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1. Introduction

Contact issues with deformable bodies are prevalent in industrial applications and daily life,
significantly impacting structural and mechanical systems. The last fifty years, variational
inequalities have become a formidable tool in the mathematical study of many non-linear
problems in physics and mechanics and the analysis of mathematical models in contact mechanics
has expanded quickly over the past few decades, the complexity of the boundary conditions and
the diversity of the constituent equations leading to variational formulations of the inequation
type. The state of the art in mathematics, mechanics and numerical analysis is contained in [18].
This reference finds numerical investigations and a thorough analysis of the adhesive contact
problem. General models for unilateral and frictional contact problems with adhesion can be found
in[5,7,9, 13, 19, 20]. In [21], a quasistatic viscoelastic unilateral and frictional contact problem
with adhesion and long memory was studied. This paper aims to model and establish the
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variational analysis for a dynamic process of unilateral and frictional contact with adhesion and
long memory. Remember that [2, 3, 4, 6, 12, 14, 15, 16] has studied models for dynamic or
quasistatic processes of frictionless adhesive contact between a deformable body and foundation.
Following [10,11], the bondind field is used as an extra variable 5 wich satisfies the restriction 0 <
B <1, at a point of the contact surface of the boundary, when g = 1 all of the bonds are active
and the adhesion is complete and for g = 0 the bonds are inactive, severed and there is no
adhesion; when 0 < 8 < 1 the adhesion is partial and only a fraction g of the bonds is active.

We direct the reader’s attention to the comprehensive bibgraphy on the topic in [1, 10, 17, 18, 19].
In this paper, we deal with the study of a dynamic problem, we derive a variational formulation
of the problem which is set a system coupling a variational second order evolution inequality. We
establish the existence and the uniqueness of a weak solution of the model. The idea is to reduce
the second order evolution inequality of the system to first order evolution inequality. After this,
we use classical results on first order evolution inequalities and differential equations and the fixed
point arguments. The rest of the paper is structured as follows. In section 2 and 3 we present some
notations and preliminaires, and the viscoelastic unilateral and frictional contact model with
adhesion and long memory, and provide comments on the contact boundary conditions. In section
4, we list the assumptions on the data and derive the variational formulation. In section 5, we
present our main results on existence and uniqueness which state the unique weak solvability.

2. Notations and preliminaries
Throughout this paper, S¢ represents the space of second order symmetric tensors on R%(d =2,3)
while |. | represents the Euclidean norm on R%and S$¢.

1
Thus, for every u,v € R%,u.v = w;v; and |v| = (v,v)z, and for every o,7 € §%,0.7 = 075,

7| = (‘L’.‘L’)%.

The summing convention over represented indices is used here and below, where the indices
i and j range from 1 to d. Let O c R% be a bounded domain with a Lipschitz boundary T'and let
v denote the unit outer normal on I'. For Lebesgue and Sololev spaces associated to Q and I'and
introduce the spaces,

H =1L2(Q)% = {u = (u)/u; € L2(Q)},

H={o= (Gij) /oi; = o;; € L2(Q)3,

Hi = {u = (ui)/e(u) € 3},

H, ={o € H/Dive € H }.

Here The deformation ¢ and divergence Div are operators defined by

e(u) = (eij(u)). gij(w) = %(uu +u;;), Dive = (0y;).

The spaces H, H', Hy and H; are real Hilbert spaces endowed with the canon- ical inner products

given by
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(u,v)Hzf u;v; dx Yuv €EH,
Q

(a,r)}[=j 0;T;j dx Vo, T €EH,
Q

(U, V)H1 = (U, V)H + (e(w),e(W)) 4 YU, v E Hy,
(0,7t )3, = (0,7 )3 + (Diveo, Divt)n Vo, € Hj.
The associated norms on the spaces H, #,H: and #; are denoted by |.|w,|.|s, |JH1 and

. 14¢,, respectively. For every element v € Hi we also use the notation v for the trace of v
on I" and we denote by v,, and v, the normal and the tangential components of v on I" given by

v, = U.V, Uy =U— U,V (2.1)

We also denote by v, and v, the normal and tangential traces of a function ¢ € H; and we
recall that when ¢ is a regular function then

o, = (ov).v, o;=o0v—o,v. (2.2)

And the following Green’s formula holds:
(cr,e(v))g_[ + (Divo,v)y = [. ov.vda Vv € H;, (2.3)

where the surface measure elementisda. Let T > 0, for every real Hilbert space X we employ
the usual notation for the spaces L?(0,T; X), 1 < p < oo and W* (0, T; X). Recall that the
norm on the space W1* (0,T; X) is given by

||u”W1‘°°(O.T;X) = ||u||1L°°(0.T;X) + ”u”ILw(O.T,X)'

where 7 denote the first derivative of u with respect to time. Fanilly, the space of continuous
functions from [0, T] to X is denoted by C ([0,T]; X) with the norm

lxlccro,mx) = trer%(;)i,)T(]”x(t)”X'

Moreover, for a real number r, r+ is used to represent its positive part, that is r+ = max {r,0}.
3. Problem statement

The physical setting is the following. A viscoelastic body with long memory occupies a bounded
domain O c R%(d = 2, 3) with a regular boundary T that is partitioned into three disjoint
measurable parts I}, I'; and [3such that meas I'; > 0. The body is acted upon by a volume
force of density ¢,0n Q and a surface traction of density ¢,on I'2 and it is in unilate contact
with adhesion following the nonlocal friction law with a foundation, over the potential contact
surfacel;. Therefore, the mechanical problem’s classical formulation is written as follows.

