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Abstract: Classical probability theory models uncertainty through precise distributions and
point-based estimates. However, real-world data often exhibit imprecision, vagueness, and
conflicting evidence—forms of uncertainty that traditional models are ill-equipped to handle.
This paper proposes a novel framework for deriving credibility-based interval estimates for
the Xexponential distribution using neutrosophic logic. Neutrosophic sets characterize
uncertainty through independent measures of truth, indeterminacy, and falsity, providing a
richer and more flexible representation. By integrating this with credibility theory, we define
Neutrosophic Credibility Bounds (NCBs), which quantify the plausible range of a
neutrosophic random variable governed by the Xexponential distribution. Analytical
properties are derived, and a simulation study is conducted to explore the behavior of the
bounds under varying credibility levels and thresholds.

The proposed model is also applied to real actuarial data, demonstrating its effectiveness in
risk modeling where data incompleteness and subjectivity are prevalent. The framework offers
a robust alternative to classical confidence intervals, particularly in decision-making
environments shaped by hybrid uncertainty.
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1. Introduction

Uncertainty is a fundamental characteristic in many practical systems, particularly those
involving incomplete, imprecise, or inconsistent data. Traditional probabilistic models often
assume full knowledge of underlying distributions, which limits their applicability in vague or
fuzzy environments. The Xexponential distribution, introduced as an alternative to the classical
exponential model, offers additional flexibility in modeling lifetime data and stochastic
processes with skewness and heavy tails [2,1].

However, further generalization is needed to incorporate different types of uncertainty that go
beyond randomness—particularly those arising from subjective judgment, conflicting
evidence, and partial truth. This motivates the integration of two powerful mathematical
frameworks: Neutrosophic Set Theory and Credibility Theory.

Neutrosophic Set Theory, developed by Smarandache [5], allows each element to have degrees
of truth (T), indeterminacy (I), and falsity (F) within a nonstandard interval [0—,1+][0"-,
17+][0—,1+]. This structure provides a powerful generalization of fuzzy and intuitionistic fuzzy
sets, capable of modeling uncertainty with a more granular and flexible logic.
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In parallel, Credibility Theory, introduced by Liu [6], provides a self-dual belief measure
framework that is especially suited to evaluating fuzzy events. It has become increasingly
important in uncertain decision-making environments where classical probability fails to reflect
epistemic ambiguity.

Recent advancements in statistical modeling have introduced a variety of new lifetime
distributions to better fit real-world data under complex conditions. Notably, Halim Zeghdoudi
and collaborators have contributed significantly to the development of Lindley-type and
generalized distributions, including the Gamma-Lindley distribution [7], Pseudo Lindley
distribution [8, 9], Size-Biased Gamma Lindley distribution [10], XLindley distribution [11],
and its inverse variant [12]. These models offer enhanced flexibility in capturing skewness,
kurtosis, and tail behaviors, and have been applied to a wide range of data types.

Furthermore, Zeghdoudi et al. proposed the Zeghdoudi distribution [13], as well as a new
Lindley-type distribution specifically tailored to model voltage data in engineering applications
[14]. Such models play a key role in reliability analysis, risk management, and decision support
under imprecise data conditions.

Motivation. In real-world applications—such as actuarial science, engineering risk analysis, and
financial modeling—decision-makers frequently encounter data with incomplete
documentation, expert disagreement, or uncertain provenance. While the Xexponential
distribution provides a versatile probabilistic model, it alone cannot capture the non-random
aspects of uncertainty. By integrating neutrosophic logic and credibility measures, this paper
proposes a framework for constructing Neutrosophic Credibility Bounds (NCBs), offering a
robust alternative to classical confidence intervals under hybrid uncertainty scenarios.

Contribution and Plan of the Paper.

The main contribution of this paper is the development of neutrosophic credibility bounds for
random variables that follow the Xexponential istribution. The paper is structured as follows:

e In Section 2, we review the theoretical foundations of Neutrosophic Credibility Bounds.

e Section 3 provides an overview of the Xexponential distribution, including its key
statistical properties.

e Section 4 derives and analyzes the properties of the proposed neutrosophic credibility
bounds, supported by analytical expressions and mathematical proofs.

e Section 5 presents a Monte Carlo simulation study to examine the behavior and
robustness of NCBs under various parameter and threshold settings.

e Section 6 applies the proposed framework to real-world data in actuarial science,
demonstrating its effectiveness in modeling uncertain insurance claims.

e Section 7 concludes the paper and outlines directions for future research.

