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1.Introduction
In mathematics, fractional calculus is a field of analysis that investigates the extension of

differentiation and integration from integers to non-integers, commonly referred to as
fractional orders. Fractional differentiation, in particular, has been a subject of interest for

almost as long as the classical calculus that we know today.

In addition, many problems in physics and modern technology are formulated using non-local
conditions for partial differential equations, which are described by integral conditions. These
conditions have gained significant attention due to their applications in a variety of fields,
such as population dynamics, blood flow models, chemical engineering, and cellular systems
(A. Bouziani, 2002; A.Bouziani,2003; A.Bouziani, N.Merazga, A.Bouziani,2003; N.Merazga,
A. Bouziani,2005). Numerous authors have studied the existence and uniqueness of solutions
to problems involving fractional differential equations, including initial and boundary value
problems (A. Anguraj, P.Karthikeyan, 2010; B. Ahmad, J. Nieto,2009; M. Benchohra, J. R.
Graef, S. Hamani,2008; M. Belmekki, M. Benchohra,2008; R. P. Agarwal, M. Benchohra, S.
Hamani,2005; R. W. Ibrahim, S. Momani,2007; X. J. Li, C. J. Xu,2010).
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For this purpose, we employed the energy inequality method, which is a useful tool for
studying fractional and non-local classical problems. Compared to other techniques, this

method plays an essential role in proving the existence and uniqueness of the solution.
It depends on density arguments and certain a priori bounds.

2. Preliminary

Definition 2.1 (I.Podlubny, 1999)(Gamma function)

For any complex number z such that Re(z) > 0, we define the following function called
Gamma and denoted by the Greek letter " T'".

r: R"* - R
z - I'(z) = f0+°° t> lexptdt. (1)
Definition 2.2 (I.Podlubny, 1999) (The Riemann-Liouville integral)

The Riemann-Liouville integral of order a > 0, for an integral function S, is defined by

— 1 t S
D™ S0 = 75 Ja (t_f%df- 2

Definition 2.3 (Haim Brezis, 1983)

Let R be a subspace vector of the Hilbert space H, then R the orthogonal complement of R

1s defined as:

RL={feH ( gy=0vgeR}.
Proposition 2.1

Let R be a subspace vector of the Hilbert space H. R is dense in H if and only if:

R = {0}.

Definition 2.4 (Bertram Ross, 2006) (Left Caputo derivative)

caa 1 tdu(xt) 1
oYt u(X' t) - r(1-o) f() ot (t-D% dT' (3)

Definition 2.5 (Stefan G Samko, Anatoly A Kilbas, Oleg I Marichev, 1993) (Mittag-
Leffler function)

For z € c, Mittag-Leffler function E,(z) is defined as follows:
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k
Ea(Z): Z?zom , a> 0. 4
The two-term Mittag-Leffler function is vital in the fractional calculus theory and defined as:
k
Eqp(2)= zg;om, (a>0,8 > 0). (5)

Cauchy-Schwarz inequality:

V(£ g) € L2(Q) x LA(Q),

we have:
[ dt < (f,(©)? dv2(f,(g(0)? dvy2, (6)
Cauchy inequality:
v(a,b) € R?:
|ab| S%az +%b2. (7)

Cauchy inequality with e:
Let € be a strictly positive number, thenV(a,b) € R?:
ca? b2
lab| < -t (8)

Poincaré inequality
Lemma 2.1(A.A. Alikhanov, 2010) For any function S(t) that is absolutely continuous on the
interval [0,T], the following inequality holds:
p 15Bg2
S 9;S() =50,  0<a<l 9)

Lemma 2.2(A.A. Alikhanov, 2010) (Gnonwall Lemma) Let a non-negative, absolutely
continuous function y(t) satisfy the inequality:

oty(t) < kqu(t) +k,(t), O0<a<l. (10)

For all t € [0, T], where k; is a positive constant and Kk, (t) a non-negative integrale function

over [0,T]. Then,

y(©) < y(0)Eq(kyt®) + I'(a)Eqq (ks t*) Dy “k, (1), (11)
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where: E, et Eg qare Mittag-Leftler functions.