Problem P;.

Find a displacement field u: Q x [0,T] —R¢, a stress field o: Q x [0,T] — S%and a bonding
field g: I';x [0,T] — [0,1] such that for all t € [0,T ]:
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o(®) = Ae(u®) + Ge(@(®) + [, F(t — )e(uls))ds inQ, (3.1)
Diva(t) + ¢,(t) = pit inQ, (3.2)
u(t) =0 onTy, (3.3)
a(t)v=¢, onl,, (3.4)
u, < g; 0, +p(u,(®) — ¢, B2OR, (v, (D)) <0
onT; (3.5)
(00 ® + p(uy (®) = e, F2OR, (, (1)) (w, (&) — g) = 0} ’
|02 (8) + .2 (OR, (u ()| < p|Ro(u(®))]
o (®) + ¢:B2(OR. (v, ®)| < p|Ro(u(®))| = u, () =0
on Iy (3.6)

oo (8) + c:B2(OR(u;(D)| = p|Ro (u(®))| =
34 > 0 such that u,(t) = —1 (O'T(t) + CT,BZ(t)RT(uT(t)))

p@ = =[® (e (R () +clru P =2,)|  onrs,  (37)

p(0) =/ onlg, (3.8)
u(0) = uy, u(t) = Uy in Q. (3.9

The viscoelastic constitutive law with long memory of the material is represented by the equation
(3.1). Here G and A are nonlinear operators describing the purely viscous and the elastic

properties of the material, respectively and fot F(t — s)e(u(s))ds is the memory term in which F

denotes the tensor of relaxation, the stress o (t) at current instant t depends on the whole history
of strains up to this moment of time. Equation (3.2) represents the equation of motion where p
denotes the material mass density, while (3.3) and (3.4) are the displacement and traction
boundary conditions, respectively, in which ov represents the Cauchy stress vector. The
conditions (3.5) represents the unilateral contact with adhesion in which ¢, is a given a
adhesion coefficient which may dependent on x € I'; and R,, and R, are truncation operators
defined by

Lifs<-L
R,(s)={—-sif —L<s<0,
0if s>0
v if |v| <L,
= v
R(s) Lm if vl >L.

Here L > 0 is the characteristic length of the bond, beyond which the latter has no additional
traction (see [18]) and p is a normal compliance function which satisfies the assumption (4.14),
g denotes the maximum value of the penetration which satisfies g > 0. When u,, < 0 i.e. when
there is separation between the body and the foundation then the condition (3.5) combined with
hypothese (3.23) and definition of R, shows that o, = c¢,8?R, (u,) and does not exeed the
value L ¢, [[Loo(r3). When g > 0, the body may interpenetrate into the fondation, but the
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penetration is limited that is u, < g. In this case of penetration (i.e. u,>0), when0<u, < g
then —o, = p(u,) which means that the reaction of the foundation is uniquely determined by
the normal displacement and o, < 0. Since p is an increasing function then the reaction is
increasing with the penetration. When u, = g then —o, > p (g) and o, is not uniquely

determined. When g > 0 and p =0, condition (3.5) become the Signorini’s contact conditions
with a gap and adhesion

u, <g, ov—CB*°R.(W) <0, (6 —CB°R(u,))(u, — g) = 0.

When g = 0, the conditions (3.5) combined with hypothese (3.23) lead to the Signorini contact
conditions with adhesion, with zero gap, given by

Uv S O, Oy — CvﬁzRv(uV) S 0, (O-v - CVﬁZRV(UV))UV = 0.

These contact conditions were used in [20]. It follows from (3.5) that there is no penetration
between the body and the foundation, since u, <0 during the process. Also, note that when the
bonding field vanishes, then the contact conditions (3.5) become the classical Signorini contact
conditions with zero gap, that is,

Uy SO, Oy SO, oyU, = 0.

Condition (3.6) represent Couloub’s law of dry friction with adhesion where p denotes the
coefficient of friction. Equation (3.7) represents the ordinary differentail equation which
describes the evolution of the bonding field and it was already used in [20, 21] . Since f < 0 on
I'3x[0, T], once debonding occurs bonding cannot be reestablished, indeed, the adhesion process
is irreversible. Also from [19] it must be pointed out clearly that condition (3.7) does not allow for
complete debonding in finite time. In Equation (3.8) fo denotes the initial bonding. Finally, in
equation (3.9) uo is the initial displacement and u; the initial velocity.

4, Variational formulation

For a weak formulation of problem Py, let V be the closed subspace of H; defined by
V={veH:v=00nT1}.

And the convex subset of admissible displacement given by

K={veV: :v,<g aeonTI3s}.

