.17), we see

i (g6 ) = TG, 5 () A) 24 (Fa (o), )

54+ 3.5 \5
1 (+1 1 4 (1N /
- _ - = . (Z <
V(5£+1]:(5 )~ 5 F(5'wr), 57 (5) A) <V (a4 (wr),A)

forall w; € W; and all A > 0. It is easy to check that

(-1 1

é}—(#wl) — Flwy) =)

F(Ehwy) - = F(5Tw)
=0 >

517+1

for all wy € Wy. Using (IFN5), (IFN11), it follows from (3.18) and (3.19), we obtain

-1
p <51@f(5€w1) ~F) L 5e (5)] A)

1n=0
l— (-1
1 1 4 /IN7
‘”( s 7 (51 ) g F @), ¥ 3 (5) A)
n=0 n=0
(-1
1 + 1 4 /Iy
> ’7:0;” (5’]+1 .7:(5}7 ZU1) — 57.;(5173(7]), ﬁ : g) A)
>TI o0 (Fa(w1), A) = p' (Fa(wr),A)
1 =4 Iy
v <5p]:(5 w) f(wl)'n;oﬁ (3) A)
=1 (-1
1 4 /Iy
=V ( WI(517+1ZU1) *I(SWW1), ﬁ . (g) A)
=0 7=0
(-1
1 . 1 4 I\n
<L (5rF o) - 6T, 52 ()" A)
<TLov' (¥a(wi), A) = v/ (Ya (w1),A)
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where

-1 -1
[Ip=wuxpxpx.. and L[VZI;]VOI/O... [
=0 7=0

for all w; € Wj and all A > 0. Again changing w; by 54w, in (3.20), and using (IFN4), (IFN10), (3.8) in
that changing A by I1 A, we have

1 1 &4 INith
" (544_[1 ]:(52+£1w1> - 571]:(517/01), Z ﬁ : (g) A) > ,‘l/l/ (‘PA (wl),/\)

1
v <5é+z1 F(5" ) — 571}-(51@01)/’7:0%' (5) A) <V (¥a(wi), A)
forallwy € Wy and all A > 0Qalso ¢, ¢; > 0. It follows from that
1 (40 1 ’ A
" <5z+21]:(5 lwy) —Sglf(fluh)//\) >u | Ya (wl)/zgl : (1)11+Z1
0% A (322)
1 (40 1 / A
1/(5€+€1.7:(5 1w1)—5£1}'(€1w1),A> <V | ¥a(wi), — =
Ly=035" (5)

for all w; € Wy and all A > 0. By data, the Cauchy criterion for convergence in Intuitionistic Fuzzy
normed space gives that the sequence {517]-" (5€w1)} , is Cauchy in (W,, p/,v') and it is a complete In-

tuitionistic Fuzzy normed space, this sequence converges to some point A(wq) in (Wh, ¢/,v') for all
w1 € Wj. So, by notation, we write

lim p ( F (5£w1) — A(wl),A) =1;

"f‘” ] . (3.23)
El;n;ov <5€]-' (5 wl) - A(w1),A> =0;
forall wy € Wy and all A > 0. Letting ¢; = 0 and £ — oo in and using (8.23), we arrive
3A
p(Awon) = Fn), ) 2 3 (¥a (wn), 5 - 1)
3A 3A
= (‘I’(wl,wl,wl),4 (5-— I)) ' (‘I’ (wl,wl,—wl),f (5-— I))
N (3.24)
v (A(wy) — F(wy),A) <V <‘PA (wl)'T (5— I))
=/ (‘I’ (wl,wl,wl),% (5-— I)) o/ (‘I’(wl,w1,—w1),3i\ (5-— I))

forall w; € Wy and all A > 0. Thus, and holds for y = 1. Interchanging
(w1, wp, w3) = (5%1,5%2,5%3) ,
in (3.1) and using (IFN4), (IFN10), we have
i (5/ {]—'(5[(3w1 +wy +w3)) + F (5 (wy + 3wy +ws)) + F(5°(wy + wp + 3w3)) — 6F (Zf’p 1 54w¢)
() (B35 B ([ s
> i (¥ (5w, 5w, 5'3) 5 A)
v ({76 Bwr +wa +ws)) + F(5 (wn + 3wz +w3)) + F(5 (wn + w5 +3ws)) — 6F (L1 5wy
P (D) 5wy) + F (- Ehoi5wy) b+ Doy {F 6 wy) - § [.F(SFZUIIJ) + F(=5"wy)] }} %

<V (‘i’ (5%1 5fw2,55w3)

(3.25)
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for all wq, wp, w3 € Wy and all A > 0. Now,

