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1. Introduction

The Banach contraction principle [1] was a foundation for a development of metric fixed point
theory which has been generalized by utilizing various contractive conditions in various contexts. In
1906, Frechet [2] introduced the notion of metric spaces. In 2007, Huang and Zhang [7] introduced
the concept of cone metric space which is a generalization of metric space. Another generalization of
metric spaces is partial metric spaces which was introduced by Matthews [3, 4] in which the self
distance need not be equal to zero and proved the partial metric version of Banach fixed point
theorem. Partial cone metric spaces have been investigated by Mahlotra et al. [10] and Sonmez. They
proved some fixed point theorems in this space. Recently many papers on cone metric spaces and
partial cone metric spaces have been appeared e.g. see . [8, 9, 13, 14, 15, 16, 17, 18]. On the other
hand, Samet et al. [5] extended and generalized the Banach contraction principle by introducing a
new class of contractive type mappings known as @ — 1 contractive type mappings. Karapinar and
Samet [6] generalized the @ — y contractive type mappings and established various fixed point
theorems.

To begin, we will define partial metric spaces , cone metric spaces, and partial cone metric spaces as
well as their properties:

Definition 1.1. (Partial metric space) A partial metric on a non-empty set X is a function
p: X x X - R* such that for all x,y, z € X the following hold
L x=yeplx)=plyy) =ply);
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2. p(x,x) < p(x,y);
3. p(x,y) =p(y,x);
4. p(x,y) <plx,z)+p(z,y)—p(z,z). Forall x,y,z € X.

Then the pair (X, p) is called a partial metric space. It is clear that if p(x, y) = 0, then (1) and (2)
imply that x = y. But if X =y, p(x, y) may not be 0. A basic example of partial metric space is the
pair (R*, p) where p(x,y) = max{x,y}forall x,y € R*.

Let E be a real Banach space and P a subset of E. P is called a cone if it satisfies the following.
(1) Pis closed, non-empty, and P # 0,

(2) ax + by € P for all x,y € P and non-negative real numbers a,b € R,

3P n (—=P) = {0}

For a specified cone P ¢ E, we can establish a partial ordering < on E in relation to P by defining
x < yifandonlyify — x € P.Thenotationx < yisused tosignifythatx < yandx # vy,
while x « y indicatesthaty — x € intP , with intP representing the interior of P . The cone P is
termed normal if there exists a constant K > 0 such that forall x,y € Ewhere0 < x < y, it
follows that ||x|| < K||y||. The smallest positive value that satisfies this condition is referred to as
the normal constant of P.

Let E be a Banach space, P a cone in E with intP # ¢ and < is partial ordering with respect to P.

Definition 1.2 (Cone metric space) Let X be a non empty set. The mappingd,.: X X X — Eis
said to be a cone metric on X if for all x,y,z € X. The followings hold:

1) 0 < d.(x,y)andd.(x,y) = Oifandonlyifx = y,
() de(x,y) = de(y,x),
@) de(x,y) < de(x,2) + de(y,2).

and (X, d,) is called a cone metric space.

Mahlotra et al. [10] and Sonmez [11] introduced the notion of partial cone metric space and its
topological characterization. We now state the definition of partial cone metric space.

Definition 1.3 (Partial cone metric space) A partial cone metric on a non-empty
set X isafunction p.: X X X — E suchthatforall x,y,z € X
(D0 < pe(x,x) < pe(x,¥),

(2) x = y ifandonlyif p.(x,x) = p.(x,¥) = pc(v,y),
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Q) pc(x,¥) = pc(y,x),
(4) pc(x,y) < pc(x,2) + pc(z,y) — pc(2,2).

A partial cone metric space is a pair (X, p.) such that X is a non-empty set and p.. is a partial cone
metric on X . It is clear that, if p.(x,y) = 0, then (1) and (2) imply that x = y. But the converse is
not true in general. A cone metric space is a partial cone metric space, but there exist partial cone
metric spaces which are not cone metric spaces. we give the following example from [11]

Example 1.4 Consider a Banach space E = R?, P = {(x,y) € E: x,y = 0}
and X = Rtandp.: X x X - E defined by p.(x,y) = (max{x,y}, kmax{x,y})

where k > 0 is a constant. Then (X, p.) is a partial cone metric space which is not a cone metric
space.