Since meas I'1 > 0, the following Korn’s inequality holds [8]
le@) g =calvllHy VYveVv. (41)

Where cq = 0 is a constant which depends only on Q and I'1. We equip V with the inner
product

(w,v)y = (e(w), e())g-

And ||. | v is the associated norm. It follows from Korn’s inequality (4.1) that the norms || . ||
H1 and|l.| v are equivalenton V. Then (V, |.[l\/) is a real Hilbert space. Moreover by Sobolev’s
trace theorem, there exists do> 0 which only depends on the domain €, I'1 and I's such that
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Ivlig2agyd dalvly VveEV. (4.2)
The body forces and surface tractions have the regularity

91 €CUOTLH), g, € C([0,T]; (17(T3)°) (43)
The function £ : [0.T] — V defined by
(f(O),v)y = fQ @, (H)vdx + frz p,(t)da VYveV, tel0,T], (4.4)

And that (4.3) and (4.4) imply
feC(0.T];V)

In the study of the mechanical problem P1 (3.1)-(3.9) let the following assumptions:

The elasticity operator A satisfies

(@) A: QxS — §9,
(b) there exists M > 0 such that : |A(x, &) — A(x,&,)| < M|eg; — &,
Ve, &, € S% a.e. x €Q
(c) there exists m > 0 such that :
3 (Alx, &) — A(x,&3)). (81 — &5) = mley — &,|?
Ve,e, €S%ae x€Q,
(d) the mapping x — A(x, €) is lebesgue measurable in Q for all

£ €S
\ (e) the mapping x — A(x,0) € H.

The viscosity operator G satisfies
((a) G: O x $* — §4,
(b) there exists Lg > 0 such that: |G(x,&;) — G(x,&)| < Lglé; — &

vfl' 52 € Sd)
(c) the mapping x — G(x, &) is lebesgue measurable in Q for all

§esq,
\ (d) the mapping x — G(x,0) € H.

The mass density satisfies
p € L”(Q), there exists p* > 0 such that p(x) > p*, a.e. X € Q.

The space of the tensors of fourth order defined by

H oo =A{e = (€iji1) €ijrr =Ejire = €rrij € L7(Q), 1 =1,j,k, 1 =d}.

Which is the real Banach space with the norm

lellse, =, max_ el oy

The tensor of relaxation F satisfies
F eC ([0.T]; H) (4.8)
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The adhesion coefficients c,, c; and & satisfy

Cv, C. € L*(I'3),6a € L2 (I'3) and C,, C;,ea > 0 a.e. onI's. (4.9
That the initial bonding field satisfies

Bo € L2(T3), 0<pfo<laeonTs (4.10)
Finally, the initial data satisfy

Uo € Vand u; € H. (4.11)

A modified inner product on the Hilbert space H = L2 (Q)¢ given by

((u, V))H = (pu, V)H YU, v E H,

that, it is weighted with p and let ||.|| 4 be the associated norm i.e.

1
lvlly = (pv,v)7, Vv € H.

It follows from assumptions (4.7) that ||.||4 and |.|4 are equivalent norms on

H and also the inclusion mapping of (V, ||y ) into (H, |.|H) is continuons and
dense. Let V’ be the dual space of V. Identifying H with its own dual, it can
write the Gelfand triple

V cHCcCV;

The notation (.,.), . represents the duality pairing between V'and V recall that
(W, V)yryy = ((u, v))H Yu € H, Yv e V.

Next, the subset W of H; are defined as

W ={v € H;y : div (v) € H},

andlet jc: VXV — R, jf:(VNW)xV — R be the functionals given by

je(u,v) = fl"s p(u,)v,da V(u,v) EV XV,

Jjr(u,v) = fr3 ulRo,W||v;lda VY(u,v) € VNW) XV,

Where

R: H%(F) — 1L2(T3) is a linear and continuous mapping (see [7]). (4.12)
The coefficient of friction u is assumed to satisfy

u€L*(3)and u>0 a.eonTls (4.13)
Next, let

J=Jc*Js
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The functional h is defined by
h:L2(I'3) xV xV— R,

h(B,u,v) = f[‘3 (_CvﬁzRv(uv)Uv + Crﬁer(ur)Ur)da; v(B,u,v) € ]112(1—‘3) XV XV

where the normal compliance function p satisfies:

( (@) p:T3 xR — Ry,
(b) 3L, such that : |p(x — 1) —p(x —1)| < Lylry — 1,
Vr,n ER, a.e. x €I
(©) (p(x, 1) —p(x, 1)) (1 — 1) =0, (4.14)
Vr,n €ER, a.e. x €I
(d) the mapping x — p(x,r) is Lebesgue measurable on T3,
for everyr € R,
\(e) p(x,0) =0, a.e. x €T5.

A

Finaly, the following set of the bonding field:
B=1{0:10,T] —» L3(I3):0<6(t) <1,Ve [0,T],a.e.on T3 }.

By a standard procedure based on Green’s formula the following variational formulation of
problem Py is derived in terms of displacement and bonding field.

