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Introduction

Fractional calculus, an extension of classical calculus, has garnered significant attention in recent years
due to its ability to describe complex phenomena that integer-order derivatives and integrals fail to
capture accurately. This branch of mathematics has proven its utility in various domains, including
physics, engineering, biology, and economics. ([10],[13],[14],[16],[4].[12]).

Nonlocal initial value problems (NIVPs) represent a category of problems in which the initial
conditions depend on the values of the unknown function at multiple points rather than a single point.
Such problems naturally arise in numerous real-world applications, such as heat transfer, viscoelastic
material behavior, and control systems.

Hybrid differential equations, which combine differential and integral operators, have emerged as a
powerful tool for modeling complex systems. In recent years, there has been growing interest in
studying hybrid fractional differential equations, which incorporate fractional derivatives and integrals
into the hybrid structure. ([10],[13],[14],[16].[4],[12]).

Lakshmikanthan and Dhage [7] They initiated the study of hybrid equations by introducing a novel
class of nonlinear differential equations known as ordinary hybrid differential equations.

a x(t) _
" (f—(t'x(t))) = g(t,x(t)), a.e. t € I,

x(to) = xO € IR
They formulated essential hybrid differential inequalities that serve as key tools for proving the
existence of extremal solutions.

Zhao et al. [18] extended Dhage’s work to the fractional-order case by examining boundary value
problems involving fractional hybrid differential equations.
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a x(8) _

{ () = 9t x(D), tE[0,T],
x(ty) =0,

where Dy is the Riemann-Liouville fractional derivative of order 0 < o < 1.

Hybrid fractional differential equations and inclusions have been the focus of considerable research in

recent years. Prior to proceeding, we present a brief overview of some relevant contributions in this

field. Ahmad et al. [2] examined the existence of solutions for a hybrid inclusion problem involving
nonlocal boundary conditions.

(O -Z1 12 it x ()
p&, ( D) € G(t,x(t)), a.e. t € [0,1],

x(0) = u(§), x(1) =a €R.

where ¢Dg denotes the Caputo fractional derivative of order 1 < & < 2 and 1 is the Riemann—

Liouville fractional integral of order 8; > 0 with i € {1,2,3..., m}. In [6], Derbazi et al. confirmed the
existence and uniqueness of solutions for a fractional hybrid boundary value problem.

cpg (FOEED)) = o(t, x(1)), a.e. t €[0,T],

g(tx(t))
x(O—h(tx(t) x(O-h(Ex(D)) _
B (*O=htx(®) cpB (X(O=h(tx(®) _
k D ( g(tx(t)) ) |t=17 + b2 D0+ ( g(tx(t) ) |t=T - AZ-

wherel<a<2,0<pB<1,n€]0,T] and a4, a,, b1, by, 11,1, are real constants. . Baleanu et al.
[3] they employed a generalized version of Dhage’s hybrid fixed point theorem for the sum of three
fractional operators to examine the existence of solutions to a fractional hybrid integro-differential
equation subject to mixed hybrid integral boundary conditions.

(¢ (x(t)—h(t,x(t)l 1RO Fx (), 1V R (D)

w —
ot gt x(t),I(‘;lx(t) Ié‘zx(t) ..... Iélmx(t)) ) - Y(t,X(t)), a.e. te [0'1];

/11_[ ﬁ1 (x(s)—h(s,x(s),lylx(s),IVZx(s) ..... Iynx(s))) ds

Yn
Cnay x(t)— h(tx(t)l x(t)I x(t) ..... I +x(t)
+4; D0+( gEx (1L x(0), 152 (), 1" x(t)) t=1

x(t)— h(tx(t)] x(t)l 2x(t) Igfx(t))
3 lt=0 =0

+

32 x(s)—h(s,x(s),lylx(s),IVZx(s),...,IYnx(s))
/14f ( g(s,x(s),IF1x(s),I*2x(S),...Ikmx(s)) )dS
x(t)—h(t,x(t)l x(t)I 2%(t) Iy”x(t))
g(t,x(t),lglx(t) Ié‘zx(t) ...,I(’;mx(t)) t=1

+25 €Dy? <

x(t)—h(t,x(t),lz;}_x(t),Igf_x(t) ..... Iz;fx(t))
L 6 g(t,x(t),Ié‘J}x(t),Igfx(t),...,lé‘f”‘x(t)) t=0 =0
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where 1 < w <2,6;,8; € (0,1], ag, az € (0,1], 44, 43,43, 44, 45,46 € RT and y; > 0,u; > 0 with
i€{1,2,...n}andj € {1,2,...m}.

Building upon the previous works, we establish an existence result for a class of fractional hybrid
integro-differential problem.