(.A(3w1 + wy + w3) + A(wy + 3wy + w3) + A(wy + wy + 3ws) — 6.4 (Zf’l,zl wl/,)
— A (Do) — A (=S wy) }+ Do {Awy) - [ AGwy) + A(-wy)| },A)
> i (A(Bwn + s + w3) = HF (5 By + wp +w3)),

w( A(wy 43wy +w3) — é]-"(Sé(wl + 3w, +ws3)), 5 ) *
u (A(wy + wy + 3ws) — l}'(Se(wl +wy +3w3)), 5 ) *
6A (X1 wy ) + 2r6F (L3 5wy, %
E‘(z {( (le 13’117) ((le—l ww)})
—52 {]: (Z -1 5%41) +7 (‘ Ey-1 5£w</1) } / %) *
i (Thor {Alwy) — [ AGwy) + A=wy)| }
—& T {F(5wy) — § [ F(5'wy) + F(=5'wy) |}, 4 ) +
i (& {F(5 (Br + w5 + w3)) + F(5! (wn + 3wy + w3)) + F(5 (wn + w5 + 3ws))
—6F (Tj-15'wy) — 3 {7 (Zw 15lwy ) + F (- X5, 5wy ) }
+ g {FGwy) - 3[F6'wy) + F(-5'wy)| }},4)

*

~—
~——
>
~——
*

(A(3w1 + wy + w3) + A(wy + 3wy + w3) + A(wy + w, + 3ws) — 6.4 (th LW ) (3.26)
=3 {A(Deawp) = A (- Tjor o) |+ 2 {AGwy) =3 [AGwy) + Ay} A)
<v (A(3w1 +wy + w3) — %]—"(5f(3w1 +wy 4+ w3)), %) o
v A(wy 4 3wy + w3) — %]—'(55(101 + 3wy +w3)), % o
v ( A(wy + wp + 3ws) — i]—"(5”(w1 + wy 4 3ws)), ’7\; o
v(-64(x- 1w¢> +26F (T515wp %)) 0
V(A () £ A ()
() ()} 3)-
v Dy {Alwy) = 3| Alwy) + A(=wy) |}
— 3 55 {FBlwy) = 3| F(5'wy) + F(=5'wy)| },4) o
v (L{F(E Bwr + 1w+ ws)) + F(5 (w1 +3ws + ws)) + F(5 (wy + w3 + 3ws))
—6F (Tj1 5wy ) — 1 {F (Zw 15twy) + F (—Tjy 5y ) }
+ X5 { F(5wy) - § [f(5fw¢) +F(- 5fw¢)] H %)
for all wy, wp, w3 € Wy and all A > 0. Taking limit £ — oo in (3.26), using (3.23) and (3.25), we get
(A3 + w5 + w3) + Ay +3ws + ) + A(wy + w; + 3w3) — 6.4 (21,, . w¢,)
%{ (le 1w¢) +A( przlwlp)} —i—Z;Q’p:l {A(wq,) - %[A wy) + A(— }} A) =1
v ( (Bwq + wy + w3) + A(wy + 3wy + ws3) + A(wy + wy + 3wz) —6.A (le 1 wlp)
LA (S oiwy) + A (- S wp) f+ 5 {Alwy) - 3 [ Awy) + A(—wy) |}, A) =0
(3.27)

for all wq,wp, w3 € Wy and all A > 0. Using (IFN3), (IFN9) in (3.27), we see, A(wl) satisfies (1.7). In
order to confirm that A(w;) is unique, suppose B(w;) be another mapping (1.7), (3.23) and (3.24), we
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obtain
1w (Awr) — B(w),2A) = p (A (sfwl) - B (5%1) ,502A
> (A (5%1) _F (5%1) ,5@\) “p (f (5%1) - B (5%1) ,5”/\)
> (¥4 (5%1) L3 505 — 1)) - (‘I’A (5%1) L3 55— 1))
> ' (Ya (1), 35 (5-1))
v(A(wy) — B(wy),2A) =v (.A (5£w1> - B (55w1> ,5¢ 2/\)
<v(A(5%w) ~ F (5) ,5'A) ov (F (5'wr) B (5'w1),5A)

<v (¥4 (sfwl) L3 505 — 1)) ov! (‘YA (5%1) , 3 55 — 1))
¢
<v'(¥Ya(w), 3% G-1)
(3.28)
for all wy € Wy and all A > 0. Taking limit £/ — oo in (3.28), and using (IFN7), (IFN13), we arrive
v(A(wy) — B(wy),2A) =0 '

for all w; € Wy and all A|> (. By (IFN4) and (IFN10), we ﬁ A(wy) is unique. So, the Theorem holds
form = 1.