Lemma 2.3 (Ladyzhenskaya, 1985) Let u(t) be a non-negative, absolutely continuous

function on [0,T], and for all t € [0, T], satisfies the inequality:

2 < (O +BO. (12)
Such that the functions C(t) and B(t) are summable and non-negative on [0,T]. Here:

o(t)

t
< eh €@ty (0) + f B(g)eks € g (13)
0

Lemma 2.4 (Mesloub S, Mezhoudi R, Medjeden M, 2002) For any n € N, we have

1

2n
HSXZHUHZLZ(OJ) = (E) lull? 2,1y (9

Where:
X & §2n-1 X(x—z)zn_l
~ 20 _ — | X_>7
3,2 = jo jo jo u(n, ©) dndsp_y .. d&; = fo n DT G D

3. Problem Statement

In a rectangular domain: Q = (0,1) X (0,T), 0 <T < o, consider the following fractional

partial differential equation:

a2 3
Lv = §odv(x,t) — aa_x: -B ata‘:@ +yv — fot a(t—s)v(x s)ds = g(x,t,v, 1),
0<t<T, 0<6&<1 (15)
where: r(x,t) = fotg(x, s,v(x,8),1(x,5))ds.

Where a(t) is a function of t and satisfies the condition 0 < a5 < a(t) < a; and o, and y

are strictly positive constants.

With Initial conditions,

v =v(x0) = p(x), qv = w =¥Yx), 0<x<1, (16)
and integral conditions,
fol v(x,t)dx = m(t), fol xv(x, t)dx = n(t), 0<t<T, (17)

https://internationalpubls.com 942



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No.3 (2025)

where @, ¥, m, n and g are known functions.
Since the boundary conditions are non-homogeneous, we construct the function
U(xt) = 6(2n(t) — m(t))x — 2(3n(t) — 2m(v)).

And we introduce a new function: u(x, t) = v(x,t) — U(x,t). Then, the problem (15)-(17) can

be reformulated as follows:

Lu = §odu(x,t) — a% — Ba‘zj;(z + yu — fota(t —s)u(x,s)ds = f(x,t,u,r), (18)
where: f(x, t,u(xt), r(x, t)) =gx,tv,r) — Lv+ fota(t —s)U(x,s)ds.
The initial conditions
fu=1u(x0) =px) —U=¢x), qu= % =¥Yx)—qUu=yx),0<x < 1. (19)
The integral conditions:
fotu(x, t)dx = 0, fotxu(x, t)dx = 0, 0<t<T. (20)

4.Technical tools and associated linear problem

We define some function spaces and tools required to investigate the following linear problem
associated with problems (18)-(20)

Lu = §odu(x,t) — 0((;272 - Baf;iz +yu — fota(t —s)u(x,s)ds = f(x,t), (21)
The initial conditions
tu=u(x0) =px) —LU=¢x), qu= % =Y¥Y(x) — qU = (%), 0<x<1. (22
The integrals conditions:
fotu(x, t)dx = 0, fotxu(x, t)dx = 0, 0<t<T. (23)

We will show the existence and uniqueness of the solution of problem (21) - (23) , the proof
will be based on a priori estimates and on the density of the set of values of the operator

generated by problem (21) - (23).

For this, we must first convert problem (21) - (23) into an equivalent operational form:
Lu=F = (f o, V). (24)
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Where the operator L = (£, €, q) with L:E — F is defined in D(L) suchaway that:

2 cas,, Ou du 9*u  o%u 2
D(L) = u € L*(D), §0ru, at’ ax’ 9x2’ 9tox? € L*(D) (25)

fotu(x, t)dx = 0, fotxu(x, t)dx = 0, 0<t<T

and u satisfies the initial condition (4.2). E is the Banach space equipped with the following
norm:

a_u 2

ot

o~

du
~Sx E

t
+f0

llull?; = sup (D?‘1 | dr + fotuz dx), (26)

L2(Q) L2(Q)

and F is the Hilbert space composed of functions with the norm:

ILullZe = @lI2,2 gy + 1SxWl12y 200 + ISE12 2 - @7)

5. Prior Estimation and Uniqueness of the Solution:

The priori estimation method, also known as the energy integral method, is one of the most
effective functional analysis methods for solving partial differential equations with integral
conditions, and is an important technique for proving the existence, uniqueness, and

continuous dependence of solutions to PDE.

