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Abstract: A set D ofa graph G = (V,E) is a dominating set, if every vertexin V—D
is adjacent to some vertex in D. The domination number y(G) of G is the minimum
cardinality of a dominating set. A dominating set D is called a complementary tree
dominating set if the induced subgraph <V — D> is a tree. The minimum cardinality of a
complementary tree dominating set is called the complementary tree domination number of
G and is denoted by yctd(G). The corona G1 » G2 of two graphs G1 and G2 are defined as
the graph G obtained by taking one copy of G1 of order pl and pl copies of G2 and then
joining the ith vertex of G1 to every vertex in the ith copy of G2. The corona G1 ° G2 has
pl(1 + p2) vertices and q1 + p1q2 + plp2 edges. In this paper, we discussed complementary
tree domination number of corona product of complete graph with some graphs.
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Keywords: Dominating set, Complementary tree domination number.A subset D of the
vertex set V(G) of a graph G is said to be a dominating set if every vertex not in D is
adjacent to at least one vertex in D. A dominating set D is said to be an eccentric dominating
set if for every , there exists at least one eccentric point of v in D. An eccentric dominating
set D of G is a non split eccentric dominating set if the induced sub graph < V- D > is
connected. The minimum of the cardinalities of the non split eccentric dominating sets of G
is called the non split eccentric domination number of G. This paper evaluates the non split
eccentric domination number of Corona product and join of some standard graphs.
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1 Introduction

A Graph G(V, E) discussed in this paper be a simple, finite, undirected, connected graph
with p vertices and g edges. Roberto Frucht and Frank Harary [1] introduced the binary
product of two graphs named Corona in 1970. The corona G ° G> of two graphs G and
G» are defined as the graph G obtained by taking one copy of G of order p1 and pi
copies of G2 and then joining the i" vertex of Gi to every vertex in the i copy of Ga.
The Corona G ° G» has pi(1 + p») vertices and g1 + p1g2 + pip2 edges. The concept of
domination in graphs was introduced by Ore [4]. A set D < V 1is said to be a
dominating set of G, if every vertex in V-D is adjacent to some vertex in D. The

minimum cardinality of a dominating set is called the domination number of G and is
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denoted by y(G). The complementary tree domination number of a graph was introduced
by S. Muthammai, M. Bhanumathi and P. Vidhya [3] have established some results on
complementary tree domination number of graphs. A set D —V (G) is said to be
complementary tree dominating set (ctd-set) if the induced subgraph <V(G)-D> is a tree.
The minimum cardinality of a ctd-set is called the complementary tree domination
number of G and is denoted by y.«(G). Sergio canoy Jr and Carmelito E.Go [5] have
obtained the domination number of corona graphs. Any undefined term in this paper
may be found in Harary[2]

For notation convenience G, be a copy of Gz corresponding to the vertex v € V(G1 )
Also u,;be the vertex of G which are adjacent to the vertexv; € V(G,)

In this paper we discussed complementary tree domination number of corona product
of complete graph and their bounds are determined.

2 Prior Results
Observation 2.1. [3]

(i) For any path P, with n vertices, Yed(Pn) =n—2, n>4.

(11) For any cycle C, with n vertices, yca(Cpn) =n—2, n>3.

(ii1) For any complete graph K, with n vertices, yc(Ky) =n—2, n>3.

(iv) For any star Ki,, yeua(Kin) =n, n=>2.

(v)For any complete bipartite graph K, , with m , n> 2, yea(Km,n) = min{m, n} .
(V1) Yeud(Crn > K1) =n+1,n >3, where C,° K; is the corona of C, and K.
(vii) For any wheel W, with n vertices, y.a(Wy) =2, n>4.

Preposition 2.2 . [3]

If y., (G) < p—2 ,then pendant vertices are the members of every ctd-set.

Example 2.3.
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G, 0G,
Figure 1:

For the graph G, ° G given in Figure 1.

In the following, a necessary and sufficient condition for a ctd-set of a corona
product of graphs Gi ° G> is found.