Changing wy = % in (3.15) and using (IFN4), (IFN10), (3.8), in that changing A by %, we have

" <]—“(w1) ~5F (?)%A) > ' (¥4 (w1),A)
v (]—"(wl) -57 (%) ,MA> < v|(Fa (w1),A) D

for all w; € W; and all A > 0. Changing w; by % in (3.30), and using (IFN4), (IFN10), (3.8) in that

(3.30)

changing A by %, we get

(57 (5) =517 (3) 55 (3)A) <o (¥an) )

(3.31)
Cr (W1 g (1) A 5\
v (5 f(5€> > f(5€+1)’3-1<1) A)svi(¥alwn),A)
for allw; € Wy and all A > 0 also ¢ > 0. It is easy to check that
{
_5lr (%1 = -1 W1\ _ (W1

F(wy) 5.7-"(5£)77¥15 f<5,]1> 5?(5,7) (3.32)
for all wy € Wj. The rest of the proof is similar to that of above case. So, the Theorem holds for m = —1.
Hence the proof is complete. 0

Corollary 3.9. Suppose that an odd function F : Wy — W satisfy the functional inequality for all
wy, wp, w3 € Wy and all A > 0 with § be a positive constant and ¢ be any real number. Then there exists a
unique additive mapping A(wq) : Wy — W, which satisfies and the functional inequality

p(A(wr) — F(w), A) > ' (6, 3] A), }

v (A(wy) — Fwy),A) <V (5,13] A), (3.33)

forall wy € Wh.

Corollary 3.10. Suppose that an odd function F : Wy — W satisfy the functional inequality for all
wy, wy, w3 € Wy and all A > 0 with § be a positive constant and ¢ be any real number. Then there exists a
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unique additive mapping A(wy) : Wi — W, which satisfies and the functional inequality

p(AGwr) = Flwn),A) 2 1 (lwn]?, 4 5-57), ¢ #1, 6
v (AGwy) = Flwr), A) <o/ (Slwn]?, 3 15-5¢1), 9 #1, '

fOT’ all wp € Wy.

Corollary 3.11. Suppose that an odd function F : Wy — W satisfy the functional inequality for all
wy, wy, w3 € Wy and all A > 0 with § be a positive constant and ¢ be any real number. Then there exists a
unique additive mapping A(wy) : Wi — W, which satisfies and the functional inequality

H(AGr) = Flwn), A) = ' (655 i ™, 3 55 115-5%1), 10203 # 1, 635
4 (A(wl) - ’F(wl)’A) S U, (523;:1 |w1|‘l7¢’ A Z?/;:] |5 _547#) |) s P1, P2, 93 # 1/
forall wy € Wi.

Corollary 3.12. Suppose that an odd function F : Wy — W, satisfy the functional inequality for all
wy,wp, w3 € Wy and all A > 0 with § be a positive constant and ¢ be any real number. Then there exists a
unique additive mapping A(wy) : Wy — W, which satisfies and the functional inequality

#(A(wr) = F(wn), A) > o' (Slwn?0, 2 [5-5%]), 3¢ #1, } 636)
v (A(wy) = Flwr), A) ' (Slwr*?, 3 5-5%]), 3¢ #1, '
forall wy € Wy.

Corollary 3.13. Suppose that an odd function F : Wy — W satisfy the functional inequality for all

wy, wo, w3 € Wy and all A > 0 with & be a positive constant and ¢ be any real number. Then there exists a
unique additive mapping A(wy) : Wi — W, which satisfies and the functional inequality

3 3
AGwn) = Fwn), A) 2 g (dlog P19, 3 [5-5597] ), g, 1,
T4=Lo, 3A 19 (3:37)
v(A(wy) — F(wy),A) <V ((5\w¢| - ¢,T’5—5 =1 tPD, ¢ 19, # 1,
forall wy € Wh.
Corollary 3.14. Suppose that an odd function F : Wy — W, satisfy the functional inequality for all

wy,wy, w3 € Wy and all A > 0 with § be a positive constant and ¢ be any real number. Then there exists a
unique additive mapping A(wy) : Wy — W, which satisfies and the functional inequality

p(A(wy) = F(wr), A) > i (25|w1\34’, - 534") 3971, } (3.38)

v(Awr) = Flwy), A) < v/ (20[wr22, % [5-5%), 3¢ #1,

forall wy € W.

3.3. Evenness of 7: Quadratic Case Stability Results : Direct Method.

Theorem 3.15. Suppose that an even function F : Wy — W, satisfy the functional inequality where
Y : W} — [0, 00) with the conditions and

KILIEIOV ( (Smel,Sémwz,Sémwg) ,25“”/\) =1
lim ' (¥ (51, 50p, 53 ) , 257 A ) = 0 } (3.39)
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or all wy,wy, w3 € Wy andall A > Qwithm = +1and 0 < (= ! < 1. Then there exists a unique quadratic
25 queq
mapping Q(wy) : Wy — W, which satisfies and the functional inequality
7A
(@) = Fwn), A) = o (Yo (), T 25 -1)
7A 7A
=u <‘I’ (wl,wl,wl),? |25 — I|) *u' <‘Y (wy, w1, —w1), 3 |25 — I])
V(Q(wl)—]:(wl),A) SV’ (‘FQ (wl), (25—1))

3
7N\ 7N\
= (‘F (wy, wy, w1), (25 — 1)> o (‘I’ (w1, wy, —wy), 5 (25-1)