(t) n t
D (f(Zu(t))) + g(t, Ié‘iu(t),l(’)‘fu(t), ...,I(’)ﬂ u(t)) + fo K(t,s,u(s)ds=0,tel (1)

— u(t) cna u(t) _
u(0) = h(w), aD (9 femo + b D (725 oy = 0. @)

where a € (1,2],a,b € R,I :=[0,1]. Also, “Dg+ denotes the fractional Caputo derivative of order
a, Ié‘i denotes the fractional Riemann-Liouville integral of order u; > 0 for all i € {1,2,...,n}, and
the maps f:1 X R » R*, g:1 Xx R™! > Rand K:1 x I X R — R are continuous.

This paper proceeds as follows: Some fundamental preliminaries are revisited in Section 2.
In Section 3, we present the equivalent fractional integral equation corresponding to the linear part of
the hybrid fractional differential equation ([1],[2]), and we prove the main existence result of this
paper.One example is given in Section 4 to support the established findings.

Preliminaries

In this section, we present definitions and properties of fractional integration and differentiation, as
well as the fixed point theorem employed in this work. For further details, the reader may refer to
references [ [10], [13], [14] , [8]].

Definition 1. Let g be a real function defined on [0,1] and a > 0. Then the left and right Riemann-
1t g(s)

F@) 90 (t—syi=a &S

Liouville fractional integrals of order a of g are defined respectively by Ig+ g (t) =
1 19
I{x_g(t) - F(O.’) ft (s_t)1—a ds

Definition 2. The left and the right Caputo fractional derivative of order a > 0, of a function g are,
respectively Dt g(t) = (Ig+ “ ;—;g(t)) ‘D& g(t) = (—1)”(1{1—‘“%g(t)) wheren—1<a <n.

(k)
Proposition 3. Letn —1 < a <nand f € L;[0,1]. Then (1) I+¢Dg+f(t) = f(t) — zz;gfk—f”tk

(2) IEDEF(E) = F(&) - pzy CXIPD g — i

Theorem 4. (Dhage fixed point theorem)[8]) Let M be a closed, bounded, convex and nonempty subset
of a Banach algebra (E,Il. I) , and let A:E - FE and B:M — E be two operators such that
(i) A is Lipschitzian with Lipschitz constant A,

(i1) B is completely continuous,,
(il x =AxBz=>x €M forall z€e M,
(iv) AL < 1, where L =|| B(M) Il= sup{ll B(x) ll: x € M}.

Then the operator equation AyBy = y has a solution in M.
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Main results

Lemma 5. Let y € AC(]0,1],R) Then u is a solution of the hybrid fractional integrodifferential
problem

c u(t) ) _ —
D (95) +y@® =0, tel=[o1]

_ u(t) I u(t) _
u(0) = h(u), aD (f(t'u(t))> le=o + b “Dy+ (f(t (t))) |;=1 = 0.

if and only if u is a solution for the integral equation

u® = £(t u(t))[ o Gy @t + S [y @dr + s | (@)

Proof. we apply the right-hand side fractional integral I+ to equation ([3]).We get

(3)

u®) ot (- T)
feu) fo y (T)dt + c; + c,t. (5)
H gy _ _ &
Using the conditions nonlocal u(0) = h(u), S0 ¢, f(O,h(u))'and we have
cnpa—1 u(t) _ _
Do (f(t u(t))) f y(@)dr + ¢ r(3 ot
and
_u® t (t-1)* 2
ftu() fO T'(a-1) y(T)dT + Cy,
S0

u(t) CnHa u(t) _ 1 cy
b (f(t,u(t))) le=0 + b Do+ (f(t,u(t))) le=1 = ac, +b ( fO y(Ddr + F(3—a))

then we get
r-a)b 1
€2 = i Jo ¥ (DT
Substituting the values of c;,c, in ([5]), we get solution ([4]). The converse follows by direct
computation. This completes the proof.

In the sequel, we need the following assumptions.