Theorem 2.4

Let G, and G, be connected graphs then D gV(G1 ° Gz) is a ctd-set in G, oG, if
and only if one of the following conditions holds.

(1) Foreach ve V(Gl), V(G;)m D is a dominating in G, and Dc UV(G;’) .

uel (G)
(i1) V(G1 )m D is a complementary tree dominating in G, and V(sz ) < D whenever
Ve V(G1 )ﬁ D and V(GZV )ﬂ D is dominating in G, whenever v e V(Gl)— D.

Proof. Suppose V(G1 )m D =¢.

Let veV(G,) and x e V(G;)—D. Hence x € V(G, G, )—D.Since D is a ctd-set of
G, G, .There exists y € D such that d; . (x,y)= 1. Since x e V(sz) and d (x,y)=l
either y e V(sz ) or y=v. If y=v then ye V(Gl)m D, a contradiction. Therefore
ye V(sz)mDis a dominating set of G, Since V(G)nD=¢, Dc UV(G;‘) Hence (i)

uel (G,)
holds.
Suppose V(G,)nD # ¢ and V(G,)nD=V(G,) .
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Let xeV(G,)-D it follows x € V(G, oG, )—D. Let D is a dominating set of G, o G,
there exists yeD such that d . (x,y)=1. If ye V(G,) then yeV(G,)nD then
d,(x,y)=1. Hence V(G,)nD is a dominating set in G,.Now we have to prove V(G,)nD
is a complementary tree dominating set in G, it is enough to prove (V(Gl )— D) is a tree. Let
X,y € V(Gl)—D. Since <V(G,oG,)—D > is a tree T. Therefore x,y €V (G,) there exist
u eV(Gj) and ve V(Gzy ) Since T is connected and acyclic. There exists a unique path

between u and v .Hence x and y are the vertices transverse from u and v . Hence V(Gl)m D

is a ctd-set in G;.

Suppose veV(G,)ND and V(sz)— D+¢ .

Let ueV(G))-D. Since V(G,)ND #V(G,) there exists weV(G,)—D. Since
<V(G,oG,)—D > is a tree. There exists a unique path between u - w with vertices from
V(G, o G,)—D. However any u-w path must contain a vertex v which is impossible. Hence
V(G))— D =¢. Hence V(G)) < D.

Suppose veV(G,)-D.

Let xeV(Gy)—D. This implies that x e< V(G, o G,)—D > .Since D is a ctd-set in
G, oG, there exists yeD such that d.. (x, y): 1. Consequently y=v or yeV(G,).
Since yeD and veV(G)-D. Hence y#v then it follows yeV(G)) now
dg .c, (x, y)=1 implies d (x, y): 1. Hence V(G,) N D is a dominating set in G, .Therefore (iii)

holds.
Conversely, Suppose (i) holds . Let x e V(G, o G,) - D.

Suppose x € V(G,) .Since V(G;)ND is dominating set in G, and V(G))ND # ¢.
Let ueV(Gy)ND.Then d; . (x,»)=1.

Suppose x & V (G, ) then there exist y €V (G,) such that x € V(Gzy ) since V (G, )N D
is a dominating set in G; and xeV(G;)—D there exist t€V(G;)ND such that

dg.,(x,t)=1 then D is a dominating set in GG, . Since
pc Jrl(ct) and v(G)nD=¢.
u eV(G, )
Consequently, V(G oG,)—-D= U V(G,))-DUV(G)) Let
veV (G)

2,9€V(G,oG,)—-D,p#q. If p,gqeV(G,)—D for some velV(G,) then there is a path with
vertices p,v,q in V(G,°G,)—D.
If p,q eV (G)) .Then there is a tree which contains a p-q path in V (G, G,)-D

.Since G is connected.
If pe V(Gl) and g V(sz )—D for some v V(Gl) then V(G, oG,)—D contains a

tree with vertices p and v. Suppose p #V since Gi is connected then V (G, oG,)—D
contains a tree with vertices p,v,q .Suppose peV(G2V )—D and qu(GZW ) for some
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v,weV(G)). Since G is connected then there exist a tree with vertices p,v,w,q in
V (G, o G,)—D .Hence V(G, cG,)— D is connected and acyclic. Therefore V (G, o G,)—D is
a tree . Hence D is a complementary tree dominating in G, oG, .