"3
(3.40)
and the mapping Q(wn ) is obtained by
lim p ( L F(ngwl) — Q(wﬂ,A) =1
{—e0 ) . (3.41)
éh_}nolov <25f’"}- (5 w1> - Q(wl),A) =0

forallwy € Wyandall A > 0.
Proof. Using evenness of F in (2.1), we get

3 3
i <]—"(3w1 + wop + ws3) + F(wq +3wz+w3)+}'(w1+wz+3w3)—7]-"<Z wy | —4 Z]—"(w@,/\)

3
v (]—'(3wl+w2+W3)+}'(w1 + 3wy + ws3) + F(wy +wz+3w3)—7}'<z wy | —4 Z]—"(w@,A)

(3.42)
for all wy, wy, w3 € Wy and all A > 0. Interchanging (wy, wa, w3) by (wy, wq, w1) in (3.42), we obtain

(
H (3]:(57/01) —7F (37,01) — 12]:(ZU1),A) (‘I’r (wl,wl,wl) ,A) }
v (3F (5wy) — 7F (Bwy) — 12F (wy), A) < V' (¥ (w1, w1, wy), A)

forall w; € Wy and all A > 0. Again interchanging (wy, wp, w3) by (w1, w1, —wy) in (3.42) and using
(IFN4), (IFN10), we have

u (2F (Bwy) — 18F (wy),A) > ' (¥ (wy, wy, —w1), A) }

(3.43)

(
(2.7-"(3w1) —18F (wl) ) <v (‘If (ZU1, wl, ), )
p (7F (Bwq) — 63F (wy ), 2 A) > ;1’ (Y (w1, wy, —wq), A) } (3.44)
(7]:(3&)1) 63 F (wl) ’ 7/\) <v (‘I’r (wl,wl, —ZU1> ,A)
forall w; € Wy and all A > 0. Combining (3.43) and using (IFN5), (IFN11), we arrive
yu (3F (5wy) — 75F (w1), 5 ) >u (3F(5w1) 7F (Swl) —12F (w1), A) * p (7F (3w;) — 63F (wy), 3A)
5 W (Y (wy,wy,wr), A) * ' (F (wr, w1, —w1), A) = ' (Fg (wr),A)
v (3F (5wy) — 15F (wy), 7A) <v(3F(5wy) — 7.7-' (3w1) —12F (wy),A) ov (7F (Bwy) — 63F (w1), 3A)
<V (¥ (wy, w,w1), A) oV (¥ (wr, w1, —wr), A) =v' (¥q (w1),A)

=

(3.45)
for all w; € Wy and all A > 0. Using (IFN4), (IFN10), one can see from (3.45) that
1 9 1
H (25}—(53‘71) ]:(wl)/ﬁ "5 A> > ' (TQ (wl),A)
9 (3.46)

(215-7:(5101) F(w1), '215 A) <V (¥g (wr),A)

N
(€3]
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for all w; € Wy and all A > 0. The rest of the proof is similar to that of Theorem 3.8} Hence the proof is
complete.

Corollary 3.16. Suppose that an even function F : Wy — W, satisfy the functional inequality for all
wy, wo, w3 € Wy and all A > 0 with & be a positive constant and ¢ be any real number. Then there exists a
unique quadratic mapping Q(wy) : Wy — W, which satisfies and the functional inequality

(Qun) — F(wn), A) = ' (6,18 7A) 6
v(Q(w) — F(wr),A) < V' (6,]8] 7A), :
forallwy € Wyandall A > 0.

Corollary 3.17. Suppose that an even function F : Wy — W satisfy the functional inequality for all
wy,wy, w3 € Wy and all A > 0 with § be a positive constant and ¢ be any real number. Then there exists a
unique quadratic mapping Q(wy) : Wy — W, which satisfies and the functional inequality

1(Qwr) = Flwn), A) = o' (olwr]¢, 3 25-5¢]), ¢ #2,
v(Q(wr) — F(wn), A) V' (6lwr]?, 3 25-57]), ¢ #2,
forallwy € Wyandall A > 0.

(3.48)

Corollary 3.18. Suppose that an even function F : Wy — W, satisfy the functional inequality for all
wy,wy, w3 € Wy and all A > 0 with J§ be a positive constant and ¢ be any real number. Then there exists a
unique quadratic mapping Q(wq) : Wi — W, which satisfies and the functional inequality

p(Q(wr) — F(w), A) = ¢/ (523¢:1 Jwr |70, 7 Ty 125 —5(P"’|> ;P92 93 F 2, (3.49)
v(Q(wy) = F(wy), A) <V (523:1 w7, 7 15y 25 — 5% |) ;9L P2 93 F 2,
forall wy € Wy and all A > 0.

Corollary 3.19. Suppose that an even function F : Wy — W satisfy the functional inequality for all
wy, wy, w3 € Wy and all A > 0 with § be a positive constant and ¢ be any real number. Then there exists a
unique quadratic mapping Q(wq) : Wy — W) which satisfies and the functional inequality

H(Q(wn) = Flwr), A) = ' (dwr>¢, % 25 - 5%]), 3¢ #2,
v(Q(wr) — Flwr), A) < v/ (6lwr [P, % [25-5]), 3¢ #2,
forallwy € Wyandall A > 0.