Remark 1.5 Suppose (X, p.) is a partial cone metric space, then
de(x,y) = 2p(x,¥) - pc(x,%) - pc(¥,¥)
For all x,y,z € X defines a cone metric on X,
Theorem1.6 Every partial cone metric space (X, p.) is a topological space.
Following, We give some properties of partial cone metric spaces, for more details see [11].
Definition 1.7 Let (X, p.) be a partial cone metric space. Let {x,,} be a sequence in X

andx € X

(1) {x;} is said to be convergent to x and x is called a limit of {x,,} if

1111_{{)10 pe(xn, x) = 111_{?0 pc(Xn, xn) = pc(x,x)

(2) {x,} is Cauchy sequence if there is x € P such that for every € > 0 there
is N such that foralln,m >N, ||p:(xn, xm) — x|| < €.
(3) (X, p.) issaid to be complete if every Cauchy sequence in (X, p.) is convergent in (X, p.).

In 2012, Samet et al. [5] introduced a-admissible mapping as follows:

Definition 1.8 [5] LetT: X —» Xanda: X X X — [0,). T issaid to a-admissible if
alx,y) 2 1= a(Tx,Ty) =21
forallx,y € X.
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2. Main Results

[12] Let ¥ be the family of non-decreasing function ¢ : [0,00) — [0, ) such that Y;7_; Y™ (¢t) <
oo for eacht > 0 where ™ is nth iterate of .

Lemma 2.1 [12] For every function ¢ : [0,0) — [0, ) the following holds:
If y is non decreasing, then for each t > 0, Aim Y™ (t) =0 impliesy(t) < t

and y¥(0) = 0.
Definition 2.2 Let (X, p.) be a partial cone metric space P is a normal cone with constant K.

LetT: X — X be a self mapping. Then T is said to be generalized a« — 1 contractive mapping if
there exists two functionsa : X x X — [0,00)andy € ¥ forall x,y € X we have

a(e,y)p(Tx,Ty) < p(M (x,y)) (2.1)
where

M (x,y) = max{p.(x,y),p:(x,T x),p.(y, T y)} (2.2)

Theorem 2.3 Let (X, p. ) be a complete partial cone metric space and T : X — X be self mapping.
Suppose a : X X X — [0, ) be the mappings satisfying the conditions:
Q) T is o admissible;
(i)  Tisgeneralized @ — 1 contractive mapping;
(iii)  there exists x, € X such that a(x,, T xo) = 1;
(iv) T iscontinuous or if {x,,} be a sequence in X such that a(x,, x,+;) = 1 for
allnand x,, - xasn — oothen a(x,, x) = 1foralln.

Then T has a fixed point in X.

Proof: Let x, be an arbitrary point such that a(x,, T xo) = 1. Suppose we have a sequence {x,} in
Xsuch that x,,; = Tx, foralln € N.Ifx, = x,,,4 forsomen € N, then x, is a fixed point of
T and the existence part of the proof is finished. Suppose x,, # x,+1for everyn € N Now, since T is
a-admissible, so

a(T xo, T x1) = a(xy,x) =1
a(T x,T xp) = a(xy,x3) = 1
and using induction we have a(x,, x,+1) = 1foralln € N.

Now, from (2.1) we have

Pc(Xn Xnt1) = Pe(T Xp_1, T xy) (2.3)
< a(xn—lf xn)pc (T Xn—1, T xn)
= l[)(M (xn—ll xn)) (24)

where

M (xn—li xn) = max{pc (xn—l' xn)' pc(xn—l' T xn—l): Pc (xnf T xn)}
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= max{pc(Xn-1,Xn), Pc(Xn—1, Xn), Pc(Xn) Xns1)} (2.5)
Now, if pc(xn; xn+1) > pc(xn—ll xn)- Then

o Cens Xns DI < (1o Gy Xna DD < pe(Xn, Xne))I| (2.6)
This is a contradiction. Thus forall n > 1 we have

max{pc(Xn-1,%n), Pc(Xn, Xn+1)} = pc(Xn-1,%n) (2.7)
pc(xn: xn+1)) < l/)(pc(xn—lrxn)) (2-8)

Continuing this process inductively, we obtain

pc(xn' xn+1)) S l/)n (pc(xOrxl)) (2-9)

