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Abstract:

In this paper, we study Additive Complementary Dual (ACD) codes over a mixed
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Accepted: 01-03-2025 conditions u? = 0, v2 = 0, and uv = vu. An additive code will prove to be an ACD
code under certain conditions. In addition, it is a necessary and sufficient
condition for a separable additive code to be an ACD code. Certain additive codes
improve into binary linear complementary dual codes under a gray map that we
investigate. Furthermore, a few types of weight enumerators are also calculated,
and the associated MacWilliams identities are discussed with supportive
examples.
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1. Introduction

A linear code with a complementary dual property was defined in [11]. If a linear code C satisfies
CNC* = {0}, it is called an LCD code. In the same paper, Massey showed that asymptotically good
LCD codes exist and highlighted applications such as providing an optimal linear coding solution for
the two-user binary adder channel. In [4], LCD codes were utilized in the context of digital
communication security. Recently, many authors have studied codes over rings due to their emerging
role in algebraic coding theory and successful application in combined coding and modulation. Li et
al. established families of reversible codes and demonstrated that some are optimal [7]. In [8], LCD
codes were explored over finite chain rings. The concept of LCD codes was generalized to additive
complementary dual (ACD) codes, and these were studied over Z x Z41n [2].

MacWilliams established a relationship between a code’s weight distribution and that of its
dual in [10], leading to the development of MacWilliams identities and consideration of weight
enumerators for codes over finite Frobenius rings. Various MacWilliams identities over Zs4 were
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studied in [6]. Weight enumerators over Zjand conditions ensuring the presence of such identities were
discussed in [12] and [14]. In 2014, the investigation of linear codes over Z4 +uZ4 and their weight
enumerators was presented in [16]. Z» Z» [u]-additive codes and their standard generator matrices,
along with the link between their weight enumerators and their duals, were introduced in [1]. Further
research into MacWilliams identities for various weight enumerators was conducted in [13], examining
linear codes over the new ring S = [F» +ulF» +vIF2 +uvlF,, with identities for the Lee weight enumerator
derived using a Gray map from S" to (IF> + ulF»)" . Additionally, self-dual and cyclic codes over S were
studied.

Motivated by the aforementioned research, we explore ACD codes over the finite commutative
Frobenius non-chain ring Z> RS, where R = 7, + uZ2 and S = Z, + uZ, + vZ; + uvZ; . Throughout this
discussion, we let Q = RS. We discuss a necessary condition for a Z,>Q-additive code to be a Z>Q-ACD
code. We examine a Gray map wherein specific additive codes over Z>Q correspond to binary LCD
codes. We explore different weight enumerators of additive codes over Z>Q and the corresponding
MacWilliams identities, providing examples to demonstrate our findings. All computations in this
paper are performed using the Magma Computational Algebra System [3].

This paper is structured as follows: In Section 3, we examine Z>Q-ACD codes and determine
a condition for an additive code to be an ACD code. In Section 4, we explore a Gray map and
demonstrate how some additive codes are mapped to binary LCD codes. Weight enumerators of Z,Q-
additive codes are studied in Section 5, and the corresponding MacWilliams identities are discussed.

2. Preliminary
Let Z5 be the binary finite field. Then Q = (Z2 + uZ, ) X (Z2 + uZ, + vZ> +uvZ, ), where u>=0, v’ =0
and uv = vu, is a commutative ring with characteristic 2. Observe that Q is a local ring with its group
of units U (Q) = {(1 +ub, 1 +ub + vc +uvd) | b, c, d € Z» } and maximal ideal M = {(ub, ub + vc +
uvd) | b, ¢, d € Z> } such that M = Q \ U (Q). Multiplication in Z>Q is defined as follows:

x* (z,1r,5) = (n(x)z, 6 (x)r, x5), (2.1)
where 1 : S— Z is defined by n (a + ub + v¢ + uvd) =a and 6 : S— R is defined by 6 (a + ub + vc +
uvd) = a + ub. Throughout the manuscript, we will use (X, y) to represent (z, r, s), where x =z and y =
(r, s). Multiplication will be represented by

b * (x,y) = (n(b)x, by). (2.2)
Let us take Z>Q as a cross product of the rings Z; and Q. Observe that the ring Z>Q is an S-module
with respect to usual addition and *-multiplication.

Definition 2.1. A subset C of Zng is said to be an additive code with block length (p, q) if it is a S-
submodule of Z5 Q1 .

Note that if p = q, then ZE QP= (Z,Q)P . It can be treated as a Z,Q-additive code with block length (p,
p), equivalent to a Z,Q-additive code of length p.