(3.50)

Corollary 3.20. Suppose that an even function F : Wy — W, satisfy the functional inequality for all
wy, wo, w3 € Wy and all A > 0 with & be a positive constant and ¢ be any real number. Then there exists a
unique quadratic mapping Q(wq) : Wy — W, which satisfies and the functional inequality

3 3
1 (Q(wy) — Flwy),A) >y ((5w¢|2¢1 Py, 78 ’25 _5Ly=19y D , 213/;:1 ¢, #2,
(3.51)
3 3
v(Q(wy) — F(wq),A) <V (5w¢|z¢—1 Py, IR ‘25 _5Xp=1%y D , pr:l ¢, #2,

forallwy € Wyandall A > 0.

Corollary 3.21. Suppose that an even function F : Wy — W, satisfy the functional inequality for all
wy, Wy, w3 € Wy and all A > 0 with 6 be a positive constant and ¢ be any real number. Then there exists a
unique quadratic mapping Q(wq) : Wy — W, which satisfies and the functional inequality

H(Qwr) = Flwr), A) = ' (201, % 25-5%]), 3¢ #2,
v(Q(wr) = Flwr), A) < v/ (26]wr [P, % [25-5]), 3¢ £2,
forallwy € Wyandall A > 0.

(3.52)
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3.4. Oddness and Evenness of F: Additive Quadratic Case Stability Results : Direct Method.

Theorem 3.22. Suppose that a function F : Wy — W satisfy the functional inequality (3.1) where ¥ : W} —
[0, 00) with the conditions (3.8 (E) (B.9), and (3.39) for all wy,w,, w3 € Wy and all A > O with m = £1 and

0< ( ) <1,0< ( ) < 1. Then there exists a unique additive mapping A(wq) : Wy — W, and a unique
quadratic mapping Q(wy) : Wi — W, which satisfies and the functional inequality

p(F(wr) — A(wy) — Q(w1),4A)
> (Fa(w), 15— 11) < (¥ (—w1), 3 5-1]) +
W (¥ (wr), % (25— 1)+ 4’ (o (—wn), % 25~ 1))
= (¥ (w1, wy,w1), 2P |5—I|> * ! (‘I’(wlfwll—wl)/M |5—1|) *
e (‘P(—wl,—wl,—wl),% |5— I|) s« (‘I’(—wl,—whwl),% |5— I\) *
W (‘Y (w1, wy,wr), 78 |5 - I|) ' (‘Y (w1, w1, —w1), 7 |5 — 1|) *
I

(o, —w), B 5= 1) o (¥ (o —w) B 51 |
v (F(wy) — A(wr) — Q(w1),4A)

(¥4 @), 3 15-1) v’ (¥a(-wr), % 5-1]) o
v (TQ (wy), 7 |25 — 1|) ov/ (TQ (—wy), 2 |25 — 1|)
=1/ (‘I’(wl,wl,wl),% 5—1]) o (‘P(wl,wh—wl),% |5—I|) o
V(Y (—wy, —wy, —wy), 32 |5 — I|) oV (‘I’(—wl,—wl,wl),% |5 — I|> o
V(¥ (wy, wy,w1p), 22 |5—I\) o (‘I’(wl,wl,—wl),m |5—I\) o
v/ (‘I’(—wl,—w1,—w1),m 15— I|) ov/ (‘I’(—wl,—wl,wl),% 15— I|)
and the mapping A(w1) and Q(w ) are given in and for all w; € Wy.

V\//—\

Proof. By Theorem [3.8] it follows from (2.33), and (3.10), we arrive
3A 3A
p(Alon) = Foaalwn), 28) = ' (L), 5 5= 11) e (¥ (=), 5 5 1)
/ an / an (3.54)
v (A(wr) = Foaa(w1),28) < v/ ¥a (wr), = [5 =1 Jov' ( ¥a (—w1), 7= |5
for all wy € Wj and all A > 0. By Theorem it follows from (2.37), (3.1), and (3.40), we see
7A 7A
(@) = Faon(00),28) 2 3¢ (¥ (o), 5 125 1) s (Yo (=), 75 25 1])
, A / - (3.55)
v (Q(w1) — Feven(w1),2A) < v (‘YQ (wy), 3 |25 — I|> ov (‘I’Q (—wq), 3 |25 — I)

for all wq € Wy and all A > 0. Now, it follows from (3.54)), (3.55) and (2.40), we have
pu(F(wr) — A(wr) — Q(wr), 4A)
= 1 (A(wr) = Foga(wi), 2A)  p (Q(w1) = Feven(wr),2A)

3A 3A
> (‘I’A(wl),4 51| ) xp' (‘YA(—w) - |5—I|> *

7A
W (o (), |25—1|) (o (-, 7 5 —11)

v(F(wy) — A(wr) — Q(wy),4A)
<v (A(wl) — ]-"odd(wl),ZA) SOV (Q(wl) — ]:gvgn (wl),ZA)