Now for m > n, using (2.9) and triangular inequality , we obtain
m—-n—1

pc(xmrxn) = pc(xm: xm—l) + pc(xm—lixm—z) -------- pc(xn+1'xn)_ Z pc(xm—erm—k)
k=1

IA

pc(xm rxm—l) + pc(xm—l'xm—z) -------- pc(xn+1vxn)

< (@Mt 4 yYymZ4 L. Y™ pe(xg, X1)
- %pc(xo, x1) (2.10)

Since P is normal cone with normal constant K, we find that

[19eGoms 2D < KII25 peCro, 20| (2.12)

Which implies that p.(x,,, x,) = 0asn,m — oo. Hence {x,,} a Cauchy sequence
in partial cone metric space which is complete hence it must be convergent in X,

let lim x,, = z therefore

n—oo
pc(z,z) = %l_r}.}o pc(xn, 2) :il_r){}o Pc(Xn, Xn) = 0
Case 1. T is continuous, then we have x,,; = Tx, —» Tz as n — oo. By uniqueness of limit
T z = z. Hence z is afixed pointof T .

Case 2 If {x,} is a sequence in X such that a(x,, x,4+1) = 1forallnand x,, - zasn — oo. Then
a(x,,z) = 1 for all n. Now we show that ||p.(T z,z)|| = 0, On contrary, assume ||p.(T z,z)|| >
0 we have

pc(Tz,2) < pc(T2zTxp) + pe(T xp,2) = pc(T x5, T X7)
= a(xn' Z)pc(T z,T xn) + pc(T Xns Z) - pc(T Xn» T xn)

< YWM (xn,2)) + pc(Xn41,2) (2.12)
Since P is normal cone with normal constant K, we have
llpc(T z,2)|| < K|[Y(M (xp,2)) + pc(Xns1,2)]| (2.13)
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where
M (xn,z) = max{p.(xn,2), pc(xXn, T Xn), pc(2,T z)}
= max{p:(Xn, z), pc(Xn, Xn+1), Pc (2, T 2)} (2.14)

Takingn — oo we get

M (xp,z) = p(2,T z) (2.15)

Now, Takingn — oo in (2.12) we get that

lpe(T 2,211 < K|[Y(pc(zT 2|1 Kl|p. (2T 2)]] (2.16)
which is not true for all K > 0. So we get a contradiction. Therefore ||p.(T z,z)|| = 0 as
n — oo. ltimpliesthat T z = z and hence z is a fixed point of T .This completes the proof.

Example 2.4 LetX = [0,00) and p.(x,y) = (max{x,y}, k max{x,y}). Then (X,p.) is a
complete partial cone metric space. Consider the mapping T : X — Xdefined by

2
X-- x>1

T(x) = { 3 (2.17)

= 0<x<1
3

and let ¥ : [0,00) — [0, ) be such that y(t) = %for all t = 0. If we define the functions a, 8 :
X X X - [0,00)as

| w

a(x,y):{z %,y €[01] (2.18)
0 otherwise

We show that contractive condition of Theorem 2.3 is satisfied. Without loss of generality we
assume that x > y. Thenforx,y € [0, 1] we get

Xy 3 x kx
a(x,y)p(Tx,Ty) = alx,y)p. (§ ,§) = 5(5 ,?)
< 1 k

= % max{(x, kx), (x, kx), (y, ky)}

= 5 max{pc(x,y), (6, T %), pc . T ¥)}
= Y(max{p.(x,y), pc(x. T x), pc(y, T ¥)}) (2.19)

Theorem 2.5 Let (X, p.) be a complete partial cone metric space P is a normal cone with constant
K. Suppose the mapping T : X — X satisfies the contractive condition
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< pcXT xX)pc(y.T y) PcYTy) pc(xT x)
pc(Tx,TY)) < a1pe(x.y) + a et peT O+ peeTy) B3 pc(xy)
ay pc(x,Ty) +asp:(y,T x) (2.20)

where a,, a,,as, a,,as = 0 are constantssuchthata; + a, + a; + 2a, + as < 1.
Then T has a unique fixed point in X.
Proof Choosex, € XsuchthatTx, = x;, Tx; = T?xg = X3...%, = T xp_1 = T"x,. Then

Pc(Xn Xns1) = Pe(T xq1, T Xxy)