Definition 2.2. The inner product in Z5 Q4 is defined as follows:
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o Letw=(a,p)and w'=(a', B') be elements of QP = (RP x SP). Then (-|) : QP x Q°— S is defined
as follows:

(w,w') = ((a,p), (@, B)) = aa’ + BB’ (2.3)

e By using Equation 2.3, we define an inner product over Zb QP as (-|-) : Z5 QPx Z5QP— S. Let
x = (v, w) and x' = (v', w') be elements of Zng. Then

(x, x"y = ((v,w), W, wW)) = uv(v, v’y + (w,w'). (2.4)
Definition 2.3. Let C © Z?Qq be an additive code. The dual code C* is defined as:

Ct={x€eZbQ7|(x,y)=0forally € C}
where (-, -) denotes an appropriate inner product over the module Z5 Q4.

Definition 2.4. The subset A = {vi, vz, ..., vi} of Q4is called a Q-linearly independent set if the
equation

AMvithovat -+ Mvi=0,where A1, ..., EQ,
has only the trivial solution A; =0 for alli € {1,2,...,t}.

Definition 2.5. An additive code C over Z>Q is said to be an Additive Complementary Dual (ACD)
code if C N Ct= {0}. If p=0, then C is an ACD code of length g, and if q = 0, then C is a binary LCD
code of length p.

An additive code C over a finite ring Z>Q is called self-orthogonal (self-dual) if C € C* (C=C*").
If C has a basis over Z»Q, then it is called a free additive code and the cardinality of the basis is called
the rank of C.

3. Additive Complementary Dual Code over Z:Q

Let C, be a code over Z; generated by an m X p matrix G, , and let Cq be a code over Q generated by
an m x q matrix Gq . Then the m % (p + q) matrix G = [G;, | Gq ] over Z>Q generates an additive code
C. Now, we have using the inner product equation 2.4. We define the matrix product as follows:

G - G' =uwvG,Gf + G,GE, (3.1)
where G' is the transpose matrix of G.
Theorem 3.1. Let C be a Z>Q- additive code with the generator matrix G of size m x (p + q). Let
nonzero vector v; be the i row of G such that (vi, v;) € {0, uv} and (vi, vi) € U (Q) for all i, j € {1,
2,...,m} such thati#j, then Cis a Z,Q — ACD code.

Proof. Let u be any nonzero codeword of C. If u # C* , then C is a Z2Q-ACD codes. Since u € C, then
u=2ies Aivi, where J = {1, 2, ..., m} and A; € Q. Firstly, we assume that there exist j € J such that A;
€ U (Q). Then,
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(W, vj) = Xiey 4i (vi, v))
=Xiejgi i (i, vj) + Ai(v;, v)).

For i #j, since (vi, vj ) € {0, uv}, then Ai(vi, vj ) € {0, uv}. Since (vj, vj ) € U (Q), then Aj(vj, vj) €
U (Q). Thus (u, vj ) # 0 and u # C*. Further, if Ai € m, the maximal ideal. Let j € J such that A; € m \
{0}. Since (vi, vj) € {0, uv}, then A;(vi, vj ) = 0. Thus,

(u, 17}) = ZiE]{j /‘li <Ui, 'U]) + A]<'U], v])
= A](U], 'Uj>
Since (vj, vi) € U (Q), then Aj{vj, vj ) # 0. Thus {u, vj } # 0 and u # C* . Thus C is a Z>Q- ACD codes.
Hence the proved.

Theorem 3.1 directly leads to the deduction of the following corollaries.

Corollary 3.2. Let C be a Z,Q- additive code with the generator matrix G of size m x (p + q) and G °
G'= [Vij Jmxm . If vii € U (Q) and vj; € {0, uv} fori#j, 1 <i, j<m, then C is a Z,Q-ACD code.

It is important to note that the conditions presented in Theorem 3.1 and Corollaries 3.2 are
solely sufficient to establish that C is a Z>Q-ACD code. In general, the converse statements do not hold

true. Following example justifies this.

Example 3.3. Consider an additive code C of block length (2, 4) over Z>Q generated by

1 0 0 0 0 0
0 1 0 0 0 0
o 0o 14u 0 0 o | _
\0 0 0 0 1+v 0 /
0 O 0 0 0 14+u+v

From this C is an ACD code and it is CNC* = {0}. But if u; is a first row of G, then the (1, 1) entry of
GeGlisvii={(vi,vi)=uv & U (Q).

Through the use of corollary 3.2, the following result is obtained.

Proposition 3.4. Let G = (G | M ) where A € U(Q), G, is an m x p matrix over Z; and I, is the
identity matrix of size m x m. Then G generates an ACD code over Z>Q.

