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1. Introduction and Preliminaries 

A general Hurwitz-Lerch Zeta function is defined in the literature in the following manner 
[1]: 

,    …(1.1) 

when  and  when  

Where  represents the Set of complex numbers, Set of real numbers, Set of positive real 

numbers and Set of integer number respectively and ,  

The Hurwitz-Lerch Zeta function is defined in (1.1) contains, its special cases, as the 

Riemann Zeta function and Hurwitz-Lerch Zeta function defined by (see, for details,[1, 
chapter I]) 

    …(1.2) 
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   …(1.3) 

A generalization of the Hurwitz-Lerch Zeta function was studied by Lin and Srivastava [2, 
p.727, eq.(8)] 

   …(1.4)  

 when  and  when 

and  when  

Where denotes the general pochhammer symbol which is defined by in terms of the gamma 
function by 

 …(1.5) 

The function at and yields the Hurwitz-Lerch Zeta function defined and studied by 
Goyal and Loddha [3, p.100, eq.(1.5)] 

    …(1.6) 

when and  when  

Further generalization of the functions and was considered by Garg et.al [4] in 
the following manner [4,p.313, eq.(1.7)]: 

   …(1.7) 

when and  when  

A further generalization of a family of Hurwitz-Lerch Zeta function defined and studied by 
Srivastava et al [5, p.491, eq.(1.20)] in the following form: 
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   …(1.8) 

when  and when 

and  when  

The well-known Mittage-Leffler function in defined by following manner [13](See also 
[14,15]) 

,    …(1.9) 

This function further generalized by Prabhakar[16] in the following form [See also [17]]: 

    …(1.10) 

 

In view of extension of parameters, Mittage-Leffler function was also studied by Khan et al [6, p.2, 
eq.(1.9)] 

   …(1.11) 

Where and  and,

if , it takes the 
following form 

   …(1.12) 

Where and  and,

 

Wright Introduced and studied the Taylor-Maclaurin Series [7, Pg.:424]: 

  …(1.13) 

Where is a function satisfying suitable conditions Motivated by the work of Wright[7] E.W. 
Barnes [23] considered the asymptotic expansion of functions in the class which is defined as 
follows: 
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  …(1.14) 

For suitable restricted parameters  and  

Recently for suitably restricted sequence , Srivastava [8] introduced and studied a class of 
function [See also [9][10]]: 

 where   …(1.15) 

For the following function recently studied by Virendra  [11, p.13, Eq.(1.9)]: 

   …(1.16) 

Where ; ; ; ; ; and  

To give more extension in view of the parameters, we consider here the following more generalized 
function defined and represented as below. 

  …(1.17) 

Where ; ; when ; and

when and when  

The integral representation of function defined in (1.17) is also obtained here and given as the 
following theorem. 

Theorem-1.1 

For ; ; with 

integral representation of the function defined in (1.17) holds 
true 

  …(1.18) 

Where is the Mittage-Leffler function defined in (1.12) 

Proof: The function defined in (1.17) can be written straight in the following form 
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Now using the following elementary Gamma integral 

  …(1.19) 

and then changing the order of integration and summation, we have  

 

On interpreting the inner series in view of (1.10) we at once arrive at the desired result it completes 
the proof of theorem (1.1). 

Throughout the paper  where  is the pochhammer’s notation 

2. Generating Functions 

The four generating functions involving the general function define in (1.17) are establish here. 