3A 3A
< <TA (wl),T |5—I|> ov (\IIA (—wl),T |5—I|> <o

7A 7N\
v/ <1YQ (wl),? ‘25— I) o ("PQ (—wl),? |25— I|)

(3.56)
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forallwq, € Wy and all A > 0. U

Corollary 3.23. Suppose that a function F : Wy — W, satisfy the functional inequality forallwy, wo, w3 €
Wi and all A > 0 with 6 be a positive constant and ¢ be any real number. Then there exists a unique additive
mapping A(wq) : Wi — Wh and a unique quadratic mapping Q(wy) : Wy — Wh which satisfies and the
functional inequality

p(F(wr) — A(wy) — Q(wy),4A) > p' (26, (I3[ +7 [8]) A)
o )~ Sy an) 2 Bl B ) (357)
forall wy € Wi.

Corollary 3.24. Suppose that a function F : Wy — Wh satisfy the functional inequality forall wy, wy, w3 €
Wi and all A > 0 with é be a positive constant and ¢ be any real number. Then there exists a unique additive
mapping A(wy) : Wi — Wh and a unique quadratic mapping Q(wy) : Wi — Ws which satisfies and the
functional inequality

(P (1) = Afwy) = Qlun), 40) = ¢ (28lanl?, A} 5 =571+ 525 =571} ), 9712 |
v (F(wy) — A(wy) — Q(wy),4A) < v/ (25|w1|9",A{% 5—59|+7 |25—5sv|}), o £1,2, '

forall wy € W.

Corollary 3.25. Suppose that a function F : Wi — Wh satisfy the functional inequality forall wy, wy, w3 €
Wy and all A > 0 with 6 be a positive constant and ¢ be any real number. Then there exists a unique additive
mapping A(wq) : Wi — Wh and a unique quadratic mapping Q(wy) : Wi — Wh which satisfies and the
functional inequality

p(F(wr) — A(wy) — Q(ws),4A)

>y (25Zi=1 |wy|*r, {% Y115 =57+ 5525 5% }) ;9L P2, 93# 1,2,

v (F(wy) = A(wr) — Q(wr), 4A)

< v/ (20 lwg|® {31 15 5%+ F)1 125 5™ 1} ), pug293 #12,

forall wy € W.

(3.59)

Corollary 3.26. Suppose that a function F : Wy — Wh satisfy the functional inequality forall wy, wy, w3 €
Wi and all A > 0 with 6 be a positive constant and ¢ be any real number. Then there exists a unique additive
mapping A(wq) : Wi — Wh and a unique quadratic mapping Q(wy) : Wi — Wh which satisfies and the
functional inequality

pu(F(wy) — A(wr) — Q(wy),4A) > ' (26]w: |39, A{ 5—5%7| + 225 -5%|}), 3¢ #1,2,

v (Flwy) — Alwr) — Q) 4A) < v/ (23w P9, A {3[5 - 5% 1 Z]25 — 5%]}), 39 £ 1,2,

(3.60)

forall wy € W.

Corollary 3.27. Suppose that a function F : Wy — Wh satisfy the functional inequality forall wy, wy, w3 €
Wi and all A > 0 with 6 be a positive constant and ¢ be any real number. Then there exists a unique additive
mapping A(wq) : Wi — Wh and a unique quadratic mapping Q(wy) : Wi — Wh which satisfies and the
functional inequality

p(F(wr) — A(wr) — Q(wr),4A)
> (45w¢|zi=1 %y, 2A
v (]:(ZU1) — A(ZU1) — Q(wl),4A)

/ IARE 3
<v (45|w¢| =1 ¢,2A{4

,‘+g‘25_5231=14’¢’}), 4] 19, #1,2,
(3.61)

3
‘+§]25—5Z¢1"’w‘}>, Tp-10y 1.2,

fOi’ all wy € Wy.
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Corollary 3.28. Suppose that a function F : Wy — W, satisfy the functional inequality forall wy, wo, w3 €
Wi and all A > 0 with 6 be a positive constant and ¢ be any real number. Then there exists a unique additive
mapping A(wy) : Wy — W and a unique quadratic mapping Q(wy ) : Wi — W, which satisfies and the
functional inequality

() — Afwr) — Qwn), 4A) > i (46fug |7, A {35 — 57| + 5 25— 5%1}) 3%&1,2,}
v (F(w1) — Alwy) — Q(wy), 4A) < v/ (46]wr [, A {3]5 - 5% + 525 - 5%| 1), 39 #1,2,
(3.62)

forall wy € Wi.

