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1. Introduction and Preliminaries

A general Hurwitz-Lerch Zeta function¢(2 ,8,a )is defined in the literature in the following manner

[1]:

¢(z,s,a)=i— ..(L1)

S
=0 (n+a)s’
(ae%,seCWhen‘Z‘<1 and Re(s)>1 when |Z| =1)
0

Where C,R,R",Z represents the Set of complex numbers, Set of real numbers, Set of positive real

numbers and Set of integer number respectively and Z, =2~ U {0}, /Z = {—1, —2,—3...}

The Hurwitz-Lerch Zeta functi0n¢(Z,S, a) is defined in (1.1) contains, its special cases, as the

Riemann Zeta function ¢ (S) and Hurwitz-Lerch Zeta function { (S, a )deﬁned by (see, for details,[1,
chapter 1])

()= ——=g(1s1) (Re(s)>1) (12)
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- : 1)S=¢(1,S,a) (Re(s)>1;ae%_j ...(1.3)
n=0\n+a 0

A generalization of the Hurwitz-Lerch Zeta functi0n¢(Z,S,a)Was studied by Lin and Srivastava [2,
p.727, €q.(8)]

V’ Zsa i ﬂp” z ...(1.4)
n=0 V n( +Cl)

(yeC;a,ve%_,p,aeR*;p<aWhens,zeC;pzo- and s € C when ‘Z‘<5=p_p00;p20
0
and Re(s-4-v)>1 when |2|=0)

Where (ﬂ)n denotes the general pochhammer symbol which is defined by in terms of the gamma

| (n:O;le%O}J

(1), _LUn)_ ..(1.5)
/1(/1+1).../1(2+n—1) (nzN;ieC)

function by

The function at p = o =1and v =1lyields the Hurwitz-Lerch Zeta function defined and studied by
Goyal and Loddha [3, p.100, eq.(1.5)]
) o (1) 2
¢ﬂ(z,s,a):Z—)— ...(1.6)

(ueCae % ,S € CWhen‘Z‘ <land Re(s—y) > 1 when |Z| =1)
0

Further generalization of the functions ¢(Z,S, a)and ¢; (Z,S,a)was considered by Garg et.al [4] in
the following manner [4,p.313, eq.(1.7)]:

0 Z/ Zn
B (2:5,0) = Z( )u(4), (1.7)

=0 (V)nn! (a+n)s

A, ueCv,a e%;s € then‘Z‘ <land Re(S+V—/1—,u)>1when |Z| =1)
0

A further generalization of a family of Hurwitz-Lerch Zeta function defined and studied by
Srivastava et al [5, p.491, eq.(1.20)] in the following form:
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< ’Upn ),-m z"

0= (v) n! (n+a)s

(ﬂ,,,ueC;v,ae%;p,a,keR+;k—p—0'>—1Whens,zeC;k—p—a=—l and s € C when
0

..(1.8)

‘Z‘<5* :p_pa_gkk;k—p—0'=—land Re<S+V—l—,U)>lwhen ‘2‘25*)

The well-known Mittage-Leffler function £, (Z )in defined by following manner [13](See also
[14,15])

Ea(z)ziri, (ZeC,Re(a)>0) ...(1.9)

ST (an+1)

This function further generalized by Prabhakar[16] in the following form [See also [17]]:

Eiﬂ(z)—z(;% ..(1.10)

(0{,,8,)/ eC;Re(a)>0,Re(f)>0,Re(y) >O)

In view of extension of parameters, Mittage-Leffler function was also studied by Khan et al [6, p.2,
eq.(1.9)]

e (1), (), 2
Erena (7)=3Lon U
R ) @), Tlan -
Where «, B,1,6, u,v, p,o € C; p,q >0and qSRe(a)+p and,
min{Re(a),Re(,b’),Re(r]),Re(é),Re(,u),Re(v),Re(p),Re(O')}>Oif 5= p =1, it takes the

following form

( )q,, z"

Eypri(z ZO ) F(an+ﬂ)n' (1.12)
Where a, 8,7, 1,v, p,o € C; p,q > 0and <Re(a) and,
min{Re(a),Re(,B),Re(n),Re(u),Re(v),Re(p),Re(a)} >0
Wright Introduced and studied the Taylor-Maclaurin Series [7, Pg.:424]:
e, (4:2) :Zw: (a,ﬂeC;Re(a)>O) ..(1.13)

an+ﬂ)

Where ¢(n) is a function satisfying suitable conditions Motivated by the work of Wright[7] E.W.