Theorem 5.1 For any function u € D(L), we have the a priori estimation
lulle < ClILullg, (28)

where C is a constant that is independent of u.

Proof: We multiply (21) by Mu = —3,.° Z—ltl =— fot foq% (§,t)d&dn , and integrate over the

subdomain to obtain Q = (0,1) x (0, t), we obtain:

ou 0%u ou
(Lu, Mu)p2¢q) = — (gaﬁu,s 2—) + a(—,S 2—)
@ FUTE 0t/ 12 0x2"F 0t ), )

+B< Pu 26u> ( - Zau)

—,\S —_ _y u’\s —_

atox?’~* ot 12 * 0t/

— _((tat -  20u _ 20

= (fo a(t —s)u(x, s)ds, Iy 0t)1L2(Q) (f(x, t), Jx at)]LZ(Q) (29)

By integrating by parts for each term on the left-hand side of (22), and using the conditions
(20), we obtain
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Ju
caduy, JX2—> = f J Ca T )dxdt
( t ot L2(Q) t ot

o~ o~ 0
= [ (Cat8 3, 0‘;) (Jxa—‘:) dxdt. (30)
(62u 6u> f J < u )d dt
R =a R X
0x? ot 12(@) 0x? ot
= afy [} uStdxdt. (31)

»Jx = ~5x X
ataxz at 12() ata 2 at

TN (m;) -

dt. 32
at L2(0,1) (32)

y(u JXE]LZ(Q) jj u 3, c’) dxdt

— IS ) e+ Lot de 6)

Applying the Cauchy inequalities (7) and (8), and integrating by parts for the two terms on the
right-hand side of (29), we obtain:

_( ~ 20u

2
£ 35, at)ﬁz(ﬂ) £ Sy 307 dxdt + [ [ (3, 2Y) dxdt (34)

ot

(fo a(t—s)u(x,s)ds, Iy at)u}(g) f f (f a(t—s)u(x,s)ds)SX z—dxdt

t@auz

< ar T2l 5,0

o dE 69

By substituting (30)-(35) into (29), and applying lemma (2.1), we obtain:
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u Tl au
J f 023, — dxdt+ocj j u— dt
at 0o 0 12(0,1)
1 1
Y ~ 2 Y
- Ef (3x°u(x, 1)) dx +§f (@(x))?*dx
0 0
<— f f (340? dxdt + = f f 6_ dxdt
2 2 ~ Ou z
+T2[ull? 2, Ixell p2gon 90 (36)

Evaluating the first and third terms on the left-hand side, we have

T 1 au 1 T au
O(J j u—dxdt = onj J u—dtdx

=—[u?(x, T)dx —gfol @%(x) dx — gfol fot u? (x,t)dtdx (37)

du _ 6-1 6_“ 2 t1=8 ~ 2
I J (083 ) dxdt = D> |3, 5 o~ T BV gy - G8)
Substituting (37) and (38) as well as the conditions (22) into inequality (36), we obtain
s-1 |l Ou 2 T110u|? 1 X
Dt '\SX_ + - dt + u dX
atll 201y Jo N0tll p2(0,1) 0
T 1
f @*(x)dx + f f 2 dtdx + f f (fo)z dxdt + ||SXL|J||2[L2(O’1)
Sy , (39)
.]- f a— dth
where:
max(Ta1T2+—, % ; l};:;)
= mln( B a—+y) (40)

For the second term on the right-hand side of (39), we apply the lemma (2.3) by letting
(41)

@(t) = fotfol u2dxdt ; 2= f01u2 dx ; ¢(0) =0,
946
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this leads to
fol fg u? dtdx < Tn enT (fol @*(x) dx + fOT fol(Sxf)z dxdt + ||?SXL|J||2]LZ(O,1) +
Trl/~ Ou 2
I Jy (3%) dxdt) . (42)
Thus, the inequality (39) becomes

ou|l? +JT au|l?
\s —
“otll 12001 Jo

Dt8 1

1
2
ot dt+JOudx

L2(0,1)