Objectives

e To define the Neutrosophic Credibility Bounds for a Xexponential-distributed random
variable.
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e To derive the cumulative distribution function (CDF) and invert it for boundary
estimation

e To interpret the bounds under neutrosophic and credibility-based uncertainty

e To explore applications in decision-making, engineering, and information systems.

2. Overview of Neutrosophic Credibility Bounds

Classical statistical methods often assume that uncertainty is well defined and can be
captured entirely through probabilities. However, in many real-world systems, data may be
ambiguous, incomplete, or contradictory. To better model such uncertainty, neutrosophic
logic and credibility theory offer a more general and flexible framework.

Neutrosophic Set Theory, introduced by Smarandache [5], extends fuzzy and intuitionistic
fuzzy sets by characterizing each element with three degrees: truth (T), indeterminacy (1),
and falsity (F), such that:

T(x),I(x),F(x) € [07,1T],and T(x) + I(x) + F(x) <3

In parallel, Credibility Theory, developed by Liu [6], provides a belief-based framework to
evaluate fuzzy events. Unlike probability, credibility measures satisfy self-duality and are
suitable for systems where randomness is not the only form of uncertainty.
The combination of these two theories leads to the concept of Neutrosophic Credibility
Bounds (NCBs). An NCB defines an interval [LBy, UBy] such that a neutrosophic variable
Xy lies within this range with a credibility level y € (0, 1], while satisfying the following
conditions:

GTX) 2 ) 27,6GUX) <az) 2y, GFEX < az) 2.

Here a4, a,, and a3 are application-dependent thresholds for truth, indeterminacy, and
falsity, respectively.

This framework is particularly powerful in environments with hybrid uncertainties, such as
uncertain reliability systems, vague survey data, and soft computing applications.

3. Overview of the Xexponential Distribution

The Xexponential distribution is a generalized form of the exponential distribution,
designed to provide greater modeling flexibility, particularly for data exhibiting skewness
or tail behavior not well represented by the standard exponential family.

The probability density function (PDF) of the Xexponential distribution is given by:

0
f(x;0) = §(9x +2)e % x,0 >0

This distribution has the following properties:

e Non-negative Support: Defined for x > 0.
e Unimodal: The PDF increases initially and then decreases, depending on 6
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e Heavier Tail: Compared to the exponential distribution, the Xexponential can
capture more variability due to its polynomial component.

The cumulative distribution function (CDF) is:

flx;0)=1 —%(2 + x)e 0%

Mean and Variance:

Hazard Rate Function:

6(6x + 2)
h) = 3 Ggryeonr ¥ O

[5]

The Xexponential distribution is suitable for modeling lifetimes, reliability data, and other
stochastic processes that require more flexible tail behavior. It serves as a natural candidate
for uncertainty modeling in conjunction with neutrosophic systems, particularly when the
distribution of a system’s behavior is not well known or is derived from uncertain
observations.

4. Properties of Neutrosophic Credibility Bounds Using the Xexponential Distribution
4.1 Neutrosophic Structure

Let Xy be a neutrosophic random variable defined as:

Xy (x) = (T(x),1(x), F(x)),

where:
T(x) = max (0, min (1,1 - |xk_0“ )
I(x) = T(x)?,
F(x) = =T (x).

Here, u=E[X], 0 =Var(x),and k € R*  adjusts uncertainty  sensitivity.
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4.2 Credibility Measure and Bound Estimation

Using credibility theory, define the credibility level y € (0, 1). A neutrosophic credibility
bound is then:

CG(TXx)za) =y
NCB,(x) = {x € R |G (T(x) = az) =¥
G(TX) zaz)zy

with thresholds a4, @5, a3 € [0,1].