Barnes [23] considered the asymptotic expansion of functions in the class which is defined as
follows:
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n

) (ss2) = Z z (a,ﬂeC;Re(a)>O) ..(1.14)

o (n+k) T (an+p)

For suitable restricted parameters k and s

Recently for suitably restricted sequence {¢(n)}j:0, Srivastava [8] introduced and studied a class of
function [See also [9][10]]:

-5 #(n)z" here(a, B e C:Re(a)>0 1.15
p (#iz.5.a) ; (a+n) T(an+pB) ) ere( Fe6 ( ) ) R

H .
For ¢(n)= (n—')”the following function recently studied by Virendra [11, p.13, Eq.(1.9)]:

© (,U) 2"
5 — — ...(1.16
. ZSd Zo 5n+a)51“(0m+,8) n! (1.16)

Where Re(u)>0;Re(5)>0;Re(a)>0;Re(s)>0;Re(a) > 0; Re( B) > 0and |2 <1

To give more extension in view of the parameters, we consider here the following more generalized
function defined and represented as below.

et (z,5,a) i (#), (2., 2 ..(1.17)

“hos o)., (a+n) T(an+ f)n!
Where (a,ﬁ,ﬂ,/IEC;a,O'E%;59V,§ER+;§—5—V>—1When s,zeC;E—6—v=—land
0
s €C when ‘Z‘<p* =5_5V_V§§; §—o—-v=-land Re(s+o-_ﬂ_ﬂ«)>1when ‘Z‘zp*)

The integral representation of function defined in (1.17) is also obtained here and given as the
following theorem.

Theorem-1.1
For min{Re(a),Re(S)} >0, 0,8, u,AeCsa,0e CZ_;5,V,§ eR";E—6—v>—lwith

0

‘Z‘ <d = 5_5V_V§ 5; integral representation of the function defined in (1.17) € SAy (Z,S,a)holds

a’ﬁ’o-’g
true
y,&,lv 1 T 7at s—1 Eyélv —t dt (1 18)
eayﬂ,af z,s,a) ste { aﬂmf(ze )} (1.
0
Where E 5 ot ( )is the Mittage-Leffler function defined in (1.12)

Proof: The function defined in (1.17) can be written straight in the following form
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. i A
ot (a3 e T
s [s & n'F(anJrﬂ) (a+n)

Now using the following elementary Gamma integral

a+n

‘j 1 - la (min{Re(s).Re(a)} >0neN, ) ..(1.19)

and then changing the order of integration and summation, we have

PR (ZS a) L]Ze—atts—l i (lu)sn(ﬁ“)vn (Zeit) dt

@ [s+ ,1=0(0')§nr(an+,8) n!

S

On interpreting the inner series in view of (1.10) we at once arrive at the desired result it completes
the proof of theorem (1.1).

m+l—1}:(nla')l

(m)l is the pochhammer’s notation

Throughout the paper {
m

2. Generating Functions

The four generating functions involving the general function define in (1.17) are establish here.

Theorem-2.1
For Inin{RC(d),Re(S)} >0, 0,8, 1,A€C;a,0 e %;5,1/,5 eR";E-0—-v>—lwith
0

‘Z‘ <6 =0V E we have

0 1 N
Z(S+l j g‘;ig (z,s+1,a)f —egfjgg (z,s,a—t) ..(2.1)