1
f @%(x) dx+f f (3% dxdt + ”~5X‘~|J”2IL2(0 D
S r1.2 0 ) (43)

\ j J JX 6 dxdt /
such that:
N, = max(ny ,n, 2T eT). (44)

Finally, we apply lemma (2.2) to the last term on the right-hand side of (43) by letting:

_ ("1~ Ou 2 . Ad _né-1]| 9u 2
y® = J; [, (JX at) dxdt ; dy(t) =D | 3ol zony (45)
Thus, we obtain:
u s T
520 st = T @) (5055 Nl o+
T ~ 2 —8—-1|| 2
LA Ty LYY
< n,I'(8)E 8 1) (D5 13, ]2
< P B)Es(nat®)max (1,570 (DUl
@l 0ny + ISxWIZp2 1)) (46)

Substituting equation (46) into equation (43), we obtain:

- Ou 2 +JT ou||?
\s — —
*otll 1ze01)  Jo

Dt6—1

1
2
ot dt+j0udx

L2(0,1)

1 1 —5—
< 13 (f; @20 dx + [ [ (D2 dxdt + 13,0117 2 1) + D0 IS 2 gy ), (47)
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Where:

T
Nz = Ipmax <r12,n21“(8), Es5(n,t®)max (LF(&))' (48)
On the other hand:
DT Bl 2 < = [ IS l1% 2t 49
t SxHTz0) = Tage fo SxtllT g2, dt - (49)

Hence, inequality (47) becomes

2 2 1
D! SXG—u” +fT a—u” dt+f u?dx
otll 1201 Jo 0t 12(01) 0
1 1, ~
< C(fy @2 dx + [} f, (3xH? dxdt + [Sll? 2o 1) )- (50)
such that:
T5
C=ns (1 + F(1+8))' (51)

We observe that the right-hand side of inequality (50) is independent of T, by taking the
supremum of the left-hand side with respect to t € [0, T]. We obtain the desired inequality,
which concludes the proof.
Proposition 5.1: The operator L which is defined from E to F has a closure.
Theorem 5.1 holds for strong solutions, and we have the inequality:

llullg < ClILullE, (52)
thus, we obtain:
Corollary 5.1: The strong solution of (21)-(23) is unique if it exists, and depends

continuously on F € F.

Corollary 5.2: The set of values R(L) of the operator Lis closed in F. m

6. Existence of the Solution
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To prove the existence of the solution, we must demonstrate that: R(L) is dense in F, for
all: ueE, and F = (f, @, ) €F.

Theorem 5.1

For z € L2(Q) and all u € E, we have:

fﬂ Lu.z dxdt = 0, (53)

then: z disappears almost everywhere in (), this implies that the problem (21)-(23) has a

unique solution.

Proof:
The proof of this theorem consists of choosing z € R(L)., we demonstrate that:
R(L)L ={0} & R(L) =F.

The scalar product in F is defined by:

(Lu,z) = [, Lu.z dxdt. (54)
Then (53) can be written as:
Iy (Sagu(x, t) — a% — Baf:ﬂ + yu, z) dxdt = 0. (55)
If letting:
u(x,t) = 3 1 = fot fos u(x, &) deds, (56)
where gafu,% , af;iz,u € L?(Q) and it also satisfies the initial boundary conditions (19)

and (20), we can write equation (55) as:

923 2 933 2
o (6083 n — oSt~ B 8 z) dede = 0. (57)
We can express z as a function of u as follows:
2(x,) = St — F Sk (58)

We can then substitute (58) into (57) and do integrations by parts on each term
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f (50837 1. Sep) dxdt = f (5083 - ) dxdt
Q QO

1 0T ~
>~ [y §021ISekllyz(o,0) dt,

T 1
- f (86?3&2}1 . szstu) dxdt = f f Sagsx(stu ) SX(Stu ) dxdt
Q 0 Y0

>~ [ 608113 (S liz(0.1)-
2( 2 2
—Jy aLtzu).Stu dxdt = —a [* [0 i(Stzu) dx dt,
X 0 70 \ox
2(~ 2
Jq (aM.SXZStu) dxdt = 0(f0T fol(Stzu)z dxdt,