Suppose (ii) holds. Let x €V (G,°G,)—D.Suppose xeV(G,)(ie) xeV(G,)—-D.
Since ¥(G,) "D is a dominating in Gy, there exist y € V(G,)N D such that d,(x,z)=1 for
some te€V(G,) is follows that d.c, (x,y)=1. Suppose xe V(GZV ) for some veV(G,)
(ie)xeV(G,)-D (ie)dg.g (x,v)=1. If veD which is a contradiction to
X€E V(G;)—D. Hence vgDisve V(G,)—D. In this case V(sz)mD is dominating in G,
() there exist we V(GZW )m D such that d & (x,w)=1.1t follows that d, . (x, w) =1.
Hence D is a dominating set in G, <G, .

Let x,ye V(G1 ° Gz) suppose X,y € V(Gl) (ie) x,ye V(G)—D . Since V(G)ND is a
complementary tree dominating set in G; and <V(G,)-D> is a tree. From this
<V(G, > G,)—D > is a tree which contains a path x-y in V(G,) — D.

Suppose xe€V(G,) and ye V(G;) for some veV(G,) (ie) xeV(G)-D and
S V( M )—D. If x =v there exists path between x-y. Suppose x=vif ve V(Gl)mD then
V(sz )g D.This contradicts the fact that V(sz )—D #0.Then ve V(Gl)—D, consequently,
V(sz )— D is a dominating set in G, (i.e) V(sz )m D # ¢. Suppose x € V(GZV )m D. Since
ve V(Gl)— D and < V(G1 )—D > contains a path with vertices x —v. Thus < V(G1 oG, )—D >
contains a tree with vertices x —v.

Suppose x,y e V(sz)— D, x#y for some ve V(G). If ve D, then V(G;)g D This
contradicts the fact that V(G;)—D # ¢. Thus ve D (i.e) veV(G,)—D. Now there exists a
path with vertices x,v, yin V(G, G,)-D.

Suppose x e V(GZV) and y e V(GZW) for some v,we V(G), v#w.Then x € V(GZV)— D
and ye V(sz)— D ifveDor weD then V(G;)g D and V(G;”)g D. This contradicts the
facts  that V(sz )—D #¢  and V(Gz”’)— D#¢ . Thus v,wgD that is
v,weV(G,)-Dc V(G oG,)-D. Since <V(G,)-D> is a tree. There is a tree with
support vertices v and w in V(G1 ° GZ)—D .Hence < V(Gl ° Gz)—D > is a tree. Hence D is a
complementary tree dominating set in G, G, .

Corollary 2.5.

Let G, and G, be any connected graph . Then (G oG, )> ZQG1| —1)7/(G2 ).

G 1s not a tree.

Proof. Let |G1| = n. Suppose there exist D such that D satisfies (ii) of theorem [ 4.1.2]
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D> (n-2)G,|+27(G) Since

Corollary 2.6.

Let Gi be a tree and G: be any connected graph respectively. Then
Ve (Gl ° Gz): G17(G2 )
Proof. For each v e V(G1 ) Let G," be a copy of Gz corresponding to vertex v. Further, for
each ve V(G1 ) Let D"be a minimum dominating set in G,.By theorem [4.1.2] D= UDV

vel (Gy)
is a complementary tree dominating set in G, o G,. Thus
7c'td(Gl OG2)SD

o'
veV(G)
= X

veV(GI)

G/[7(G,)

Therefore, 7,,(G, o G,)< |Gl | 7(G,).

Here , we consider Gi and G>be any connected graph of order n and m respectively. Then
the vertex set {ui /1<i<n1<j< m} is the i copy of G is adjacent to the i™ vertex of
G and let D is a minimum ctd-set of G, oG, . Hence <V (G, oG,)—D >is a tree.