Since the CDF is:
1
Fix)=1- 3 (2 + 0x)e0*

the lower and upper bounds LB, and UB,, satisfy:

F(LB )— F(UB)+ +y

Proof of Uniqueness: Since F(x) is strictly increasing and continuous for x > 0, these
inverse values exist and are unique by the Intermediate Value Theorem.
4.3 Special Cases and Properties

e Asy—1, [LB),, UB,,] - [quantileo,s, quantileo,s](i. e.,the median)
e As 8 — oo, the distribution becomes degenerate around 0, shrinking the NCB.
e IfT(x)—1,1(x),F(x) — 0, the NCB reduces to a classical credible interval.

4.4 Graphical Representation
For visualization, one can plot:

e The CDF F(x),
e The credibility-based thresholds %,

e Neutrosophic memberships T'(x), I(x), F(x) across the domain of x.
This helps validate and interpret the estimated NCB.

The following plots illustrate the properties of the Xexponential distribution and the
neutrosophic credibility bounds under selected parameters.

Weuse 8 =1,y = 0.90, and define membership functions centered at the mean p = 4,
witho = v10 = 3.16.

Lety = 0.90. Then:

We find approximate values:
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LBO.9 =~ 04, UBo_g =~ 7.0.
PDF and CDF of Xexponential Distribution (6 = 1)
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Figure 1: PDF and CDF of the Xexponential Distribution

Neutrosophic Membership Functions

Membership Value

8 9 10 11

Figure 2: Truth, Indeterminacy, and Falsity Memberships

5. Simulation Study

To demonstrate the practicality and behavior of the Neutrosophic Credibility Bounds
(NCBs), a Monte Carlo simulation was conducted based on the Xexponential distribution.
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Neutrosophic Credibility Bounds on CDF (v = 0.90)
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Figure 3: Neutrosophic Credibility Bounds [LB,,UB,] on the CDF

5.1 Simulation Design

We generated synthetic data using the inverse transform sampling method from the
cumulative  distribution function (CDF) of the Xexponential distribution:

F(x) = 1—2(2+ 6x)e™*, with inverse x = F~1(u).

However, since F(x) is not analytically invertible, we use a numerical root-finding method
(e.g., Newton-Raphson) to compute x such that:

F(x) = u,U~(0,1)
5.2 Parameters and Sample Size

e Samplesize:n = 10,000

e Shape parameter: 0 = 1

e Credibility levels: y = {0.80,0.90,0.95}
e Truth threshold: @; = 0.7

e Indeterminacy threshold: a, = 0.2

e Falsity threshold: a3 = 0.1

The neutrosophic membership values T (x),I(x), F(x) were generated using stochastic
rules such as:
T(x) = max(0,min(1,1 — |x — p|/o)),I(x) =1 —Tx),F(x) =1 — T(x)

where p and ¢ are the empirical mean and standard deviation from the simulated data.
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5.3 Results

For each credibility level y, we estimated the neutrosophic credibility bounds by
numerically solving:

1 1+y
F(18,) =L F(uB,) = 1Y
Credibility Level y Lower Bound LB, Upper Bound UB,,
0.80 0.562 6.123
0.90 0.371 6.876
0.95 0.236 7.432

6. Application in Actuarial Science
6.1 Background and Context

In actuarial science, modeling claim amounts accurately is vital for pricing, reserving, and risk
assessment. Real-world claim data is often uncertain due to:

e Reporting delays

e Incomplete documentation,

e Expert disagreement or fraud investigation,
External uncertainty (e.g., inflation, litigation).

Classical methods (e.g., gamma or log-normal models) assume precise, complete data. In
contrast, the Neutrosophic Credibility Bound (NCB) approach accommodates uncertainty in
both values and their credibility—enhancing decision support in actuarial tasks.

6.2 Dataset: Auto Insurance Claims

Based on real-world auto insurance data from Lledo and Pavia [15].

We use anonymized claim amount data (in thousands of dollars) from a mid-sized auto insurer:
{1.2,2.1,35,4.8,1.7,5.2,6.3,39,7.1,85,10.4,12.3,14.7,2.5,9.1}

The data shows a right-skewed distribution with potential outliers and uncertain entries.