03~ 2 ~ 1 P o 2
~Ja (B at?x;'dt”) dxdt = Bfot Jo (& (Jtu)) dxdt,

a3<~ 2 ~ ~ N
— o (~BEEE 525 ) dxdt = B ] [ (Su)? dxd,

~ o~ lra 2 1
La(v3 e Sen) dxde = 2 7 [(Sen(x )" dxde =2 [ [ 2 dxdt,

2
— [y 3, Jen) dxde = — L [ (3% (3u(x,0)))” dxdt +

Y T 1 22 2
2 (32 (3P u(x,0))) " dxdt
0 Y0

) 2
= —‘2—([; fo (Stzu(x, t)) dxdt + %fot fol ¢@? dxdt.

By substituting (59)-(66) into (57), we obtain:

https://internationalpubls.com

(39)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

950



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No.3 (2025)

51| -1 o~
D" M ISekl? 200y + Do ISSehll? 2,0 +

jl( (Jm)) dxdt+j f (Jep)? dxdt

2
< py (fotfol (& (32) dxde+ ) fol(?stzu)zdxdt>, (67)

where:

1
(1,2B,0)°

P1= (68)

We apply lemma (2.3) and we obtain:
2 2
10 /a 0@, (1) 100 r~

01 () =[5 [, (& «stzu)> dxdt ; === [ (5 («stzu)) dx ; @.(0)=0, (69)

SO
T T 1 ~ 2 2
(pl(t) < plTe P1 fO fO ((’\St I'l)) dx dt, (70)

then, equation (67) can be transformed as follows:

-1 -1y
D" M ISell? 200y + Do ISSerll? 2,0 +

T ,1 a 2 T 1
J j (&(St“)> dxdt + j ] (102 dxdt
0 Y0 0 Y0

< p2 (fOT IN ((Stzu))2 dx dt), (71)
such that:

p, = max(p;2TeTP1, p,). (72)

Applying lemma (2.3), we arrive at equation
920 = f [, (370) dxdt ;220 = [{(320) dx ; 0,(0) =0, (73)
sO:
920 = Jy [;(3W) dxde < 0. (74)
Hence, (71) is transformed into

85— ~ 85— o~ oy
D" M ISekll? 200y + D ISSehll? 2,1 +
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2
1(0 ,~ 1.~
fot Jo (& (Jtu)) dxdt + fot Jy (Be)? dxdt < 0. (75)
Setting: p=0 in (58) we conclude that: z = 0 inL?(Q). Since z € R(L)1 , so R(L)+ = {0}.
This proves that R(L)=F.

This completes the proof. m
7. The study of the nonlinear problem

This section is devoted to solving the main problems (15)—(17). Consider now the auxiliary
problem with the homogenous equation:

(LU= §0%U(x,t) — 0(227[; - Bata ~+yU — f a(t—s)U(x,s)ds =0, (76)
{W=UE0 =k, qU="20=y, 0<x<1l (77)
UG Ddx=0, [ xU(xt)dx=0, 0<t<T. (78)

IfV and u are solutions of problems (18)-(20),(21)-(23), respectively, then h = u — V satisfies

02 d
Lw = §0%w(x,t) — aﬁ — B

+yw — fot a(t—s)w(x,s)ds = x(x, t,w, %/)' (79)

2 0t 0x2
6w(x0)
tw=w(x0) =¢Xx), qw= = Px), 0<x<1. (80)
fotw(x,t)dx =0, fotxw(x, t)dx = 0, 0<t<T. (81)

Such that the function x (X, t,w, Z—‘;v) =YX (X, tw+ U, Z—‘: + Z—:) , verifies the following

condition:

|X(X' t, W1, Y1) - X(X' t' Wy, YZ)l < M(|W1 - W2| + |Y1 - YzDa v (X' t) € Q (82)

Now we will show that the solution of problems (79)-(81) is unique. We will establish a
similar proof for problems (21)-(23).