3 Complementary Tree Domination Number of Corona Product of complete graph
with Some Graphs

In this section, for n>4complementary tree domination number of K, oG,
where G, is any connected graph with m > 3vertices are obtained.
Here, we consider D; is a ctd-set of K, hence |D1| =n-2 and D; be the set

whose elements are the vertices of GG; which are adjacent to each vertex of
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D;.Hence |D2| =(n—-2)m .Clearly, D, u D, < D,where D is a minimum ctd-set of

K, °G, and |D|U|D,|=(m+1)n—2)

Proposition 3.1. %d(Kn oKl)z 2n-2.

Proof. LetG = K, o K; .

LetV(K,) = {vy,vy,....... v,} and vertex u; be the i copy of K; attached to the vertex
v;. Then V(G) = {v;,u;/1 < i < n}.Here uy,u,....... u, are the pendant vertices of G. We
have pendant vertices are members of ctd-set of G [3]. Hence, D = {vi: I <i<n — 2} Ufu; :
1 <i<n}= n—2+n=2n— 2 isaminimum ctd-set of G. Hence, |D| =

Yera(G) = 2n — 2.

Proposition 3.2. ,,(K, o K,)=3n-4.

n

Proof. Let V(K,) = {vi,v2, ..., v} and V(K2) = {u1, u2}. Then

V(Kin°K)={vi/1<i<n}U{u/1<i<n1=<j<2} . Wehave, (K, =n—2
[3]. By choosing (n — 2) vertices of K, say vi, v2, . . ., v4,—2 which form a minimum
ctd-set in K, and vertices which are adjacent to {vi, v2, ..., va2 } are {u;/1 <i<n—
2,1 <j<2}. Therefore,

D={vi:1<i<n—2} Ufuy: 1<i<n-2,1<j<2}U, , u,,}

=n—2+2n-4+2

=3n—4

Proposition 3.3 . For m > 2, yea(K, ° K_m) =mn+n-—2.
Proof. Take G =K, °K_m. Let V(K,) ={vi, vs ..., vo}and {u;, us, . .., un} be the vertex set
of the i copy of K_m is adjacent to the vertex v;. Then V (G) = {vi/l <i <n} U {uy/l <i <n,

1 <j < m} where u;’s is the i copy of ITm is adjacent to the vertex v; in K,. Let D be a

minimum ctd-set of G. Since pendant vertices are members of every ctd-set G. By choosing

pendant vertices, it dominates all the vertices of K, but (V(G) — D) forms a cycle. So we are

choosing {vl. }'1_2 and all the pendant vertices in a graph G. Therefore,

i=1
D= :1<i<n—2U{u;:1<i<n 1<j<m}
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=n—2+nm

=mn-+n-2.

Proposition 3.4. Form >3, yeia(Kn° K 1m-1) =n + (m+1)(n — 2).

Proof. Take G =K, ° Kim-1. Let V(Ky) = {vi/l <i<n}and V (Ki,m-1) = {w, us, u, . . .,
um-1}. Then V (G) = v/l <i<n}Ufwiu;, I <i<n, I <j<m — I}. By choosing a vertex
{c i/] <i <n} which dominates all the vertices of K, °K; m-1. But (V' (G) —D) =K, oFm

which contains a cycle. Let D = D; UD> Ufcy, ¢z, . . ., ¢nt 1s @ minimum ctd-set of G.

|D| =n+ (m+1)(n—2).

Proposition 3.5. For, m>3, y_ (K, oP,)=(m+1)\n—-2)+ 2@

Proof. Let V(K,) = {vi,v2,...,va} and V(P,) = {ui, uz, ..., un}. Then

V(KpoPm)=1{v/l1 <i<n}U{uy/l <i<n 1=<j=<m} Wehave, you(Pn)=m—2,
ved(Kn) = n — 2 [3]. By choosing (n — 2) vertices of K, say vi, v2, . . ., vs—2 which
form a minimum ctd-set in K, and vertices which are adjacent to {vi, vo, ..., vsa2 }

are {u;/1 <i<n—2,1<j<m}. By Proposition 2.3
Casei: mis even

D=D uD, U {”n—l,l Y 7T /S ! }u {un,l ’un,3"“'un,m} 1S a minimum

Tn-1,m

ctd-set of K, oP, and (V(K,oP,)-D)=S, ,

22

D :|Dl|+|Dz|+(§j+(§j

=(m+1)\n-2)+ 2(%) ()