Problem PV. Find a displacement field u: Q x[0.T] — R¢, a stress field
0. Q% [0.T] — S$% and a bonding field g: I's x [0.T] —[0.1] such thatu (t) e K n W,
o) = Ae(u®) + Ge(u®) + [, Ft — De(uls))ds a.e.t €[0,T]

(Gi, w— u))H + (Ae(w), e(w) — s(u))}[ + (Ge(), e(w) — s(u))}[

t
+ (f F(t— s)e(u(s))ds,e(w) — s(ﬂ)) + h(B(), u(t), w —u) + j.(u(t), w)
0

H
—je(@®), ) + jrw(®), w) = jr @), ) = (), w(®) - u(®), (4.15)
. 2 2
p©) = =[50 (e (R () + colR(u @) ~,)] et e o] (4.16)
u(0) = uy, u(0) =u; =v,, B(0) = p,. (4.17)
5. Existence and uniqueness result

The main result in this section is the following existence and uniqueness result.

Theorem 5.1: Let the assumptions (4.3)-(4.13) hold. Then, there exists a constant u, > 0
such that problem PV has a unique solution (u, o, #) which satisfies if

lleellpeo(ryy < o
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The proof of theorem 5.1 is carried out several steps. In the first step, the closed subset Z of
the space C([0.T]; L3(I'3)) is defined as

Z=1{0 € C([0,T]; L2(Iy)) n B: 8(0) = B},

where the Banach space C([0.T]; L%(I's)) is endowed with the norm
Bl = tgg);][exp(—kt)llﬁ(t)IIILz(p3)]. k> 0.

Next for a given & € Z, let the following variational problem.

Problem P1&. Finduz € C ([0.T]; V) suchthatu; e KN'W
((ﬂg,w — uf)) + (c/le(ug),e(w) — e(ug))}[ + (gs(ug),e(w) — s(uf))}[

+ (fotT(t —s)e (ug(s)) ds, e(w) — E(itg))j{ +h(BO), us(®), w — ) + jio(ue (8), w) —
Je(ue (), 1) + jr(ueg (), w) — jip(ug (), 1) = (f(t),w(t) - ug(t))vv weK, tel0,T] (5.1
We have the following results

Theorem 5.2. There exists a constant g1 > 0 such that problem P¢ has a

unique solution if

Il Leo(rs) < K1

Letn €C ([0.T]; V) be given the following intermediate problem is introduced by:
Problem Pg,,. Find ug, € C([0,T]; V) such that us, € K N W

(Gitgns @ = 11gy)) + (G2 ten). £ (@) = (i) + (n(0), @) = e(itey))
i (g (0, @) = i (g (©), 1) = (£ (O, 0(©) = Tty (t))v

ug(0) = uy, Ug(0) =u; V w€ K, t€[0,T] (5.2)

Since Riesz’s representation theorem representation theorem implies that there exists an element
f7€ C ([0.T];V ) such that

(f, (t),w)V = (f(®), @)y — (n(t), e(w)),,
the problem Pz, is equivalent to the following problem.
Problem P,g,. Find ug, € C ([0.T]; V) such that

usanKnW,

((itgy, @ = tgy) ) + (Ge (ttgn), e(w) - s(ﬂfn))}[ g (uey (0, ) — j (ugy (0, gy

> (f(O, @ —ugy), Vw € K,t €[0,T] (5.3)
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Lemma 5.3 There exists a constant u1 = 0 such that problem P2z has a unique solution
if Hul\]LOO(r ) < Hul.

The proof is based on several step by using arguments on Banach fixed point theorem. Indeed,
let g € C+ where C. is a non-empty closed subset of IL.2(I's)

definedas €, = {s € L?(I3);s = 0 a.e.only }

And let the functional  j,:V — R given by
ja@) = [ uqlvlda vvev.

We consider the following auxiliary problem.
Problem Pgy,,. Find ug,, € C([0.T]; V) such that

Usng € K, ((ﬁfnq' W = us‘nq)) + (gg(ufnq)lg(‘“) - S(us‘nq))ﬂ +Jjq(w)

~jq(Ugng (O, itgng) = (f(O, 0 —ugyq) ,; Yo € K, t € [0,T] (5.4)

Lemma 5.4. Problem Pg,, has a unique solution with the regularity vg,, € C(0, T;H) N
L20, T; V)N W20, T; V).

Proof: The continuous injection of V into L2(I's) implies that j is continuous
and convex. We define the sequence:

Je) = [ uqy/lvc]?* + &% ds

VveV,ve>0

Its derivative of Fréchet is given by :

y (v, w)
je).w = fr3 uq \/%ds, Yv eV, Ve > 0.

Then j, is of class C!. Direct algebraic calculations show that vV a > 0,

f =>0such that o + f =1 and for any real x and y, n>1:

1 1 1
2 —< 2 _ 2 —_
\[(ax+,3y) +n_a\/x +n+ﬁjy +n

So j. is convex Ve > 0. also:

3C>0,Vw €V, |ji(w)l’ < ClglL2(3) (5.5)

The hypothesis (4.5) (a) implies that G : V — V'is a continuous Lipschitz operator. Since
Jje is continuous then G +j; is a continuous and therefore

hemicontinuous operator. Now, according to (4.5)(b) and the monotony of j; we find :
(G +jDdu— (G +jDdv,u—v)yy =2mglu—vlf VuvevV (5.6)
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Then G +j{ is a monotone operator. By taking v = 0, on (5.6) and using the Inequality ab <

T q2 4 L p2,
2 ng
it results Yu,v €V :
(G +jdwudyryy = mg|u|12/ — GOy |y

1 2 1 2 -1 -1 2
And |uly = Emg|u|v —%IGOVIV,, For w= ng,C = g |GOy |, € R.