First we introduce the following space:

@@= {we (@ 2 ec@] (83)

We suppose that: w,u € '¢1(Q) verify homogenous initiale and boundary conditions, we
have:
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~ — (€cAby, % _ 62_W o~ ) _ (63W o~ )
(Lw, 3xu) = (Oatw,\sxu)mz(m a(axz SxU) o Bloaa Sxu @) +

y(w, SXU)ILZ(Q) - (fot a(t—

s)w(x, s)ds,\sxu)mz(m . (84)
Where:
(s08w, Tsxu)]Lz(Q) = — (5083w, u)]LZ(Q) (85)
(62w - > <a <aw) N )
—a| =—, 3 =—a|=—(=—],3u
ox2’7x 2@ ox\ox/ 7" /12
ow
_ a(g,u)mz(m (86)
Pw —_p(9 (o
—B (6t6x2 ! JXu)LZ(Q)_ B (8t (ax) ’ u)]LZ(Q) (87)
- (fta(t —s)w(x, s)ds,S u) = (fta(t — ), w(x, s)ds,u) (88)
0 X L2(Q) 0 X L2(Q)
We obtain:
~ ow 0 (0w t ~
_(gaﬁoxw, u)]LZ + (5’ u)]LZ + B (a (g),u)mz + (fo a(t —s)J,w(x, s)ds,u)mz(m =
(u, 3,001.2(0)(89)
Such that : k(w,u) = (u, 30012 (q) (90)

Definition: A functionw € L?(0, T, Hl(ﬂ)) is considered as the weak solution of the problem
(79)-(81) if it satisfies (89) and (90) holds.

We will construct an iteration sequence as follows, let: w(0) = 0, and (W(“))n €N, if wD

is given, then for n € N solve the following problem:
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(@ = caSuy () _ o 32w g 03w () _
fwiE = oJew o oroxz YW
(n-1)
f(; a(t — s)w™(x,s)ds = x(x, t, wh—1), 6Wax ),
< 1)
(n)
tw® =w(x0) =0, qw®="-UD=0, 0<x<1. (92)
Kfotw(“) (x,t)dx = 0, fot xw® (x, t)dx = 0, 0<t<T. (93)

Theorem: For each fixed n assure that the solution of problem (91)-(93), w™(x, t) is unique.

We put: W (x,t) = w*D(x,t) — w®(x, t), we obtain:

92 (n) 93 (n)
(LW = GPW® — a?F— — BZ=— 4 yW® — [Ca(t — )W (x,5)ds =N~ (x, )
(94)
(n)
| W =W (x,0) =0, qWw® ="_CD =, 0<x<1. (95)
o WG dx =0,  [(xW™(xdx =0, 0<t<T. (96)
. (-1 (x {) = () Ow™y (n-1) WY
Such that: N (x,t) =y (x, t, W, — ) X (x, t,w " ox ) (97)

Lemma 7.1

Supposing that the condition (82) holds, then for the linearized problem (94)-(96), we have:

”W(n)”[LZ(o’T’Hl(Q) = C||W(n_1)||L2(Q)' (98)
Where: C > 0.
Proof:
We put: MW® = —3, 2 av(;/t(“), we get:
954
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cas (n) 5 2 awm 2w _ o ow® 3w _ 5 ow® _
( a w ~x ot )]LZ(Q) ( 0x2 »~x ot )]LZ(Q) B(ataxz »Ix ot )]LZ(Q)
() o 20W™ Lot — )W o 2 0W™ _
(W, 8,25+ (hatt= oW 9)ds 3,7 5)

(n)
(N(n D(x, 1), Nxz oW

ot )[LZ (Q (99)

After integrating by parts all terms of (99) and using conditions (95) and (96), proceding as in
the establishment of theorem 5.1