3.5. Oddness of F: Additive Case Stability Results : Fixed Point Method.

Theorem 3.29. Suppose that an odd function F : Wy — W, satisfy the functional inequality where
Y : W3 — [0, 00) with the condition

tim o' (¥ (hwn, T, Thws ), THA) =1 500

. ;T —{ AN (3.63)
Jim v (‘I’ (T£w1,7£w2, wa3> ,1—51\) =0 Lv=1;

{— 00

for all wy, wy, w3 € Wy and all A > 0 If there exists L = L(v) be a function have the property

p(Fa(wr),A)=p(¥a (%), A) ; V(%U‘YA(val),A):y(L‘IfA(wl),A)
v (Fal )IA)_V(‘PA(@)IA)} and v(%‘I’A(val),A):U(L‘{’A(wl),/\) (364

forall wy € Wy and all A > 0. Then there exists a unique additive mapping A(w1) : Wi — W, which satisfies
and the functional inequality

Lt
H(Awg) = Fon), 8) 2 0 (T Ya o), 5 )
Llfv Ll v 3A
= ]’l 1 L ‘{r(wllwllwl) 4) ]’l < L ‘Ir(wllwll _wl)/4>
b (3.65)
L'—° 3A
v (A(wy) — F(wy),A) <V 1T Y4 (wr), 4>
Lo 3A Lo 3A
= (1 y Y (wy, wy, wy), 4) o (1 — ‘I’(w1,w1,—w1),4)
and the mapping A(w) is obtained by
(47 () A ) -
im s (Twr (wy),A) =1

forall wy € Wy and all A > 0.

Proof. Assume a set G as in Theorem [2.7)of (2.48) and introduce the generalized metric on the above set

g as

A(F, F1) :inf{K € (0,00) : { o e SR K(KT(wl'wl'wl)'/‘) }} (3.67)

(K ‘P(wl,wl, wl), A)
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for all w; € W, and all A > 0. It is easy to see that (G, d) is complete. Define a function H : G — G as
by Theorem 2.7)of 2.50) and for F, F; € G and w; € W and all A > 0, we see

Fl(w J'-' > KY ’ ’ /A
d(F,F) <K= { 5((]:(( )) F ((Zjll)) )) < 5(<K ‘Y((tzlfll,gll,gll)) A)) }
. n ( 1 = F (Twr) — fl(val) ) > (TUKT( W1, Tuwi, Tuwi), A)
v ( %,f(rvwﬂ — £ Fi(Tow) 'A> sv (TZ’KT( w1, T, Totwn), A)

:>{ p(HF (w1) — HF1(w1), A) > p (LK (wr, wy,w1), A) }
v(HF(wy) — HF(w1),A) <v(LKY¥(wy,wy,wy),A)

=d(HF, HF) <LK,

i.e., H is a strictly contractive mapping on G with Lipschitz constant L (see [18]).
For the case v = 0, it follows from l-b 6) and with the help of (3.64), (2.50), (3.67), we get

iz 1]:(530 ) —F(w ),éA > 1,{, (w1), A
’ ng@wll) - f(wllx g Ag <v é‘lf: (w11),/\)) TAHER SL=LTL G0

forallwq, € Wy and all A > 0.
For the case v = 1, it follows from (3.22) and with the help of (3.64), (2.50), (3.67), we obtain

# (F(wl)_&r(?) 341A> > (TA (%)A)
V<F(w1)_5“r<u;> 341A> (TA (%)Q

forall w; € Wy and all A > 0. Combining (3.68) and (3.69), we have

d(F,HF) <1=1L'%, (3.69)

Ad(F,HF)<1=L'"" (3.70)

Therefore (FPC1) of Theorem 1.5/ holds. The rest of the proof follows by Theorem Hence the proof
is complete. 0

Corollary 3.30. Suppose that an odd function F : Wy — W, satisfy the functional inequalities ,
G4, B.3), 3.9, (.)for all wy, wy, w3 € Wy with & be a positive constant and ¢ be any real number. Then
there exists a a unique additive mapping A(wy) : Wy — W, which satisfies (1.7) and the functional inequalities

(13.33D, (3.34), (3.35), (3.36P, (3.37), (3.39), respectively for all wy € W.

3.6. Evenness of F: Quadratic Case Stability Results : Fixed Point Method.

Theorem 3.31. Suppose that an even function F : Wy — W, satisfy the functional inequality where
Y : W} — [0, 00) with the condition

lim tlwy, ttwy, thws ), T2 A ) =1 Y
{—00 ( ( v v v ) v ) ’ T’U — { 5,'0 - 0/ (371)

1. _ 1.
éhm v (‘I’ (wal,rfwz, wag) ,T%A) = 50=1
—y00

for all wy, wy, w3 € Wy and all A > 0. If there exists L = L(v) be function have the property

B (T A) = (Yo (3),4) |, H(F¥a(men) A) = u(L ¥o(w), )
v(¥o(wi),A) =v ( (?1) )} d V(Ti%‘I’Q(val),A):v(L‘{’Q(wl),A) , (3.72)
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for all wy € Wy and all A > 0. Then there exists a unique quadratic mapping Q(wq) : Wy — W, which
satisfies and the functional inequality

Li-v 7A
(@) = Fwn), ) 2 ' (= Yo lwn), )
Lt 7A Lt 7A
= ¥ (w1, w1, w1), — )+ @' | 5 ¥ (wi, w1, —wr), -
1-L 3 1-L 3 (3.73)
Li-o 7A '
v (Q(wy) — F(wy),A) <V (1 — Yo (wl),3>
Lt~ 7A Lt 7A
= (1 — ‘F(wl,wl,wl),3> o (1 — ‘I’(wl,wl,—wl),3)
and the mapping Q(wy) is obtained by
. 1
éhm 1 (Mf (wal) - Q(wﬂ,/\) =1
R . (3.74)
Zl;nolov <Tv”]: (val) - Q(w1),A) =0

forallwy € Wyandall A > 0.