Based on actuarial review:

- 3 values (10.4, 12.3, 14.7) have conflicting loss assessments,
- 2values (1.2, 1.7) are flagged as potential underreporting

6.3 Neutrosophic Setup

We model this data using a **neutrosophic random variable** X = (T(x),I(x), F(x)) as
follows:
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T(x) = max (0, min (1,1 — xk_gllD)’
I(x) = T(x)?,
F(x) = =T (x).

where p = 6.0,0 = 3.8 (sample mean and std dev), and k = 1.5 controls the sensitivity of
uncertainty.

Values with expert dispute are manually adjusted to T(x) = 0.5,1(x) = 0.4,F(x) = 0.5.
6.4 Model Fitting: Xexponential Distribution

We fit the Xexponential distribution to the observed data using Maximum Likelihood
Estimation (MLE). The estimated parameter is:

6 = 0.82

Goodness-of-fit (e.g., via AIC/BIC and Q — Q plot) suggests an acceptable fit for moderately
heavy-tailed loss data.

6.5 Computation of Neutrosophic Credibility Bounds
For credibility level y = 0.90, thresholds @; = 0.7, a, = 0.3, a3 = 0.3, we solve:
F(LB,) = 0.05,F(UB,) = 0.95

Using the CDF of the Xexponential distribution:
1 -6
F(x;6)=1—§(2+9x)e x

Result (Numerical Root Solving):
NCByqo(X) = [1.01,13.82]
6.6 Interpretation and Implications

e The insurer can reserve for claims between $1,010 and $13,820, with high credibility
(90%) and controlled uncertainty.

e Values below $1,000 or above $14,000 are either not credible (low T (x)) or highly
indeterminate (high I(x)).

e (laims departments can flag cases outside this range for deeper manual review or
further expert consultation.

e Unlike traditional percentile intervals, NCBs incorporate uncertainty in expert opinion
and reporting quality.

6.7 Actuarial Relevance

This approach aligns with risk-based capital (RBC) practices under solvency regulations
(e.g.,Solvency II, NAIC). 1t allows actuaries to:
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¢ Quantify uncertainty in claims data using both statistical and logical perspectives.
e Generate robust pricing and reserving strategies.
e Communicate uncertainty to stakeholders in more meaningful and interpretable terms.

Neutrosophic Credibility Bounds for Auto Claims

1 1
08| ; )
06 5
® :
~ 04 |
0.2 ; ]
of i DR (= 0.82)

=2 0 2 4 ® 8 10 12 14 16 18 20 22
Claim Amount ($°000)

Figure 4: Neutrosophic Credibility Bounds at v = 0.90

7. Conclusion

In this study, we introduced and explored the concept of Neutrosophic Credibility Bounds
(NCBs) using the Xexponential distribution as a probabilistic foundation. By integrating
neutrosophic logic which allows for simultaneous modeling of truth, indeterminacy, and falsity
with credibility theory, we developed a robust interval estimation method that accommodates
both quantitative uncertainty and qualitative ambiguity in data.

We derived key properties of the Xexponential distribution, including its cumulative
distribution function, mean, and variance, and demonstrated how it can be used to construct
NCBs. The proposed methodology was further enhanced through mathematical proofs,
graphical analysis, and numerical bounds based on credibility thresholds.

A real-world application in actuarial science was presented using a public motor vehicle
insurance dataset. We showed that NCBs provide a meaningful and practical way to estimate
claim ranges under conditions of incomplete or conflicting information offering actuaries a
valuable tool for decision-making in pricing, reserving, and risk analysis. In contrast to
traditional models that assume full data integrity, the NCB framework explicitly recognizes and
quantifies uncertainty through neutrosophic memberships and credibility levels.

Overall, the results confirm that NCBs are not only theoretically sound but also practically
useful, particularly in environments where classical probabilistic models may fall short.
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This approach can be further extended to other domains such as financial forecasting, medical
diagnosis, and engineering reliability, where uncertainty is multifaceted and data quality is
variable.

e Extending NCBs to multivariate and time-dependent Xexponential processes.
e Incorporating machine learning to estimate neutrosophic memberships dynamically.
e Comparing performance against robust Bayesian models under epistemic uncertainty
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