awm || %

5—1
Dy | Sx at

2
IO gy < IBN D O] g e+

Tl OWD(D) 2 N ?
(B+§) Jo ||3x ” 12(Q) dt+(_%+a1T2) foHW(n)("T)” 12(dt

m2(9)+(a°

(100)
(n)
We apply 3y to the equation (94), and we multiplying the resulting equation by a\(;v , and
we integrate by parts over () :
W™ W\ ? 9 (>W®
f 83, wm dxdt — a f dxdt — B j — dxdt
Q 0x o\ 0x o 0x\ 0tox
aw®
+y f I, W, dxdt
W PO
j j a(t —s)IJ, WM (x, s) dsdxdt = fﬁx N®-D(x t). dxdt.
(101)
Where:
[ 683, W W qede = — [ caSWm wm dxdt (102)
Q oYt ¥x ' 9x - qQ 0¥t '
awm e aw™y
of, ( ) dxdt = o f) || . (103)
a (9Pwm _ ow®
Bfﬂ&( dtox )d dt = B || L2(Q) (104)
wm W gede = —y WO, de 105
YJ‘ ‘SX Yf ]]..Z(Q) ( )
Jo f a(t— s)3, WM (x,5). 2% Y dsdxdt <a, Tzf [w®., t)|| 2@dt  (106)
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EAAS
0x

n) 1 (* 2 1" 2
~ N(n-1) Z (n-1) Z (n)
Lﬁynl(xu mdtgszmnl(XMMmmm+2LHW“Q¢mHﬂmm

(107)

After integration by parts of all the terms of (101) and taking into consideration conditions
(95), (96) and using inequality (8), we have :

awm 12

ox

AW (,0) ” z
ox L2(Q)

de+ B |

J, SO8W® W™dxdt +a f;

L2(Q)

1T _ 2 1 T 2
< ST INTDG O L g de+ (v +5 + aT2) [FIWDC, 0], o dE (108)
After combination of inequalities (100) and (108), we obtain:
awm||? IR
DO |3 5 + f cowm™ Wwdxdt + a j —
ol o 0 X L2 (@)
2
owm a 2
+ B +(ag + =) [[W™CD|
0x 12(0) ( 2) L% ()
T
_ 2
SLHW“D@O”M®m
e\ 1|l AW ( 1) 2 2 1\ T (n) 2
+(B +5) N R || o AEF (alT —5+y+5) LW D o gdt (109)
Now we will eliminate the last term in (109) by applying the Gronwall lemma:
D 5—1 | ~ owm 2 +f CaSW(n) W(n)d dt + f‘c 6W(n)(.,t)||2
t ‘SX at ]Lz(.Q) qQt 0¥t . X a 0 X ]LZ(Q)
aW(n) 2 o (n) 2
B || " m2(9)+(a°+5) WO 2 <
2
T (n—-1) 2 T~ aW(n)(.,t)
exp Co {fOHN n=D(x, )| 2@dt+ c Jo 113x P ” o dtt. (110)
Where:
CO - B 2’
T2 — = 4 +1
cp=a,T*—= —.
1 1 > Y >
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We apply Gronwall lemma to the last term of (110)

_awm(, 0|

T
N
fo"at

dt < T'(8)Ess(cy exp(coT) t8) exp(cot) . Dy 8|INP-D(x, t)llzmz(a)

L?(Q)
(111)
On the other side, we applying the condition (82), we get :
T ~ 2 T ~ aW(n 1)
f ”N(n 1)(X;t)“ 1]Jz(gz)dtS Zsz (”W(n 1)(-'0“ 12(Q) H a
0 0 L2(Q)
(112)
Combining (111)-(112) and using (49), we get:
owm||* Tlaw™(, 0|
DS (3 5 + f cadw ™ wmdxdt + f —
bl e o 0 X 12@)
H W(n)
L2(Q)
™ o 2 [ twe- oW
HIWOC O g < €02 [ (IWODCOI g + H— e
L2 ()
(113)
Such that:
5 8
C* = exp(cot) (1 + T(8)Ess(cq explcoT) t )) S (114)
After discarding the first two terms on (113), we obtain:
Taw® (., o)||* owm)||? 2
J - ox ox HWPC O
0 L2(Q) L%(Q)
T aw(n—l) 2
< c*sz <||W<n—1>(.,t)llzmz(m + H— dt (115)
0 L2(Q)
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Here, the RHS doesn’t depend on t so, we can replace the LHS by upper bounds with respect
to T, we obtain:

fT AWM (1) ?
0

oW||?