Proof. Consider
G ° G'=uvGp G+ My ',
=uvGp G + Mm
G ° G'= [Vij Jmxm .
So, vij € {0, uv} fori#jand vi € {A, A +uv} € U (Q) for 1 <i<m. Therefore, using Corollary 3.2 G
generates an ACD code over Z,Q.
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Example 3.5. Let us take

0 1
|1 0
G, = 0 o [over Z
0 0
and A = 1 + u. Then the Z,Q-additive code generated by G
0 1 1+4+u 0 0 0
_ |1 0 0 1+u 0 0
G=GRI=y o 0 1+u O
0 0 0 0 0 1+u

1s an ACD code.

In [2], the authors defined separable codes over a ring. Now, we generalize it. An additive code C over
7>Q of block length (p, q) is said to be a separable code if C is the direct product of Cp, and Cg . In this
case, C* is the direct product of Cjand Cj. Thus, C* is separable.

The following theorem gives a necessary and sufficient condition for an additive separable
code to be an ACD code.

Theorem 3.6. Let C be an additive separable code over Z>Q of block length (p, q). Then C,, and Cq are
LCD codes over Z> and Q, respectively, if and only if C is an ACD code.

Proof. Given that C = C, x Cq is an additive separable code over Z>Q of block length (p, q). Then C,
€ Zhand Cq € QY, and hence C* = Cy N C;. Suppose Cp and Cq are LCD codes over Z and Q,
respectively. Let (u, u')€ C N C*,then we have u€ C, N C; = {0}and u'€ C; N Cg = {0}, since C is
separable. Therefore, the intersection of C and C* is trivial, and hence C is an ACD code.

Conversely, assume that C is an ACD code. Let u € C, N Cy and u' € C; N Cz, then (u,u) € CN
C+ = {0}, and hence u= 0 and u’ = 0. This implies that C, N C;- = {0}and C, N C; = {0}. Hence,
Cp and Cq are LCD codes over Z> and Q.

Example 3.7. Consider the additive code C over Z>Q generated by

1 0 01 0 0 0 0 0 14+u 0 0 14+uv O 0 0
0 001 01 0 000 0 1+u O 0 0 14+uv O
o 000 01 0160 14+u 14u 0 14+uw 0 14+uv O
1 0 01 01 010 0 0 0 0 0 0 0

Clearly, C is a separable code. Then C N C* = {0}. Thus C is ACD code over Z>Q. Moreover, we have
Cp, N Cy = {0}and C; N Cq = {0}. Thus C; and Cqis an LCD code over Z2and Q.
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4. Gray map
In this section, we have introduced a new Gray map from Z>Q to Z} and have discussed the properties
in it.

Define the gray map ¢: Q —»Z$ by

¢(b+ud,et+uf+vg+uvh)=(d+b,d, h+g+f+e, h+g h+f h)
for all element in Q.
Let (u, u'), (ui, u'1)€ Z’;Qq, then the Hamming weight of (u, u’) is the number of non-zero coordinates
of (u, u’) and is denoted by Wx (u, u’). We define the Lee weight of (u, u’) EZ’Z’Q" by WL (u,u’) = Wx
(¢p(u, u')) = W (u) + W (¢(u')) and the Lee distance between (u, u’) and (u; , u’1) by dr ((u, u’), (w
,u1))=Wr(u—ur,u —u'1)=Wn(u—u)+ Wu(¢(u' —u'1)). The Hamming distance between (u, u’)
and (u1 , u'1) is defined by du ((u, v’), (w1 ,u'1))=Wu(u—ur,u —u').

Then the Lee weight of elements of Q :

Element in the ring Q its Lee weight
(0,0) 0
(0,1), (0,1+u), (0,1+v), (0,1+u+v+uv), (1,0), (1+u,0) 1
(0,u), (0,v), (0,ut+v), (0,u+uv), (0,v+uv), (0,u+v+uv), (1,1), 2

(1,14u),(1,1+v), (1,1+utv+uv), (v,0), (1+u,1), (1+u,1+u),
(1+u,1+v),(1+u,1+utv+uv)

(0,1+uv), (0,1+u+v), (0,1+utuv), (0,1+v+uv), (1,u), (1,v), 3
(1L,u+v),(1,utuv), (1,v+uv), (1,utv+uv), (u,1), (u,1+u), (u,1+v),
(u,1+ut+v+uv),(1+u,u), (1+u,v), (1+u,ut+v), (I+u,ut+uv), (1+u,v+uv),
(1+u,ut+v+uv)

(O,UV), ( 1 ’ 1 +UV), ( 1 s 1 +11+V), ( 1 s 1 +u+UV), (1 ’ 1 +V+uV), (U,U), (u:V)a 4
(w,utv),(u,utuv), (u,vtuv), (u,utv+tuv), (1+u,I+uv), (1+u,1+utv),
(1+u,1+utuv),(1+u,1+v+uv)

(1,uv), (u,1+uv), (u,1+utv), (u,1+utuv), (u,1+v+uv), (1+u,uv) 5

(u,uv) 6

Lemma 4.1. The Gray map ¢ is Z, -linear.