PcXn—1.T Xn-1)PC(Xn,T Xn) + Pc(xnT xp)pc(Xn—1,T Xn—1) +
Pc(Xn-1.X0)+ Pc(XnT Xn—1) + pc(Xn—-1,T Xn) 3 Pc(Xn—1,%n)
a4pc(xn—1' T xn) + aspc(xn' T xn—l)

Pc(Xn—1,Xn)Pc(XnXn+1) + PcnXns1)Pc(Xn—1,%n) +
Pc(Xn—1.X0)+ pc(Xnxn) + pc(Xn—1.%n+1) 3 Pc(Xn-1%n)

a4pc(xn—1' xn+1) + a5pc(xn' xn)

< alpc(xn—lfxn) + azpc(xn—lixn) + a3pc(xnrxn+1) + a4pc(xn—1'xn+1) + aspc(xn:xn)

< a; pc(xn—lfxn) + a;

< ay pe(Xn—1,%n) + az

< alpc(xn—lfxn) + azpc(xn—llxn) + a3pc(xn'xn+1) + a4pc(xn—1'xn) + a4pc(xn: xn+1)
- a4pc(xnrxn) + aspc(xn' xn)

= (al + a, + a4)pc(xn—1'xn) + (a3 + a4)pc(xnrxn+1) + (aS - a4)pc(xn'xn)
= (al + a; + a4)pc(xn—1:xn) + (a3 + a; + a5)PC(Xn,Xn+1)

< TR (X1, Xn) (2.21)

1-(az+as+a

(a; + a; + ay)

Let A =
1 — (a; + as + as)

Sincea; + a, + a3 + 2a, + a5 < landaz + a, + as < 1implies
that A < 1. Hence
Pc(Xn, Xn+1) S Apc(Xn-1,Xn) (2.22)

foralln € N.Foranym > nwhere m,n € N we have

m-n—1
pc(xm'xn) < pc(xm:xm—l) + pc(xm—lrxm—z) -------- pc(xn+1:xn) - Z pc(xm—k:xm—k)
k
< pc(xmr xm—l) + pc(xm—llxm—z) -------- Pc (xn+1jxn)
< @t amlg A p(xo, X1)
/11’1.
= mpc(xO'xl) (2.23)

Since P is normal cone with normal constant K, we have

https://internationalpubls.com 2618



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 10s (2025)

e (e, x| < Kl 7 Apc(xo;xl)ll (2.24)

Now since 4 < 1, [pc(tm %))l < Kl 2= po(xo,xp)l| = Oasn — oo

Hence {x,} is a Cauchy sequence in a partial cone metric space which is complete hence it must be
convergentin X, let lim x,, = z therefore

n—-oo

pc(z,2) = rlli_llrc}opc(xniz) :rlli_rglopc(xn:xn) =0

Now we show that ||p.(T z,z)|| = 0, On contrary, assume ||p.(T z,z)|| > 0 we have

pc(Tz2) < pc(TzTxn) + pc(T xn,2) = pc(T X, T %)

pc(ZT 2) pc(xn,T x3) pc(en,T x0)pc(2,T z)
pc(Zxn)+ pc(en,T )+ pc(Z,T xy) 3 pc(z,x3)

aspe(Xn, T z) + pc(T xp,2) = pe(T x5, T Xp,)

pc(zT 2)pc(XnXn+1) PcnXn+1)pc (2T Z)
pc(zxn)+ pc(xnT 2)+ pc(z,xn+1) 3 pc(z.xn)

<a,1p:(z,xp) + ay +aupc(z,T x,) +

Savlpc(zr xn) + a; 4pc(Z T xn) +

aspc(xn, T 2) + pc(Xn+1,2)
S a1Pc(2,%n) + +a4Pc(2, Xn11) + aspc(Xn, T 2) + pc(Xny1,2)
S a1p:(2,%n) + +a4 pe(2, Xn41) + aspc(T 2,2) + aspc(z,%,) - aspc(z,2) + pc(xni1,2)
< (a1 + as)pe(z, %) + +[aspe(Xns1,2) + pec(Xns1,2)] + aspe(T z,2) (2.25)
So using (2.25) we have

( )
pc(TZ Z) — a1+a5 c( xn) + pc(xn+1'z) + pc(xn+1'z) (2-26)
Hence

e (T 2, 2)|| <

((11 + as)