Case ii : mis odd

D=D uD, u{un_,,],un_,ﬁ,un_l,s,... u }u{un),,u”ﬁ,... u } 1S a minimum ctd-set of

*“n—1,m-1 “nm-1
K,oP, and (V(K,oP,)-D) ;Stm 2

242
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m m
o _|D1|+|D2|+{3J+{5J @)
From1 &2
ID|=y..(K,°P,)= (m+1)(n—2)+2g J

Proposition 3.6. For m =3, y, (K, oC,)=(m+1)n—2)+ zng

Proof. Let V(K,) = {vi,v2,..., vn} and the set {ui, uy, ..., um} be the vertices of
Cn. Then V(K,° Cn) ={v/1 <i <n} U{uy/l <i<n, 1=<j < m} Bypreposition
2.4

Casei: mis even

D=D uD, u{un_”,un_w,un_l’s,... u }u{uml,unﬁ,... u } is a minimum ctd-set of

" n—1,m-1 n,m—1

K,oC, and (V(K,-C,)-D)y=S,

2°2

oo+ {2)+(2)
ety 2&) (3)

Case ii : mis odd

D=D uD, u{qu,uHJ,unfLS,....unfl,m}u{un,l,uw,....umm} 1S a minimum ctd-set of
K,oC, and (V(K,°C,)=D)=S,., .

2 2

ID|=|D,|+|D, |+ z(ﬁj
2 @

From3 & 4

D=y, (K, oC, )= (m+1)(n_z)+z[§].
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Proposition 3.7. For m >4, yea(Kn °Wn) = (m+1)(n —2) +2 [mT_l—l

Proof. Let V (K,) = {vi/l <i<n}and V (W) ={c, uyj /1 <j<m — I} and V (K, °W,) =
v, va, o, wpUfciuy/l <i<n, 1 <j<m—1} Let

D=D;UD:Yf C,,,C,} U {ctd-set of K,oC,_ }and (V(K, oW, )-D)= SV J
2
ID| = (n—2) +m(n - 2) +2(m7_1}

Therefore,

\D| =(m+1)(n — 2) +2VT_W'

Proposition 3.8. Form >4, yua(Kn° Kn) =n(m + 1) — 4.

Proof. Take G =K, > K. Let V(K,) = {vi, vo, ..., ot and V (Ki) = {ui, ua, . . ., um}. Then
V(G) ={v/l<i<n! Ufuy/l <i<n, 1 <j<m} .We have, ycu(K,) =n— 2[3].

Suppose by choosing (n—2) vertices of K, which dominates all the vertices of K 1 <i <
n — 2 but it does not dominates n and n — I copy of K,, which contradict the ctd-set.

Suppose by choosing (m — 2) vertices of K,, which dominates all the vertices of K, but
(V(G)—D) contains a cycle which is contradict to ctd-set. Let D = D;uD;U
{uﬁ /i=n—1n, 1<) Sm—l} i1s a minimum ctd-set of G.
=n—2+mm—-2)+m—1+m—1

Hence, |[D| =n(m + 1) — 4.
Proposition 3.9. For m;,m> > 2,ycia(Kn ° K mim2) = (n — 2)(mi+mz+ 1) + 2 min(mi,my).

Proof. Take G = K, © K mim2 . Let V(K,) = {vi/l <i <nl V(K mim2) = {u/l <j<mi} U{wi/l
<j<mz}. Then V (G) = {v/ 1 <i<nUuy/l <i<n I <j<mptUfwyi/l <i<n;1<j<m.
Let

D be the minimum ctd-set of K, °K y1.m2 .