Proof. The Lee weight of x € Q is the Hamming weight of ¢(x). Then the Lee distance between two
elements is given as di (X, y) is a Lee weight of x —y for all x, y € Q. See that table 1 is the Lee weight
of element in Q.
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For p, q € Z, p, q > 0,the gray mapping ¢ extended to

¢ : IEx QI 7B+

where ¢)(u0,u1,...,up_l,u’o,u’l,...,u’q_l) = ((uo,ul,...,up_l),gb(u’o),gb(u’l)...,q[)(u’q_l)).
The Lee weight of (uo,ul,...,up_1,¢(u’0),¢(u’1),..,¢(u’q_1))EZZZ’Q‘I is Zip=_01th(ui)+

X ng_olth (u'j) and the Lee distance between X, y EZ?Qq isdi(x,y)=wtL (X — ).

In this section, we study certain conditions that make the gray image of an additive code over Z>Q the
binary LCD code.

Theorem 4.2. Let C be an additive code over Z>Q generated by the matrix G = (Gyp |Gg)mx(p+q) Where
Gp generates a self-orthogonal code Cpover Z; and Gq generates a additive code Cq over Q. If the rows
of the matrics Gq is Q-linealy independent and ¢ (Cy) is an binary LCD codes, then the binary Gray
image ¢ (C) is an LCD code.

Proof. Let ¢(x) = (u, () € ¢(C) N p(C)* where x = (u, w') € C. Since for all y = (v, v') € C,
() = (v,0(W)) € $p(Cland p(x) € Hp(C)*,

(v, ¢W)). (v, (")) =0 forally=(v,v) €C

(w.v) + (pW). o)) =0
Since u, v € Cp and Cp is a self-orthogonal code, (u, v)=0. Therefore,(¢(w), p(v")) = 0. Since
o), p() € qb(Cq)and Cqis a binary LCD code, implies (qh W), ql)(v’)) = 0 and hence ¢p(u') = 0,
thus u’ =0 because ¢ is linear.
We will prove that for any ¢ = (u, u’) € C, if u'=0, thenthe c=0. Fori € {0, 1, - - - ,m — 1}, let gi=
(vi , vi') be the i row of G where vi and vi’ denotes the i™ row of G, and Gq , respectively. Since ¢ €
C, there exist scalars Ao , A1, - *, A m—1 € Q such that

c=@u) = Y250 = Gl (v, X i)
Thus u = Y™ 'n(A)v; and u' = ¥m;*A;v; = 0. Since the set of all rows of Gq is Q-linealy
independent, Ai =0 foralli € {0, 1, - - -, m — 1}. Therefore (u, u’) = 0 and hence ¢(u, u") = 0.

Here is an example to illustrate Theorem 4.2

Example 4.3. Let C be an additive code over Z>Q generated by the matrix
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1 1 0 0 u+1 u w+v+u+1l v+1
G=(0 0 1 1 0 u+1 uv +v v+u =[Gy (Gg=R
0 0 0 O 0 0 v+1 v

| S)].

Then clearly, G, generates a self-orthogonal code C, and the set of all row vectors of Gq are Q-linearly
independent. The Gray imaged)(Cq)of Cq is a binary [64, 12, 25] linear LCD code.

5. Weight Enumerators and MacWilliams Identities

In this section, we present the weight enumerators of some Z>Q-additive codes and discuss related
results.

5. 1. Complete Weight Enumerators and MacWilliams Identity
We arrange the elements of Z>Q in a fixed order as follows and denote them as {fi, f>, f3, . . ., fi2g }:

7>,Q=1{(0, 0, 0), (0,0, 1), (0, 0, u), (0, 0, v), (0,0,uv), (0,0, 1 +u), (0,0, 1+v), (0,0, 1+uv),
(0,0,u+v),(0,0,u+uv), (0,0,v+uv),(0,0,u+v+uv),(0,0,1 +u+v),(0,0,1+u+uv), (0,
0,1 +v+uv),(0,0,1+u+v+uv),(0,1,0),(0,1,1),(0,1,u),(0,1,v),(@O,1,uv), (0,1, 1 +u),
0,1, 1+v),0,1,1+uv),(0,1,u+v), (0, 1,u+uv), (0, 1,v+uv), (0,1, u+v+uv), (0,1, 1+u
+v), (0, 1,1+u+uv), (0,1, 1 +v+uv), (0, 1,1 +u+v+uv), (0, u,0),(0,u, 1), (0,u,u), (0, u,
v), (0,u,uv), (0,u, 1 +u), (0,u, 1 +v),(0,u, 1 +uv), (0,u,u+v),(0,u,u+uv),(0,u,v+uv), (0,
u,ut+tv+uv),(0,u,1+u+v),O,ul+u+tuv),O,ul+v+uv),(O0,ul+u+v+uv),(0,1+
u,0),0,1+u,1),0,1+u,u),0,1+u,v), 0,1 +u,uv),(0,1+u,1+u),(0,1+u,1+v), (0,1
+u,1+uv), (0,1 +u,u+v),(0,1+u,utuv),(0,1+u,v+uv),(0,1+u,ut+v+uv),(0,1+u,
l+u+v),0,1+u,1+u+uv),(0,1+u,1+v+uv), (0,1 +u, 1 +u+v+uv),