(H1) The function f:1 x R = R — {0} is a continuous function satisfying the Lipschitz condition for
a constant A¢

| ftw) — f(Ev) IS A lu—vl

(H2) The function h: R = R is a continuous function and there exists a constant M, > 0 such that :
h(uw)
— | < .
| Fonay | = Mo
(H3) The function g:1 x R"*1 - R is a continuous function and there exists a bounded mapping
6:1 x— R* such that for all u;, v; € E,
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| g(tr U (t), U (t)' R un+1(t)) - g(t, (41 (t), Uy (t)' ERRR] Un+1(t)) |< Q(t) Z?:ll | ui(t) - vi(t) l,

(H4) The function K:1 x I x R —» R* is a continuous function and there exists a constant M; >
Osuch that :

Max{K(t,s,u(s)): t,s €I; lu(s) ISR} < M,

where R = % and
y=|—L , G-a [0*ER + G* + M,] + M,
[(a+1) al'B—a)+b
where 0% = sup;e0(t), G* = supeer | 9(¢,0,0,...,0) I, My = supf(£,0), and § =1+

Theorem 6. Assume that conditions (H1)—(H4) hold.and if A, Y < 1.then the problem ([1]-[2]) has
at least one solution in E = €([0,1])

Proof. We consider a subset Q of E given by Q = {u € E: |l u ;< R} and we define the operators
A:E — E and B: Q — E as follows:

Au®) = f(tu). tel

t(t— a—1
Bu(t) = — [ % [9(x, I4u@), I2u(D), .., I5u(D) + [T K (5,5, u(s)ds]de
br(3-a)t 1 n T
S r— Jylo@ Iu@), I52u), ..., I5Pu(D) + [, K (1,5, u(s)ds] dt
h(u)
fORW) "

Obviously, problem ([1]-[2]) has a solution if and only if AxBx has a fixed point.
Now, we show that the operators A and B satisfy all the conditions of theorem 4 in a series of steps.

claim1l AisalLipschitzonE Letu,v € E forall t €.
Then in view of condition (H1), we get

| Au(t) — Av(t) I=1 f(t,u(®) — ft,v(@) IS As lu—v|
Then, foreach t € I we obtain || Au — Av ;< As lu—v llg

claim 2 B is completely continuous on Q. We firstly show thatB is uniformly bounded for any u € Q,
by (H2)-(H5), we have.
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tit—1|*

| Bu(®) 1< Jy

bl
ar(f a")‘fb L g u@), Mu@), 12u(@), ., 1) |+ [ 1K(T,5,u(s) | ds] dr

+
hw)
* f(0,h(w)) .

—f”trl) [l g(t,u(0), IFu(D), IF2u(D), ..., [{Tu(r)) — 9(t,0,...,0) |

+1 g(t,0,...,0) | +f |K(z,s,u(s) | ds]dt

(3-a) .
e o L1 9@ u(@, Itu(@), 1h2u(@), ..., [ffu(®) = g(£,0,...,0) |

+1 g(t,0,...,0) | +f0 | K(z,s,u(s) | ds]dt

[I g, u(r), I u(r), Ié‘fu(r) . ,Ié’fu(r)) | +fOT | K(z,s,u(s)ds I]d‘r

_|_

h(w)
* f(0,h(u)) .
* 1 1

— I'(a+1) [9 (1 + r'(pny+1) + [(py+1) +...+ r(u n+1)) lul +G* + Ml]

br(3—-a) * 1 1
+aF(3—a)+b 6 (1 + Tt D) + F(uz+1)+ +—r( n+1)) lul+G*+ M1] + M,

bI'(3—a) " .

= [F(a+1) ar(3—a)+b] [6"¢R + G* + My] + M,
<Y

Thus, we get || Bullz< Yfor all ue€ Q, this proves that B is uniformly bounded in Q.
Next we show that B is continuous on . Let {u, },en b€ a sequence in Q converging to a point u €
Q. Then by (H2)-(H4), for all t € I, one has

t|t—7|® 1

| Buy(t) — Bu(t) I fo T(a) [l g(z, un'l +Un (D), I Fun (1), 'Igrun(f))

—g(t,u(), I Tu(r), I fu(r), .. Iol‘u(r)) | +fOT | K(t,s,u,(s) — K(z,s,u(s)
| ds]dr
oty Jo [ 9@ un [tun (D, Fun () ., 1 un ()

—g(t,u(7), I Tu(r), I fu(r), .. ,I(’)‘fu(r)) | +f0 | K(z,s,uy
(s) — K(z, s,u(s) | ds]dt
| h(up) h(un) |

fORun)  f(OR(UR)) "
1

. 1 1 1
= I‘(a+1)[ ( + T(u1+1) | T(ug+1) -t F(un+1)) lun —ul
+ko lu, —ul]
br(3-a . 1 1 1

aF(s'(—a')-l)-b C (1 + T(ui+1)  T(up+1) Rl F(/Ln+1))

+ko lu, —ul]
h(un) h(up)
| fOR(un))  f(O,h(un)) !

lup —ul

br(3—a) . ~
= [r(a+1) aF(3—a')+b] [67¢ + kol Il up —u g

| h(un) _ h(un) |
fOR(R))  f(OR(un) "

Since that functions h and f are continuous, we deduce
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| Bu, — Bu llg;= 0 as n - oo.
Then B is continuous.