1=0

Theorem-2.2
For min{Re(a),Re(s)} > 0; a, B u,AeCia,oc %;5,V,§ eR";E—6—v>—lwith
0

‘Z‘ <& =8"v"E we have

o (s+20-1) ‘ |
;(S +2ll Jeg“’ﬂff”@ (z,s+20,a) = %[eﬁ%’;g (z.s,a+1)+elyn. (z,s,a—t)] ..(2.2)
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Theorem-2.3
For min{Re(a),Re(s)} >0, 0,8, 1,A€C;a,0 e %;5,1/,5 eR";E—-5—v>—1with
0

‘Z‘ <0 =0"v"E we have

2@; +2 3 Sipas (2542 +La) = %[Eﬁii’,ﬁé (z.s,a—t)—li?” (z,5,a+1) | .(23)
=0

Theorem-2.4

— (fu)a‘n(/l)vn i 1 (QP); t
_Z(O')énl“(an+,3)n (a+n)z‘9 Zﬂ qu{ } 29

Where , F, is a generalized hypergeometric function defined by

(o) ] ).
) >E—= (<) (2.5
[(b n—OH()

Outlines Of Proofs
Proof of Theorem 2.1:

Let left hand side of (2.1) is denoted by A, i.e.

A = iis +ll_1j et (zs+1La)t

On using the definition (1.17) and changing the order of summation we have

N S )P0 Vi {i“)’( : )}

n=0(0-)§n(a+l’l) [(an+p)n! s 1! \a+n
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2x", we have

| o | . a(a
Now on using the binomial expansion (1 — x) = Z '
n=0 N:

)5 (A, 1
— an(anJrﬁ) (a—t-i—n)s

Ms

Now on interpreting the resulting series in view of (1.17) arrive at the desired result in (2.1)

Proof of Theorem 2.2:
Let left hand side of (2.2) is denoted by A,i.e

© 2/-1
A, = Z(S+2l ]e;’;ivg (z,s+2l,a)t21

=0

On using the definition (1.17) and changing the order of summation we have

w ) (ﬂ)vn z" S (S)Zl e Y
A, = nz é (a-l-l’l) F(a+nﬂ)n!{lzo:(2l)!(a+nj }

Now in view of the binomial expansion

ig;—l)j)"!xz" = %[(1 —x) "+ (1+ x)fa]

n=0

It takes the following form

© 2|55 (o), T (an+ p)(a—t+n) 1F(c), niT(an+p)(a+t+n)

BT 7 GO WS S 17 W G Ve

On interpreting the resulting series in view of definition (1.17), we at once arrive at the desired result
in (2.2)

Proof of Theorem 2.3:
Let left hand side of (2.3) is denoted by A, i.e

© (s+2/ !
A, = e"ohv (7. 5421+ 1, a)t*"™
’ ;(2”1] s )

On using the definition (1.17) and changing the order of summation we have

. ) (ﬂ')vn Zn N 2l+l( t jZHI
nh Z ), n'T(an+B)(a+n) 2 (20+1)\a+n

Now in view of the binomial expansion
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1

5 L7

It takes the following form

I o | P

2 nzo(a)gnl“(anﬂﬁ)(a t+n " ! n:O gl"(an+,8)(a+t+n)sn!

On interpreting the inner series in view of definition (1.17), we at once arrive at the desired result in
(2.3)

Proof of Theorem 2.4:
Let left hand side of (2.4) is denoted by A, i.e,

L l , P q tl
A, =Z’q—1—) efjii; (z,;Q—;ﬂj+l,ajﬁ

:i (u)5’7(ﬁ,)vnz’7 il:[(ez)/( " )11
nzo(a)gnn!l“(an+ﬂ)(a+n)z Zﬂ, I:OH(ﬂj)l a+n/) 1!