Proof. Define a function X : G — G as by Theorem[2.9|of (2.62) and for F, F; € G and w; € W) and all
A > 0, we see

i F) <K= { L) TR A 2 K e ) |
i ( Tivz]-"(’rz,wl) — Tivz]-"l(rvwl) ,A) > u (K ¥ (twy, Towy, Towy), A)
- { v ( Tig}"('rvwl) — Tivz]-"l(fvwl) ,A) < v (2K Y (towy, Towr, Tow), A) }
;\){ 5((771;((;01): HF1(wr), A) > pu (LK (wy, wy,w), A) }
1) — HF1(wy),A) <v(LKY(wy,wy,wi),A)

i.e., H is a strictly contractive mapping on G with Lipschitz constant L (see [18]]). The rest of the proof is
similar to that of Theorem [3.29] Hence the proof is complete. O

Corollary 3.32. Suppose that an even function F : Wy — W satisfy the functional iinequalities (3.2), ,

B4, B.3), (3.6), B.7) for all wy,w>, w3 € Wy with & be a positive constant and ¢ be any real number. Then
there exists a unique quadratic mapping Q(wq) : Wy — W, which satisfies and the functional inequalities

(3-47), (3-48), (3.49), (3.50), (3.51), (3:52), for all wy € Wj.

3.7. Oddness and Evenness of F: Additive Quadratic Case Stability Results : Fixed Point Method.

Theorem 3.33. Suppose that a function F : Wy — W satisfy the functional inequality where ¥ : W3 —
[0, c0) with the conditions and for all wy,wy, w3 € Wy and all A > 0. If there exists L = L(v) be
function have the propertie and forallwy € Wy and all A > 0. Then there exists a unique additive
mapping A(wy) : Wi — Wh and a unique quadratic mapping Q(wy) : Wi — Wh which satisfies and the
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functional inequality
i (F(wr) = A(wr) — Q(wn), 4A)
> ( r ¥a(w), *)*#’(Ll v‘h(-%%%)*
z (Ll r Yo (w1) %) * ! (% ‘PQ(_wl)/%)
= (L L‘Y(wlfwlfwl) *) W (=
(L—L —wy, —wy, —Wq), ) * 1 (%‘I’(—wl,—wl,wl),ff\) *
u (1 ¥ (wy, wy,wy), 7?) ! <%‘I’(w1,w1,—w1),77‘\> *
W ([{I,L T(*wlﬁwaﬂh)/%) ' (% T(*wlffwhwl)r%)
v(Flwy) — A(wr) — Q(wy), 4A)
<v (B ¥atwn), ) ov/ (B ¥a(-wr), )0

L1 3A L~ 3A
= (ﬁ‘l’(wl,wl,wl), 4) V! (1 r ¥ wl,wl,—w1),7)<>
) [ L1© 3A
v (1_L III(_Zul/ —w1, — l)/ 4
y (L1 7A y (L1 7A
v (fL ‘I’(wl,wl,wl),T) oV (fL ‘I’(wl,wl,—wl),T) o

; (11— 7A Li-v 7A
v (1,L T(—wh—wy—wl),T) o/ (—1 T ‘I’(—wh—wl,wl),T)

(3.75)

v
&
<\
el
[ IS
&
—~
|
g
<

|

S
<
S
iy
~—

.

—
<&

and the mapping A(w, ) and Q(w, ) are given in and forall wy € Wy and all A > 0.

Proof. The proof is similar ideas to that of Theorem [3.22} 0

Corollary 3.34. Suppose that a function F : Wy — W, satisfy the functional inequalities (3.2), , ,
B3), @.6), B.7) for all wy,wp, w3 € Wy and all A > 0 with § be a positive constant and ¢ be any real
number. Then there exists a unique additive mapping A(w1) : Wi — W, and a unique quadratic mapping
Q(wy) : Wi — W, which satisfies and the functional inequalities (3.57), (3.58), (3.59), (3.60), (3.61),
fOT’ all wy € Wh.

CONCLUSION

In this paper, we analyze the generalized Ulam-Hyers stability of a affine type AQ Functional Equa-
tion in Banach Space and Intuitionistic Fuzzy Banach Space with the help of classical Hyers direct and
Radus fixed methods. The results are new, since we are getting better possible upper bound than previ-
ous stability analysis (see [6]).
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