Next, by using (4.5)(a) and (5.5) then :
(G + ju— (G + jvly < Lglu—vly + C.
Choosing v = 0y, it result:
(G +jduly, <C(u—vly +1), Vuev
Finally, by using (4.11) that there exists v§e L*(0,T;V) N C([0, T]; H) and
vf € L2([0,T]; V"), such that :

{v;;(t) + GuE() + jE(vi) = f,(®) inV'a.e.t €[0,T],
O vp(0) = uyg,

Then v € L2([0,T; V) n W2(0,T; V' )which satisfies:

CHORERTG)

v'xv 1748%
Un (0) =U

Using (5.7) to obtain:

(U5@,v5®) ,  + Go§ @05 Oy + (E©F) V5,1,

= (H®.v)

vn (0) =U

By using (4.8), the monotony of j; and (5.3) it comes that :

1748°3%

3¢>0,vee (0,70 <C [l us@| de<c, [l de<c.
So there is a sub-sequence (v,) such that :

vy — vyweakly in IL2(0, T; V) and weakly star in L=(0, T ; H).

v — ¥, and weakly star in L0, T; V)

It comes that :

vy € C(0,T; H) and vy (t) — v, (t) weakly in H, vt € [0,T]. (5.12)
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By integration of (5.8),then Vw € L.2(0, T; V) :

T T T
fo (55 ),, _ dt+ fo (s, 0),,_ dt + jo je(w)dt

2 fOT (vﬁ (), vy (t))V,XV dt + foT (Qvﬁ(t), vﬁ(t))lev dt
+ [y Jewg)at + [ (£, 0 —v5 (@) Lt
2 25, =3 s @1 + 5 (Gus @5 @),

2
+ 1) je(vE)de + fOT (H®,0- vﬁ(t))lev dt. (5.13)
By (5.11), (5.12) and the weak semi-continuity below it result that:
Yo € L2(0,T; V),
fo (@0 =v,®) , de+ ][5 (Gug(0,0 v, @), dt+ f; (ja(@) = jg(vy)) 2
fo (h@®0=v,®) , dt
Which implies that:
(on@.0 =0, @), + (60,0 =,®) , 4 g (@) =g (vy)
> (/0.0 =v,®) , ., VoeV,vteloT].

So the problem B, has a solution v, € C(0,T; H) N 1L*(0,T; V) n W2(0,T; V"). For uniqueness,
let vy, v7 be two solutions of P,,. Then for all t € [0,T],

o2 -l 2 _ 1 2 _ 1 2 _ 1 <
(7@ = 05,050 ~vi®) |+ (67O — G, v (D) ~vj®) , <o.
by integrating the previous inequation and using (4.5) then :

2
2wz — v O +mg J [v3(s) —vi(9)]] ds < 0, ve € [0,T].
It implies v;=vy.
In the study of the problem B,, we have the following result :

Lemma 5.5 : The problem Pu,,, has a unique solution u,, € W **(0,T; V) N C*(0, T; H) N
W22, T;V'). Moreover, if uy,u, two solutions of the problem Puy, corresponding to the data
n1, 1M € L%0, T;V')and qq, q,€ C+ then there exists ¢ > 0 such that :

. . 2
lity,q, (8 = iy, 0, O < € [ 1n1(5) = 12() 1305 + []191(5) — q2()Zrds

|u7I1CI1(t) - unzqz(t)|‘2/ = Cfot|771(5) - 772(5)|,2,rd5 + f;lql(s) QZ(S)lzrdS (514)
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Proof: The proof is a consequence of the lemma (5.4) and the relation (4.5). For proving the
inequality (5.14), letu, u, be two solutions of problems Pv, and Pu,, respectively, then:

(uniQi’uanj - umm) + (guniQi’uanj - umqi) +jq (uanj)
_jCI(amqi) = (f - ni’unjqj - uniQi)'
wherei =1ifj=2andi=21ifj = 1.
Doing the addition so we have
(umch - uﬂzQz’unth - umql) + (gumql - gunth'unz‘b - umql)

+jQ1 (uWZCIz) _jCI1 (um‘h) +jCI2 (urh‘h) _jQZ (uﬂzﬂh) = (771 - nz’uﬁﬂh - uﬁz‘lz) (5'15)
Using (4.6) and integring, the inequation (5.15) becomes :

.I; (uﬂﬂh (S) - u”lz‘lz (S)’ uleQz (S) - u’h‘h (S)) ds

t t
+_[0 (guﬂﬂh (s) = gu?h‘lz (s)’uﬂzﬂh (s) = u771Q1 (S)) ds + JO qllu?h‘lz (s)|ds

t . t . t 1. t
+J, q1|un1q1(s)|ds +J, q2|un1q1(s)|ds -/ q2|un2q2(s)|ds—2 JoImi(s) =

N2 (S) |V’ |u771Q1 (S) - uﬂz‘lz (S) |VdS.