0x

+we o]

2 L2(Q)
L*(Q)

0x

L2 ()

T (n-1)
I (n-1) 2 ow ., 0
< C'M fo <||Wn | 2ot H—ax

2
)dt
L2 (@)

(116)

We integrate over (0,T), we get:

[

W™ olI°

T
(n) z
_ + [ WO s g

L2(Q) 0

T (n-1)
ety 2 oWrC,9
< e [ (el + [

2
>dt (117)
L%(Q)

_ C'M?T

Such that: min (LT

We obtain the inequality:

W] )< 7tllW““”IIZILz( (118)

12(0T,H (@) 0THL (@)

Using the convergence of series criteria we conclude that ¥%_; W™ converges if A < 1, in

other words if M < %(Tﬂ) Since: W™ = w®+(x t) — w(x, t), then (W(“))

converge to a function w € L2 (0, T, Hl(Q)).

neN

So to prove that w is the solution of problem (94)-(96), we have only to prove that w verifies
(81) and (90).

We have from problem (91)-(93), that:

Kk(w®,u) = <u, Sex (% t,w(n—ﬂ,@)) (119)
L%(Q)
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More precisely

ow@0-1 ow
(W = w,u) + x(w, 0) = “'SXX<“'W(“'”' ox )‘SXX(X*'W'&)

L?(Q)
N ow
+ (w3 (o tw 6X))L2(m, (120)
After using (91), then (120) becomes:
K(w(“) —w, u)
a(w™ —w)
= —(03x (W™ = W), u) o ) + (T'u>uﬂ(ﬂ)
o (ow™
o BE5)) oo,
ot\ ox 2@ 12(Q)
t
+ (f a(t— S)Sx(w(“) — w)(x, s)ds,u) (121)
0 L2(Q)

After applying the integration by parts, and taking in consideration conditions on:u and w,
(121) will be transformed as:

k(w® —w,u)

- a(w™ —w)
-t -3+ o5 )

aw™\ gu
+ B ( I >,a + y(Se (W _W)’u)mz(n)
L2 ()
t
+ <f a(t— S)SX(W(U) — w)(x, s)ds,u) (122)
0 L2 ()

We will apply the inequality of Cauchy-Schwartz and lemma (2.4), we have:

du

= (123)

€0 = w,0) <Y =il oy [Tl + |50
Such that: ¢=max (a+2+1,p).
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And from (120), we have the following estimation:

ow®-1 ow
u, SxX (X, t, W(n_l); ox ) - SXX (X, tw, &)

L2(Q)

M
< =lw® - Wiz om0 19z (124)

When the limit n — oo in (122) , and we take in consideration (123) and (124), we obtain
5 ow
k(w,u) = (u, SxX (x, t,w, aX))]LZ(Q). (125)

So the problem (94)-(96) admit a weak solution.

Now, we will prove the uniqueness of problem (79)-(81).

Theorem:

Under condition of lemma (76), the problem (79)-(81) admits a unique solution.

Proof: We suppose that the problem (79)-(81) admit u, , u, solutions in[[.z(O, T, Hl(Q)), and

W = u; — u,, and verifies:

R 3w t
(LW = §08W — a== = B-—=+yW — [Ja(t — )W(x, s)ds = N(x, 1) (126)
W =W(x0) =0, qw=""D=0, 0<x<l1. (127)
(LW Ddx=0, [IxW(x t)dx = 0, 0<t<T. (128)
Where: N(Xr t) = X(X) t) ull rl) - X(Xr tr u2l rZ)

This will be done by establishing the same proof of lemma (76), we obtain:

W] < ClIw]| (129)

L2 (o,T,Hl(Q)) L2 (o,T,H1 (Q))'

Since C < 1, then: (1 — O)||W|| < 0, we deduce finally that: u; — u, = 0, so

12(0,THY(D))
u; = u, in L2(0, T,H'(Q)). m
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8. Conclusion

Based on the a priori estimate method and the density of the operator generated by the
problem, and the iterative process, we have successfully proven the problem's existence and
uniqueness of its solution. After carrying out our experimental research, we were able to
confirm our initial hypotheses and respond to our problem. This work could be considered as
a contribution to the development of the functional analysis method. And to conclude we
argue that the research carried out in this article could serve as a contribution for possible

studies in the field of applied mathematics.

Our study being based on the a priori estimation method is not exhaustive and opens several
research perspectives such as: the application of the latter to ordinary physical problems and

other purely fractional ones.
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