Theorem-2.1 

For ; ; with 

we have 

 

  …(2.1)  

 

Theorem-2.2 

For ; ; with 

we have 

  …(2.2)  
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Theorem-2.3 

For ; ; with 

we have 

 …(2.3) 

 

Theorem-2.4 

For ;  

 

  …(2.4) 

Where is a generalized hypergeometric function defined by 

   …(2.5) 

Outlines Of Proofs 

Proof of Theorem 2.1: 

Let left hand side of (2.1) is denoted by i.e. 
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Now on using the binomial expansion , we have 

 

Now on interpreting the resulting series in view of (1.17) arrive at the desired result in (2.1) 

Proof of Theorem 2.2: 

Let left hand side of (2.2) is denoted by i.e 

 

On using the definition (1.17) and changing the order of summation we have 

 

Now in view of the binomial expansion 

 

It takes the following form 

 

On interpreting the resulting series in view of definition (1.17), we at once arrive at the desired result 
in (2.2) 
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It takes the following form 

 

On interpreting the inner series in view of definition (1.17), we at once arrive at the desired result in 
(2.3) 

Proof of Theorem 2.4: 

Let left hand side of (2.4) is denoted by  i.e, 

 

On using the definition (1.17) and changing the order of summation we have 

 

Now interpreting the inner series into generalized hypergeometric function in view of (2.5) at  
once arrive at the desired result in (2.4) 

3. Mild Extension And Associated Generating Functions 

A mild extension is also considered here, it is defined and represented in the following manner: 

  …(3.1) 
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The integral representation for the above function defined in (3.1) is given in the following theorem. 
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Theorem 3.1: 

For ; ;  ;

 

 

   …(3.2) 

Where is the Mittage-Leffler function defined as follows: 

   …(3.3)  

Proof: Theorem 3.1 can be easily proved following the similar lines as to prove Theorem 1.1 

The four generating functions involving general function defined in (3.1) are establish here and given 
in the following theorem (3.2) to (3.5). 

Theorem 3.2: 

For ; ; ;

, we have 

=  …(3.4) 

 

Theorem 3.3: 

For ; ; ;

, we have 
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Theorem 3.4: 

For ; ; ;

 

= …(3.6) 

 

Theorem 3.5: 

For ; ; ;  

; ;  where in the generalized 

hypergeometric function defined in (2.5) 

 

  …(3.7) 

The proof of Theorem (3.2),(3.3),(3.4),(3.5) are developed following the similar lines as to proof of 
(2.1),(2.2),(2.3) and(2.4) respectively in view of the definition of general function defined in (3.1) 

4. Applications 

The functions studied in this paper are very general in nature and unify all the functions related to 
Hurwitz-Lerch Zeta function, therefore many known and New results can be obtained from our main 
results. As an application, some of these have been shown to derive as follows. 

(i) If in the result (1.17), we consider , then it reduces to the known result due to  
Srivastava et al [5, p. 494,eq. (2.4)] 

(ii) If in result (2.1) to (2.4), we apply , then these results reduce to the known result 
studied by Gupta [12, pp. 132-133, eq. (2.9.1) to (2.9.4)]respectively. 

(iii) If in result (3.2) we take , then it reduces to the integral representation for 
Hurwitz-Lerch Zeta function studied by Srivastava et al [5, pp.504, eq. (6.4)] 

(iv) If we take , the result (3.4) to (3.7) reduce to known results for Hurwitz-Zeta function 
due to Gupta [12, pp. 134-135, eq. (2.9.7) to (2.9.10)] 

(v) If we take  , ,  in (2.1), it reduces to the known generating function due to 
Virendra [11, p. 17, eq. (3.1)] at . 
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(vi) For  , , , , the theorem 2.4 provides the known results due to 
Virendra [11, p. 17, Theorem (3.2)]. 
 

5. Conclusion 

The general function and its Mild generalization studied in this paper unify all the function related to 
Hurwitz-Lerch Zeta function, its extension as well as the Mittag-Leffler function and their extension 
scattered in the literature. Many properties involving these general functions like The derivatives, the 
fractional calculus and fractional order differential equations and more results related to finite and 
infinite integrals can be established. The present study is worthwhile as the properties of Mittage-
Leffler function and their generalizations are being study [18,19,20]. The Mittag-Leffler function is 
widely used to solve differential equation of fractional order [21,22]. So our proposed study will be 
very useful to the young researchers, who are engaged in the field of study. 
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