And we have (ii, 1) = l(u,u)' -14 ||’

2 2dt
According to this equation we find
1d,. . 2 ) . 2
2de |un1q1 — Unza, |V + mglumql — Unza, |V
= |771 - nleuTIﬂh - uﬂzQzl + A.

With A = jCI1 (uThCIz) _jCI1 (unﬂh) +jCI2 (uU1CI1) _jCIZ (i‘nzqz)'

A= f u1l(@z — a0 ity q, ()] + (a1 = g2)|ity,q, (5) ] dis.
I's
A= ‘ullqz - Q1|[L,2(F3)|un1q1 - uTIzQ2|[L2(Q)'
1. , 2 mg t). . 2
Then: > |u771€I1 — Up,q, |V + Tgfo |u771CI1(s) — Un,q, (s) |VdS

t t
< [ 112 = 1l 0, 5) = ey, D] + [ ads.
0 0

So
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1,. . 2 b . 2
2 |u771CI1 — Unyaq, |V +mg —[0 |u771Q1 (s) - Unza, (S)lVdS

t mg 5 1 . . 2
= . 7|771(S)—772(S)| +E|un1q1(s)_un2q2(s)| ds

t . .
+ fo plgz — Q1|1L2(r3)|un1q1 () — 1y, q, (S)lILZ(Q)dS' (5.16)

mg

But (ab <—2a’+ Lb2> then:
2 ng

1,. . 2 b . 2
2 |&ny0y = Uy, |V + mgfo |10, () = ttypq, (5)|Vd5

tfm . . 2 1
<l (Tg |ttn,q,(S) = tyyq, |, + g 111(8) = nz(S)I‘Z,r) ds. (5.17)
From which:
1. . 2 mg ctg. . 2 1 t
2 ltna, = unzqzlv + 5 Jo ity q,(8) — iy, (5)|Vd5 = Efo 171(s) — n2(s) 5 ds
(5.18)
It comes

. . 2 1 5
iy, @, — Uz, |, < € Jy 112(8) = n2() |2 ds

t 2 ¢ (5.19)

fo |un1ql () = Uy, q, (S)lv ds = c fo 17,(s) — 12 (s)|12/,ds
On the other part of u, (0) = u,(0) = u, then:
|tn,q,(8) — Uy, q, (S)LZ, =< fot|ﬁn1q1(5) - itnzqz(S)|VdS (5.20)
And:
21, () = 0, () < [ty g, (5) = iy, ()] dis (5.21)
And so:
|unias (8) = tn,q, (S)Lz, < ¢ [ 1n1(s) = n2(s) 2. ds (5.22)

Hence it result (5.14).
Now, let the map yt : C+ —C+ be defined by

(@) = |Roy (ugne® )|

Lemma 5.6 There exists a constant p; = 0 such that the mapping w: has a unique fixed point
g* and ug;,q+ (t) is a unique solution of the inequality (5.3) if [[u|lpe(r,) < uq

Proof. Let g1, g2 € C+. Using (4.16), it follows that there exists a constant co >0 such that
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(4 = ez < o || (w00, ©) = 00 (sne, )| 1. (5.23)
Moreover using (4.5) (b) yields
| Oy (ufnch (t)) — Oy (ufnqz (t))”H_;(F) = M”ufnql(t) — Ugng, (t)”V : (5.24)

Using (4.2), (4.5) (c), (4.13) (c) and the properties of R, and R, to find after some calculus
algebra that

”“”]Loo(l";;)dﬂ

”us‘nql(t) — Usng, (t)”V = lg: — g2llizr)- (5.25)

Hence, taking into account (4.12) ,combining (5.23), (5.24) and (5.25) to deduce that

lye(qq) — lpt(qz)”u}(rs) = “.u“]L°°(F3) ”ql CI2||1LZ(1~3)-
Take u; = m/coMdQ, then this mequallty shows that if ||u]lpeor,) < w4,

w IS a contraction; thus it has unique fixed point g* and u,* (t) is a unique solution of (5.3).
Denote ugq* = u,.Now shall see that us, € C ([0.T]; V).

Indeed, let ty, t2 € [0, T]. Taking v = ug, (t;) in (5.3) written for t = t; and then

U = ug, (t;) in the same inequality written for t = t, Using (4.5) (c) , (4.11) , (4.13) (c) and
the properties of R,, and R, and adding the resulting inequalities, it follows that there exists
a constant c1 > 0 such that

”ufn(tz) — Ugy (tl)”V (”f(tz) - E(tl)llmz(r3) +In(tz) — (D)l

m— IIMII

+If(t2) — FEDIy).

Then, as & € C([O, Tl; ILZ(F3)), n € C([0,T]; H) andf € ([0,T];V),it immediately concludes
that ug, (t) € W,vt € [0,T]. Indeed, for eacht € [0, T],

denote o (u;77 (t)) = Ae¢ (ug,7 (t)) + n(t), take v = ug, (t) £ @ in inequality (5.3) where
@ E (Cé”(Q))dand use Green’s formula with regularity ¢,(t) € H

leads to divo (us‘n (t)) € H and then ug, (t) € W.