(1,0, 0), (1,0, 1), (1,0,u), (1,0, v), (1, 0,uv), (1,0, 1 +u), (1,0, 1 +v), (1,0, 1 +uv), (1,0, u+
v), (1,0,u+uv),(1,0,v+uv),(1,0,u+v+uv),(1,0,1+u+v), (1,0, +u+uv), (1,0, 1 + v+
uv), (1,0, 1 +u+v+uv),(1,1,0), (1,1, 1), (1, 1,uw), (1, 1,v), (1, L,uv), (1, I, 1 +u), (1,1, 1 +
v),(I,1,1+uv), (I, 1,u+v), (1, L,ut+tuv), (1, 1,v+uv), (I, l,u+v+uv), (1,1, 1 +u+v),(l,
I,1+u+uv),(l,1,1+v+uv),(1,I,1+u+v+uv),(1,u,0),(1,u 1), (1,u,u), (1, u,v),(1,u,
uv), (I,u, 1 +u), (I,u, 1 +v),(1,u, I +uv), (I,u,u+v),(l,u,utuv),(l,u,v+uv), (Il,u,u+v
+uv), (l,u,1+u+v),(l,u,1+u+uv),(l,u,1+v+uv),(l,u, 1 +u+v-+uv), (1,1 +u0), (1,
I+u 1), (I,1+uu),d, 1+uv),(,1+uuv),(1,1+u,1+u),(d,1+ul+v),(,1+u, 1+
uv), (I, 1 +u,u+v),(I,1+u,u+uv),(l,1+u,v+uv), (I, 1 +u,u+v+uv), (I, 1 +u, 1 +u+
v),(I,1+u,1+u+uv),(l,1+u,1+v+uv), (1,1 +u, 1 +u+v-+uv)}.

The complete weight enumerator of an additive code C over Z>Q is defined by

CWEc (X1 s X2, ..., X128 ) :Zcec x‘llvf1 © x:’fz (C)x;/fg(c)' . x:vzfgzs(d

(5.1)

where wy,(c)=[{j|cj="fi,1<j<n}|for1<i<I128andc=(ci,c2,c3,...,¢n)€EC.
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Remark 5.1. Note that CWEc (x1, X2, . .., X128 ) is a homogeneous polynomial. The total degree of
each monomial in CWEc (x1, X2, ..., X128 ) is n. The term x"; always appears in CWEc (x1, X2, . . .
,x128)as (0,0,0,...,0)is acodeword in C. Furthermore, note that CWEc (1, 1, 1, ..., 1)=|C| and

CWEc (a, 0,0, . ..,0)=a"

Let R be a finite commutative ring with unity. A character y of R is a group homomorphism from R
to C*. In [5], the authors defined that if R is a Frobenius ring and R is the character module of R such
that R is R-module isomorphic to R, and if y : R— R is an R-module isomorphism, then y:= y(1) is
said to be a generating character of R.

Lemma 5.2. [5] Let y be a character of a finite commutative ring R. Then y is a generating character
if and only if ker (y) contains no nonzero ideals of R.

Definition 5.3. The generating character : 7ZoQ — C” is defined as

x(a,b+d,e+ f+g+h) = (—1)atbrdtetf+g+h
(5.2)

Observe that the restriction of y to every nonzero ideal of Z>Q is nontrivial. Therefore, by Lemma 5.2,
it is a generating character of the ring Z,Q.

Lemma 5.4. For a nonzero ideal I of Z,Q, we have).¢; ¥ (x) = 0 where y is defined in Equation 5.2.
Proof. Suppose that I is an ideal generated by (0, u, uv). Then

1= 4{(0,0,0), (0,0, u), (0,0,v), (0,0,uv), (0,0,u+v),(0,0,u+uv),
(0,0,v+uv), (0,0,u+v+uv),(0,u0),(0,u,u), (0,u,v), (0,u,uv),
(0,u,u+v),(0,u,ut+uv), (0,u,v+uv), (0,u,u+v-+uv)}
is a maximal ideal of Z>Q. Observe that,

DA@=1+EDHED+ED+HT+HTHT+ D+ (D +T+1+1+ (=D
x€l
+(-D+(D+1=0.
Similarly, we can verify the equation if I is replaced by any other nonzero ideal of Z,Q.