1
K”pc (xn+1'Z)|| + 1__aSK||pc(xn+1'Z)” -0

(2.27)
So we have ||p.(T z,z)|| = 0 therefore p.(T z,z) = OorTz=2.
Uniqueness If z; is s another Fixed Pointof T, Then T z; = z; replacing x by z
and y by z; in (2.1) we get

pc(z,21) = pc(T 2,T z,)

pc(2,T 2)pc(21,T 21)
pc(z,2z1) + pc(z1,Tz) + pc(2,T 1)
pc(z1,T z)pc(2,T 2)

“ pc(2,21) + a4pc(2,T z1) + aspc(21,T 2)

< a,p.(z,21) + a,
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pc(z,2)pc(21,21) pc(21,21)p(2,2)
pc(2,21) + pe(21.2) + pe(2,21) 3 pe(zz1)

aspe(z1, 2) (2.28)

Therefore p.(z,z,) = 00rz = z; .

+ aup.(z, z;) +

<a,p.(z,2z1) + a,

3. Application

This section is influenced by the findings presented in the papers [19, 20] which aims to offer an
application of Theorem 2.3 to the solution of second order differential equation of the form

x"(t) = —f (t,x(t)),t € I
x(0) = x(1) =0 (3.1)

wherel = [0,1],f: 1 x R = R is a continuous function.Consider the space X = C(I) of
continuous function defined on I. It is well-known that the Problem (3.1) is equivalent to the integral
equation

x(6) = [, g(&,5)f (s,x(s)) ds (3.2)

forall t € [0, 1] where g is the Green function defined by

(1 -5t 0<t<s<1

(1—-1t)s 0<s<t<1 (3.3)

g(t,s) = {

Then solving problem (3.1) is equivalent to finding fixed point of T in C(1I).
Theorem3.1LetX = C(I)andT : X — X be an operator given by

Tx(8) = [, g(t.s)f (s,x(s)) ds (3.4)
forallx € Xandt € I = [0, 1]. Suppose the following conditions hold:

0] Forallt € I,foralla,b € Rwith||al|,||b]|] £ 1, we have

If @) — f(tb)| = Bu(la — b) (3.5)

(i)  thereexists x, € C(I) suchthat ||xo|| < 1,
(i) forallx € C(I)
xlleo < 1 > [ [y gt 9)f (s,x())ds||_ < 1 (3.6)
Then the second order differential equation (3.1) has a solution.

Proof Consider C(l) endowed with the partial metric given by

llx = wll,  lxll< Liyll< 1

pc(x,y) = | 3.7)

lx — y||OO +7 otherwise
where t > 0. Then (C(1), p.) is a partial metric space. Now we define partial

cone metric as
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pc(x,y) = (pc(x, ), Bpc(x,¥)) (3.8)
where f§ = 0. Now, letx,y € C(I)suchthat||x|| < 1, ]||y|| £ 1, then we have

pc(Tx,Ty) = (ITx = Tyl|_,BIITx = Tyll)

= ( sup j g(t, s)|f (s x(s)) f (s y(s))|ds B sup J 9(t, s)|f (s x(s)) f (s y(s))|ds)

te[o,1]

= ( sup f g(t,s)8 ulx(s) —y(s)lds,B sup f g(t,s)8 ulx(s) — y(s)lds)
0 tefo,1] Jo

tefo,1]
1 1
= < sup [, g(t,s) % (8 ullx —yl|_)ds,pB sup fo g(t,s) x (8 ullx —y||oo)ds> (3.9)
tefo,1] tefo,1]

Now, as we know  sup f g(t,s)ds —% and taking ¥ (t) = ut
telo,1]

pc(Tx,Ty) < plpc(x,¥)),Bpc(x,¥)))

< upce(x,y)
< Y(pc(x,y)) < p(max{p.(x,y),pc(x, T x), pc, T ¥)}) (3.10)
Define the function @ : C(I) x C(I) — [0,0) as
_(1 lIxll=L]yll<1
aley) = {O otherwise (3.11)

Forall x,y € C(I)

a(e,y)p(T x,Ty) < p(max{p.(x,y),p:(x, T x),pc(¥, T y)}) (3.12)

Clearly, all the conditions of Theorem 2.3 are satisfied and so I' has a fixed point. Thus the system of
integral equations (3.2) has a solution.
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