Next we prove that the operatorB equicontinuous. Letu € Q and t,,t, € I with t; < t, Then we have

| Bu(ty) — Bu(ty) 1< | fi> @2 9 u(@), Mu), 2u(D), ..., (1) + Jy K (z,5,u(s)ds]de

'@
4 2CDt (1] (0, (o), 1), IEu(q), ..., u(®)) + [5 K (5,5, u(s)ds] de
_ fotl(tlr—(r;_) l9(t,u@), Iu@), L2u(D), ..., IMu@) + [} 1K(z,s,u(s)ds]de
f;((: o(j)):af lg (@ u@), Fu(), L2u@), ..., 157u(T) +f0TK(T,s,u(s)ds] dr|

< [y BT g (g uo), u), B, . 1) + [ K (3, u(s)ds|lde

I‘(a)
+ 1SS0 g (), 1@, ), o (@) + [ K (@5 u(dsllde
+ POl (11 1 9o u@) u@), L), . u)] + J; | K (s, u(s)dsldr
< [“’ flf(;;;“l] [21t, —t; 194 & — t2]
PO (9 ER + G+ My]

which is independent of u € Q. As t; — t,, the right-hand side of the above inequality tends to zero.
Therefore, it follows from the Arzel a-Ascoli theorem that B is a completely continuous operator on
Q.

claim 3 Now we show that the (iii) hypothesis of theorem 4 is satisfied. Let u € E and v € Q such
that u = AuBv Then, for t € I we have

| u(t) I<I Au(t) Il Bv(t) |
<l fit,u®) Il |- fot“rg) [9(e, I3u(0), IM3u(@), .., I5u() + [ K (z,5,u(s)ds]de
o hola@ 1@, @), . 1) + [ K (7,5,u(s)ds] dr

h(uw) |]
f(0,h(w))
br(3—a)

<[ FEu®) = F60 1+ £60 N ([ram + mraag) [07ER + 6 + My + M, )
< A lu | +Mp]Y.

Thus, we obtain

i< Y _ g
(o) IS 755 =

https://internationalpubls.com 991



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 3 (2025)

Then u€qQ, thus  the (iii) hypothesis of  theorem 4 is  satisfied.
claim 4  Now, we show that AL <1, where L =|lB(Q) llg=sup{ll Bullg:u € Q}

Since L = supyeq{supee; | Bu(t) 1} <Y, then 4,Y < 1,

Thus all the conditions of theorem 4 are satisfied and hence the operator equation u = AuBu has a
solution in Q. In consequence, problem ([1]-[2]) has a solution on I. This completes the proof

An Example

This section includes an example that showcases how Theorem 6 can be applied.
Let us consider the following boundary value problem:

t
cpiy [%] + g (6 u(®), 1% u(t), I%u(®) + [y K (&, 5,u(s)))ds = 0, t € I = [0, 1].(6)

(1) ) )
u(0) = h(w), 100D (f(Zu (m) leo + €D (f—(zu(t))) lee1 = 0. (7)

herea =1.7, uy; =0.7, u, =0.2, a=100and b = 1.

|u|+1 i
Where f(t, u(t)) = m;m and h(u) = -0,
and
t
gt u(®), I u(t), I2u(t)) = m[u(t) + |cos(I%u(t)) — ch(1%u(®)|] +

and
K(t _ os@eIHD  Note that M F0) = =7 and M,=

(t,s,u(s)) = 100 f = SUP¢eq f(t,0) 30(6242) 60 0=

h(u(t) __ 60

| £(0,h(u(t)) | = 70
Setting M; = % G* = supse; 1 9(¢,0,...,0) |= 0.01, and we have

u+1 v+1
| f(t u) f(t v) I< 15(t2+2) | u+2 v+2|
7 lv—ul
— | — | v—1ul.

— 30 Iv+2||u+2|

then As = for u, v € R, we have

| g(t,v(t), I3 v(©), I2¥v () — g(t, u(t), 17 u(t), ISFu(t)) |

3 tO.Z t0'7
= 100(t2+1) (1 + r(1.2) + r(1.7)) lv—ul

3 1 1
= 100(t2+1) (1 + r(1.2) + F(1.7)) lv—ul

Thus, the assumption (A2) holds true with 6(t) = 100(t2+1) and 6* = 0.03 and ¢ = 3.189672.
By the above data, we get Y =0.939755 and A,Y =0.219276 <1.. Thus, we can choose
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0.935712 < R < 54.19965. Accordingly, all the conditions of Theorem 6 are fulfilled, the hybrid
fractional problem (6-7) has at least one solution on [0, 1].
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