Casei.m; <m;
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By choosing {u;/1 <i <n, 1 <j <m;}! which dominates all the vertices of G and (V' (G) — D)

K, oK_m2 forms a cycle. Let D = D; UD> U {un-11, n-12, . . ., Un—1m1} U {Uun1, Un2, . . .,
Unmi} 1s a minimum ctd-set of G. Hence,

ID|=n—2+myn—2)+mxn—2)+2m

=m—2)m;+mx+ 1)+ 2my (%)
Case ii. m2 < my

By choosing a vertex D = D; UD> U {Wa-1,1, W12, . - -, Wn—im2} U {Wn1, Wn2, . .., Wam2}

which dominates all the vertices of V' (G) and (V(G)—D) is a tree. Here D is a ctd-set of G.

Hence,

ID|=n—2+myn—2)+mxn—2)+ 2m;

=m—2)(n;+n2+ 1)+ 2m; (6)
From (5) and (6)

|D| = (n— 2)(m; + mz2+ 1) + 2 min(my,my).

Proposition 3.10. For, m > 2, yea(Ky ° Kn) >n(m + 1) — 4.

Proof. Take G = K, °K,. Let V (Ky) = {vi, v, . .., vp} and {u;, us, . . ., um/be the vertex set
of the i” copy of K, is adjacent to the vertex v; in K,,.Then V (G) = {v/I <i <n} U {uy/l <i<

n, 1 <j<m}.Let D beaminimum ctd-set of G. By choosing {u;/1 <i<n, I <j S[m;IJ}

dominates all the vertices in a graph G but (V' (G) — D) forms a cycle so we are choosing (n —

2) vertices from {vi} then their corresponding {u;;! vertices and for the remaining » — / and n

. +1 .
vertices we choose{m J vertices from {u;;!. Therefore, |[D| >n(m + 1) — 4.

4 Bounds for Complementary Tree Domination Number of Corona Product of
Complete Graph with Some Graphs

Theorem 4.1.

For any connected graph G, with m > 2 vertices then
In—4<yua(Kn°G)<(m+1)m—2)+ 2(m— po).

Proof. Let V (K,) = {vi, vs, .. ., vnt. Let T'be any induced subgraph of K, having maximum

number of edges such that 7 = K> is a tree. Then |7] = 2. Let S be a maximum independent
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set of G such that |S| = fo.Let D; be the set of vertices of S in copies of G which are adjacent
to the

vertices of 7. Then |D;| = 2fy. Let D =V (K, > G) — (V (K3) UDy). Then V (K, > G) — D =
V (K3) UDj and each vertex in V' (K3) is adjacent to m—p vertices in a copy of G. Also, each
vertex in D; is adjacent to atleast m—p vertex in a copy of G. Therefore D is a dominating set
of K, °G and (V' (K, > G) — D) is the tree obtained from 7 by attaching m — Sy pendant edges
at each vertex of K. Therefore D is a ctd-set of K, ° G,

ved(Kn ° G) < |D| =V (Ku° G) — (V (K3) UDy)|

=mn+n—(2+ 20y

=mm—2)+m—2)+2(m— Py

=(n—=2)(m+1)+2(m— fy

The lower bound equality holds if G = K>.

References
[1] R.Frucht and F.Harary, “On the corona of two graphs”, Aequationes Math., Vol.

4,pp. 322-325, 1970.

[2] F.Harary,”“Graph Theory”, Addison Wesley, Reading Mass,1972.

[3] S.Muthammai, M.Bhanumathi and P.Vidhya, “Complementary tree domination
number of a graph”, International Mathematical Forum, Vol. 6, No. 26,pp. 1273—
1282, 2011.

[4] O.Ore, “Theory of Graphs”, Amer. Math. Soc. Collog. Publ., Vol. 38,1962.

[5] Sergio CanoylJr and Carmelito E.Go,“Domination in the corona and join of
graphs”, International Mathematical Forum,Vol. 6, No. 13,2011.

[6] P. Vidhya and S. Jayalakshmi, “Complementary Tree Domination of Corona Product of
Cycle C, with Some Standard Graphs”, Design Engineering, Vol. 9,2021.

[71 S. Muthammai and P. Vidhya, “More Results on Complementary Tree Domination
Number of Graphs”, International Journal of Mathematics And its Applications, Vol.
4, No. 1-D, pp. 17-20, 2016.

https://internationalpubls.com 764