Suppose that T = [ti'j]128><128 is a matrix such thatt; ; = )((fi,j), where fi , fj € Z,Q for 1 <1, j <128,

and y is the generating character defined in Equation 5.2. Then
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(5.3)

NN
S N N L N N
N N N N NS
L N N L N N
N N N N N N
L N N L N NN
s N N N N N N N

o e e NUYe N« NG« N« O NN

where, A
1 1 1 1 1 1 1 1 1

1 1

1 -1 -1 -1 -1 1 1 1 1 1 1 -1 -1 -1 -1 1

1 -1 1 -1 1 -1 1 -1 1 1 -1 -1 1 -1 1 1

1 -1 -1 1 1 1 -1 -1 -1 -1 1 -1 1 1 -1 1

1 -1 1 1 1 -1 -1 -1 1 1 1 1 -1 -1 -1 -1

1 1 -1 1 -1 1 1 -1 -1 1 1 -1 1 -1 1 1

1 1 1 -1 -1 1 1 -1 -1 1 1 -1 -1 1 -1 1

~]/7r 1 -1 -1 -1 -1 1 1 1 1 -1 1 1 1 -1 1

{11 -1 -1 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1

1 1 1 -1 1 1 1 1 -1 1 -1 -1 1 1 1 -1

1 1 -1 1 1 -1 1 1 -1 -1 1 -1 1 1 1 1

1 -1 -1 -1 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1

1 -1 1 1 -1 1 1 1 -1 1 1 -1 1 1 1 1

1 -1 -1 -1 -1 -1 1 -1 -1 1 1 -1 1 -1 1 1

1 -1 1 -1 -1 1 -1 -1 -1 1 1 -1 1 1 -1 1

1 1 1 1 -1 1 1 1 -1 1 1 -1 1 1 1 1

For further discussion, we need the following result from [15].

Theorem 5.5. If C is an additive code of length n over Z>Q, then CWEcy (X1, X2, X3, ..., X128 )
ZﬁCWEc (T (x1,X2,X3,...,X128)"), where t is denoted by the transpose and T is an in Equation

5.3.

Example 5.6. Let C be the R-submodule of (Z,Q)? spanned by {(1, 0; 0, 0; 0, 0), (0, 0; 0, u; 0, 0),

(0, 0; 0, 0; 0, uv), (0, 0; 0, u; 0, uv)}. Clearly, C is a vector space over Z, of dimension 7. Then the
dual C* of the additive code C is the R-submodule of (Z2Q)? spanned by {(0, 1; 0, 0; 0, 0), (0, 0; 0, u;
0, 0), (0, 0; 0, 0; 0, uv), (0, 0; 0, u; 0, uv)}, which is also a 7-dimensional vector space over Z,. The
complete weight enumerator of C and C* are:

CWEc(X1,X2,X3,...,X128) = x%1 + X25 + X233 + X237 + 2x1 X5 + 2X1 X33 + 2X1 X37 + X1 X3+ X1 X4+ X1
X9 T X1 X10 T X1 X11 T X1 X12 T X1 X35 T X1 X36 T X1 X41 + X1 X2 + X1 X43 +
X1 X44 T X1 X65 + X1 X67 T X1 X68 T X1 X69 T X1 X73 T X1 X741 X1 X75 + X1 X76
+ X1 X97 T X1 X99 t X1 X100 T X1 X101 T X1 X105 T X1 X106 T X1 X107 T X1 X108
+ 2X5X33 + 2X5 X37 + X5 X3 + X5 X4 + X5 X9 + X5 X10 + X5 X11 + X5 X12 + X5
X35+ X5 X36 T X5 X41 + X5 X42 + X5 X43 + X5 X441+ X5 X65 + X5 X67 T X5 X8 T
X5 X69 T X5 X73 T X5 X74+ X5 X75 T X5 X76 T X5 X97 T X5X99 t X5 X100 T X5 X101

https://internationalpubls.com 2704



Communications on Applied Nonlinear Analysis

ISSN: 1074-133X
Vol 32 No. 10s (2025)

CWEc* (x1,x2,X3, ..