Now introducing the operator A : C([0,T];7)— C([0,T]; H) withn — A,

defined by (5.26)

(Aen, w) = (Jle(uszn),g(w))g{ + h(uﬁn,w) +j6(u€n) + f F(t— s)g(uszn)ds
0

Lemma 5.7. The operator A; has a unique fixed point n;

Proof. Letn,,n, € C([0,T]; H). Using (5.4), (5.26) and (4.8) we obtain for
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|l eellgeo(r,) < pqat follow that

1Agni® — Agn2 O, < c2 I (®) =02 llseds. t € [0,T]

where c2 > 0. Reiterating this inequality n times, yields

(D™
“A?'h(t) —A?nz(t)llc([oﬂ;m =< Czn! Im1 — n2llcqo,m1;20)
As liIP (Czrl#= 0, it follows that for a positive integer n sufficiently large, A’g iIs a
n—+oo :

contraction; then, by using the Banach fixed point theorem, it has a unique fixed point 7;
which is also a unique fixed of A¢ i.e.,

AET]{Y = Uf(t), Vt € [O,T] (527)
Then by (4.3) and (4.27) we conclude that Ugy, is the unique solution of
Problem P;;. In the second step stating the following problem.

Problem P,,. Find g* : [0, T ] — L2(I’3)such that

ﬁ*(t) = [ﬁ*(t) (Cv (Rv (uﬁ*v(t)))z + o |R; (uﬁ*'c(t))|2 - ga>l (5.28)

B(0) = Bo (5.29)
Let obtain the following result be given

Proposition 5.8. Problem Pa¢ has a unique solution g*which satisfies

B e wt=(0,T;1L2(I3)) N B.

Proof. Let t € [0, T] and consider the mapping ¢:Z — Z defined by

PB(E) = o — jo t [ﬁ(S) (cv (o (up (s))))z + ¢

where ug is the solution of Problem P;z. Forp,, 5, € B, there exists aconstant cs >0

R, (uﬁr(s))lz — sa] ds,

+

such that
lpB1(t) — pB () lpzcr,)

£:5) (R, (g (®)) = £a5) (R, (g0 ®))

2
ds
L2(T3)

t
SC3f0

2
ds
L2(T'3)

£:5) (R () = £29) (e (5, 9)))

+c3 fot

Asin [20, 21] it deduces

lpB:1(t) — B> (t)”]LZ(r3) =Gy (fot”B1 (s) — P (S)”]LZ(F3) ds + fot”uﬁl (s) — ug, (S)”V dS).
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(5.30)
For some constant ¢, > 0. Now to continue the proof it has needed to prove
the following lemma.

Lemma 5.9. There exists a constant u,> 0 such that:
”uﬁl(t) —ug, (t)“V < cllBr(®) — B2 (Ollpz(r,) VLE[O, T],
Proof. Lett € [0, T]. Take ug, (t) in (4.1) satisfied by ug (t), then take

ug, (t) in the same inequality satisfied by ug, (t); by addding the resulting inequalities

(it — g, 1ty — 11z) + (A (up1 () = A (upa(©)), & (1151 (©)) — & (1252 (0) ) e

< (fot}"(t —s) (e (u[gl(s)) —& (uﬁz(s)» ds, e (u,;z(t)) — ¢ (um(t)))}[
+(Ge (1120 — Ge (112(0)) £ (112(0)) — & (1251 (0) ))se

+h (B0, up1 (6, 12 (6) = upy () + e (upa (6, uga ()
(
)
)

s (up1(©,ugs () + iy (up2(6),ups (©) = ji (120, up> (©)).

+h z(t);uﬁz(t);uﬁ1(t)_uﬁz(t))_ Je uﬁz(t),uﬁz(t))

e (up2(0), gy (0)) — e (up2(6),upa () + iy (upa (6, ugo ()

and using (4.4) (b) then we obtain

1d
2dt

< (fotﬂ-"(t —5) (e (uﬁ1 (S)) — € (uﬁz (s))) ds, e (uﬁ2 (t) — ug, (t)))}[

ity — 1p? + mlug, (£) — uﬁz(t)”f,

+(Ge(itg,) — Ge(itg, ), & (145, (©)) — & (145, () ))ae

+h (B1(0), 15, (), 5, (8) — 15, (©)) + R (B2(), 15, (8), 15, (8) — ug, (©))
e (g, (©,u5,(©) = je (15, (0,1, () + ji (g, (©), ug, (©))

—je (18, (®,u5, () + iy (up, (©,u5,(®)) = jy (up, (O, u5,(®))

+r (g, (0, up1 () =y (g2 (1), 152 (D)) (5.31)