J=1

Now interpreting the inner series into generalized hypergeometric function , | in view of (2.5) at

once arrive at the desired result in (2.4)

3. Mild Extension And Associated Generating Functions

A mild extension is also considered here, it is defined and represented in the following manner:

.o, (p,

e(””>’(5p) (z.5.a) :i Eui z G

The integral representation for the above function defined in (3.1) is given in the following theorem.
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Theorem 3.1:

Forp,qGNO;S,Z,,Lli,OC,ﬁEC(i:1929 ....... p), a9o-je%— (j:1,2, ....... q)’d’p/ER+
0

(i=L2ccep;j=12,.ccq)

()45, Ut eigw)e) (L
Lptonte) (5@ =g [ E L Gy (27 -G-2)

Where E((){#;){(ﬁp))(p ) (z)is the Mittage-Leffler function defined as follows:

(#:){5) _N 8 z
Ea,ﬂ;(aq),(pq) (Z) - Z - . (33)

Proof: Theorem 3.1 can be easily proved following the similar lines as to prove Theorem 1.1

The four generating functions involving general function defined in (3.1) are establish here and given
in the following theorem (3.2) to (3.5).

Theorem 3.2:
Forp,qeNo;s,z,,ul.,a,ﬂeC(iZI,z, ....... p);a’UjEC _(j:1,2, _______ q);é;,,OJER+

(i=12,.cccp;j =1,2,.......q), we have

o 201 5 o 1T () )
z(s +21 jei’f;);((%p)),(pq) (z,s+2La)t =5[e(a,ﬁﬂ);((j:))ﬂ(m) (z,s,a+t)+ ei’ﬂ);((;))’(pq) (z,s,a—t)}.(3.5)
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Theorem 3.4:

(i=L2ccep;j=12,.ccq)

Theorem 3.5:

FOI‘pquO,szﬂl,aﬂGC( —12, ....... p);a,UjEC 7(].:1,2, ....... ),5],ij1’2+

<1 where | Fin the generalized

(i=L2ep;j=12,.q); Re(ze j>Re(Z/1 j>0

hypergeometric function defined in (2.5)

> = (s }) 39 —i Pl
k Ea,ﬂ;(o’q),(pq) Z;MZI u - v ,a ll

P
0 H(ll’lt )5,, n 0 .
-y i Z_ 1 F (6.):_t .(3.7)
=R g o34
[1(c,),,M(an+p) " (a+m=" 2
J=1 ’
The proof of Theorem (3.2),(3.3),(3.4),(3.5) are developed following the similar lines as to proof of
(2.1),(2.2),(2.3) and(2.4) respectively in view of the definition of general function defined in (3.1)

4. Applications

The functions studied in this paper are very general in nature and unify all the functions related to
Hurwitz-Lerch Zeta function, therefore many known and New results can be obtained from our main
results. As an application, some of these have been shown to derive as follows.

(1) If in the result (1.17), we consider Lim o — 0, then it reduces to the known result due to
Srivastava et al [5, p. 494.eq. (2.4)]
(i) If in result (2.1) to (2.4), we apply Lim a — 0, then these results reduce to the known result
studied by Gupta [12, pp. 132-133, eq. (2.9.1) to (2.9.4)]respectively.
(i) If in result (3.2) we take Lim a — 0, then it reduces to the integral representation for
Hurwitz-Lerch Zeta function studied by Srivastava et al [5, pp.504, eq. (6.4)]
(iv) If we take o — 0, the result (3.4) to (3.7) reduce to known results for Hurwitz-Zeta function
due to Gupta [12, pp. 134-135, eq. (2.9.7) to (2.9.10)]
(v) Ifwetake u=0,56=<~&,v=1 in (2.1), it reduces to the known generating function due to
Virendra [11, p. 17,eq. 3.1)]at 6 =1.
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(vij For p=2,9=1, u=0, v=1, 5= &the theorem 2.4 provides the known results due to
Virendra [11, p. 17, Theorem (3.2)].

5. Conclusion

The general function and its Mild generalization studied in this paper unify all the function related to
Hurwitz-Lerch Zeta function, its extension as well as the Mittag-Leffler function and their extension
scattered in the literature. Many properties involving these general functions like The derivatives, the
fractional calculus and fractional order differential equations and more results related to finite and
infinite integrals can be established. The present study is worthwhile as the properties of Mittage-
Leffler function and their generalizations are being study [18,19,20]. The Mittag-Leffler function is
widely used to solve differential equation of fractional order [21,22]. So our proposed study will be
very useful to the young researchers, who are engaged in the field of study.
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