+ X5 X105 + X5 X106 T X5 X107 + X5 X108 T 2X33 X37 T X33 X3 + X33 X4 + X33 X9
+ X33 X10 T X33 X11 T X33 X12 T X33 X35 T X33 X36 T X33 X41 T X33 X42 T X33 X43
1 X33 X44 T X33 X65 T X33 X67 1 X33 X68 T X33 X69 1 X33 X73 + X33 X74 1 X33 X75
1 X33 X76 T X33 X97 T X33 X99 + X33 X100 T X33 X101 T X33 X105 T X33 X106 1 X33
X107 T X33 X108 T X37X3 + X37 X4 + X37 X9 + X37 X10 T X37 X11 T X37 X12 T X37
X35 T X37 X36 + X37 X41 T X37 X42 + X37 X43 1 X37 Xa4 + X37 X65 T X37 X67 T X37
X68 T X37 X69 t+ X37 X73 T X37 X74 + X37 X75 + X37 X76 T X37 X97 + X37 X099 + X37
X100 T X37 X101 t+ X37X105 T X37 X106 T X37 X107 T X37 X108 ,

., X128) = X1 + X255 + X233 + X237 + 2X1 X5 + 2X1 X33 + 2X1 X37 + X1 X3+ X1 X4+ X

X9 + X1 X10 + X1 X11 + X1 X12 + X1 X35 + X1 X36 T X1 X41 T X1 X42 + X1 X43 +
X1 X44 T X1 X65 T X1 X67 T X1 X68 T X1 X69 T X1 X73 + X1 X74 T X1 X75 + X1 X76
+ X1 X97 + X1 X99 + X1 X100 T X1 X101 T X1 X105 T X1 X106 T X1 X107 T X1 X108
+ 2xX5X33 + 2X5 X37 T X5 X3 + X5 X4 T X5 X9 + X5 X10 + X5 X11 T X5 X12 + X5
X35 T X5 X36 + X5 Xa1 T X5 X42 T X5 X43 T X5 X44 + X5 X65 T X5 X67 T X5 X638 +
X5 X69 T X5 X73 T X5 X74+ X5 X75 T X5 X76 T X5 X97 + X5X99 + X5 X100 T X5 X101
+ X5 X105 + X5 X106 T X5 X107 + X5 X108 T 2X33 X37 T X33 X3 + X33 X4 + X33 X9
+ X33 X10 + X33X11 + X33 X12 1 X33 X35 + X33 X36 + X33 X41 T X33 X42 +
X33 X43 T X33 X44 1 X33 X65 + X33 X67 T X33 X681+ X33 X69 X33 X73 T X33
X74 T X33 X75 T X33 X76 T X33 X97 T X33 X99 + X33 X100 T X33 X101 T X33 X105 +
X33 X106 T X33 X107 T X33 X108 T X37X3 1+ X37 X4 T X37 X9 + X37 X10 + X37 X11 +
X37 X12 T X37 X35 T X37 X36 + X37 X41 T X37 X42 T X37 X43 T X37 X44 1 X37 X65
+ X37 X67 T X37 X68 T X37 X69 T X37 X73 T X37 X74 + X37 X75 T X37 X76 T X37 X97
+ X37 X99 + X37 X100 T X37 X101 T X37 X105 T X37 X106 + X37 X107 T X37 X108.

Definition 5.7. Let C be an additive code of length n over Z,Q. Then the Hamming weight enumerator

of C over Z»Q is defined as

We(x,y) = e x™ WO yWi© = CWEC(x,y,y,..., 7). (54)
Note that the polynomial Wc (X, y) is homogeneous of degree n.

Theorem 5.8. Let C be an additive code of length n over Z>Q. Then

Proof. Consider

Wet (x,y) =5 We (x+ 127y, x - y)

Wct (x,y)=CWEc" (X, 5,5, Y, ---,Y)

1
= CWEC (T (%, %, ¥,y - . ¥)')
Z%CWEc(x-I—127y,x—y,x—y,...,x—y)

Wet (x,y) = ﬁ We (x + 127y, X — y).

https://internationalpubls.com
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Example 5.9. Let C be the code in Example 5.6. Then
We (X, y) = x* + 34xy + 93y 2
and

Wt (x,y) :% {(x+ 127y)2 +93(x — y)2 +34(x + 127y)(x — y)}

= {128x*+ 4,352xy + 11, 904y *}
Wct (x,y) =x°+ 34xy + 93y? .