We have

(fot}"(t —5) (s (uﬁl (s) — e(ug; (s)) ds, s (uﬁz (t)) —¢ (uﬁl(t))))}[
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t
SCs (fo ”um(s) - uﬁz(s)llvds) “um(t) - uﬁz(t)”V

for some positive constant cs.Using Young’s inequality, it finds

Uy 7t =) (& (upn () — upa(®)) ) ds, & (2 () — i)

c? t 2 m 2
< ([ llupr () = uga )| ds ) + 2 futgs (0 = ugo O (5.32)
Using the properties of R, and R; (see [1, 20,21]), we have
h (.31 (t), ugy (), ugy (t) — uﬁl(t)) +h (52 (), ug, (1), ug, () — up, (t))

< c6llB1(t) — B (t)||L2(r3)||uﬁ1(t) — Ug2 (t)”V
where ce = 0. Using also (4.2), (4.13) and (4.14) (c) yields

And using Young’s inequality it results:

c6llB1(®) = B2 (O llyz(ry) lups () — ug (O],

< 1B (1) — .Bz(t)||L2(p3) +— ||u31(t) — Up2 (t)” (5.33)
for some contant c; = 0. Then (5.33) implies that
1d

2
Zdtl — Uy |? +—||u31(t) uﬁz(t)”V

5 2
SConQ||M||1L°°(r3)||u[;1(t)—uﬁz(t)”‘z/ 2—5<J llug1(s) — up2 (s)|| d5>

m, . .
+cq 181 (8) — ﬁz(ﬂ”ﬁqr y T _g iy — 1]
Let now u, = ”1 , then if ||#||1L2(r y < Mo, itdeduces that there exists a constant

cg > 0 such that

slil
0 2dt

< Cg fos (fo ||uﬁ>1(s) - uﬁz(s)llvds + 11B1(8) — ﬁz(t)||E2(r3)) dt + |u1 — 1,2

— W, |2dt + [ ||u31(t)—u52(t)|| dt

Then using Gronwall’s argument, it follows that there exists a constant ¢ > 0

Such that

1 S
5 iy — 1 |* + L ”uﬁl(t) - uﬁz(t)ll‘z/dt

N t M
jo (] ”uﬁ1(5)—uﬁz(s)”id5+||,31(S)—ﬁz(s)||ﬁz(r3)>dt+ Sy = 2

(5.34)
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Now to end the proof of Proposition 5.8 using (5.30) and (5.34) to deduce
||¢:81(t) — ¢p> (t)”]LZ(F?,) < Co f;”ﬁ1(5) - ﬁz(s)”[[,Z(FS)dS VvVt € [0; T];

where cg = 0 and then we obtain

And reiterating this inequality n times, yield

C
1¢B8: = DBz lluzryy < 1By — Balliacr,).

T\" 1
16™8:(0) = "B Ollzcry < () 1182 = Ballizeray

As lim (ﬂ)nl= 0,

n-+oo \ k n!

It follows that for a position integer n sufficiently large, ¢™ is a contraction; then, by using the
Banach fixed point theorem, it has a unique fixed point 8* which satisfies (5.28) and (5.29). Now
we have all ingredients to prove Theorem 5.1.

Proof of theorem 5.1. Existence. Let = ¢"and let ug-the solution
of problem P1. We conclude by (5.1), (5.28) and (5.29) that (ug-, &) is a solution of problem PV.

Uniqueness. Suppose that (u, ) is a solution of problem PV which satisfies (4.15), (4.16) and
(4.17) . 1t follows from (4.15) that u is a solution to problem P, and from Theorem 5.2

that u = ug.Take u = ugin (4.15) and use the initial condition (4.17), we deduce that £ is a
solution to problemP, .

Therefor, we obtain from Proposition 5.8 that § = 8* and then we conclude that (uﬁ*,ﬁ*) Is a
unique solution to problem PV.

Let now ¢* be the function defined by (3.1) which corresponds to the function ug* . Then, it results
from (4.5), (4.6) and (4.8) thato* € C ([0, T]; ).Using also a standard argument, it follows
from the inequality (4.15) that

Divo*(t) + ¢@,(t) = pti inQ, forallt € [0,T].

Therefor, using the regularity ¢, € C ([0, T];H), we deduce that diveo*€C ([0, T]; H) which
implies that o € C ([0, T]; H;) . The triple (ug*, o% £*) which satisfies (3.1) and (4.15)—(4.17) is
called a weak solution of problem Pi.Moreover, the regularity of the weak solution is ugx € C ([0,
T];V),0*€C([0,T]; H;y)and g~ € W ([0, T]; L?(I3)) N B.

6. CONCLUDING REMARK

Scientific study and contemporary publication in mechanics focus on two primary components:
one pertaining to the laws of behaviour and other concerning the boundary conditions imposed in
the body.

Numerous publications have employed constitutive laws incorporating internal variables to
represent the influence of internal variable on the behaviour of materials such as metals, rocks and
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polymers, wherein the rate of deformation is contingent upon these internal variables. Our model
is obtained by comnining the viscoelastic constitutive law with friction, long memory and internal
state variable 5, which describes the pointwise fractional density of active bonds on the contact
surface and is sometimes referred to as the intensity of adhesion.

Mathematically, the idea is to reduce the second order nonlinear evolution inequality of the system
to the first order evolution inequality. After this, we use classical results on first order evolution
nonlinear inequalities, differential equations and the fixed point arguments.
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