5. 2. Symmetrized Weight Enumerator and Lee Weight Enumerator

The Lee weight of each element of Z>Q is listed below:

Element in Z:Q

Lee weight

(0,0,0)

0

(0,0,1), (0,0,1+u), (0,0,1+v), (0,0,1+utv+uv), (0,1,0), (0,1+u,0), (1,0,0)

1

(0,0,u), (0,0,v), (0,0,u+v), (0,0,u+uv), (0,0,v+uv), (0,0,u+v+uv), (0,1,1),
(0,1,1+u), (0,1,1+v), (0,1,1+u+v+uv), (0,u,0), (0,1+u,1), (0,1+u,1+u),
(0,1+u,1+v), (0,1+u,1+u+v+uv), (1,0,1), (1,0,1+u), (1,0,1+v), (1,0,1+ut+v+uv),
(1,1,0), (1,1+u,0)

(0,0,1+uv), (0,0,1+u+v), (0,0,1+u+uv), (0,0,1+v+uv), (0,1u), (0,1,v), (0,1,u+v),
(0,1,ut+uv), (0,1,v+uv), (0,1,u+v+uv), (0,u,1), (0,u,1+u), (0,u,1+v),
(0,u,1+utv+uv), (0,1+u,u), (0,1+u,v), (0,1+u,u+v), (0,1+u,u+uv), (0,1+u,v+uv),
(0,1+u,u+v+uv), (1,0,u), (1,0,v), (1,0,u+v), (1,0,utuv), (1,0,v+uv),
(1,0,u+v+uv), (1,1,1), (1,1,1+u), (1,1,1+v), (1,1,1+utv+uv), (1,u,0), (1,1+u,1),
(1,1+u,1+u), (1,1+u,1+v), (1,14+u,1+ut+v+uv)

(0,0,uv), (0,1,1+uv), (0,1,1+u+v), (0,1,1+u+uv), (0,1,1+v+uv), (0,u,u), (0,u,v),
(0,u,utv), (0,u,utuv), (0,u,v+uv), (0,u,u+v+uv), (0,1+u,1+uv), (0,1+u,1+ut+v),
(0,1+u,1+u+uv), (0,1+u,1+v+uv), (1,0,1+uv), (1,0,1+u+v), (1,0,1+utuv),
(1,0,1+v+uv), (1,1,u), (1,1,v), (1,1,u+v), (1,1,utuv), (1,1,v+uv), (1,1,u+v+uv),
(1,u,1), (1,u,1+u), (1,u,1+v), (1,u,1+ut+v+uv), (1,1+u,u), (1,1+u,v), (1,1+u,utv),
(1,1+u,u+uv), (1,1+u,v+uv), (1,1+u,u+v+uv)

(0,1,uv), (0,u,1+uv), (0,u,1+utv), (0,u,1+utuv), (0,u,1+v+uv), (0,1+u,uv),
(1,0,uv), (1,1,1+uv), (1,1,1+u+v), (1,1,1+u+uv), (1,1,1+v+uv), (1,u,u), (1,u,v),
(1,u,ut+v), (1,u,utuv), (1L,u,v+uv), (1,u,u+v+uv), (1,1+u,1+uv), (1,1+u,1+ut+v),

(1,1+u,1+u+uv), (1,1+u,1+v+uv)

(O,u,uv), (1,1,uv), (1,u,1+uv), (1,u,1+u+v), (1,u,1+u+uv), (1,u,1+v+uv),
(1,1+u,uv)
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(1,u,uv) 7

Definition 5.10. Let C be an additive code of length n over Z>Q. Its symmetrized weight enumerator
is defined by
SWEc(X,Y,Z, W, T,P,Q,N)=CWEc(X,Y,Z,Z2,T,Y,Y,W, 2,2, Z,Z, W, W, W, Y,
Y, Z,W,WP,Z,Z, TW, W, WW,TTT,Z2W,T,
T) Q7 W) W9 P’ T7 T3 T) T) P? P9 P’ W) Y’ 23 W’ W7 P’ 23
Z, T,W,WWWTTTZY,Z,W,W,P,Z,Z, T, W,
W’ W’ W’ T’ T’ TJ Z’ Z’ W, T’ T’ Q’ W’ W’ P’ T’ T’ T, T’
P,P,PW,WT PPNTT,Q,P P PP Q Q Q,T,
Z,W, T, T,Q W,W,P, T, T, T, T,P,P, P, W).
where the Lee weight of the elements 0, 1, 2, 3, 4, 5, 6, and 7 is represented by the variables X, Y, Z,
W, T, P, Q, and N , respectively.
By definition, we have
SWE-(X,Y,Z,W,T,P,Q,N) = ¥ ccc x0(©) yni(e) zna (yyns (c)Tn4(c)Pn5(c)Qne(c)Nn7(c)
(5.5)
where ny(c) = wy, (c),
n,(c) = Wy, (o) + Wy, (o) + Wy, (o) + Wy, (o) + Wy, (c) + Wy, (o) + wf65(c),
ny(c) = wg, (c) + wy, (c) + wp, (c) + wg, (c) + wy,, (€) + wy,, () + wg (c) +wp,,(c) + w, ()
+ ngz(c) + Wf33(C)
+wry,, (o) + wy,, (o) + WfSS(C) + wy,, (o) + Wy, (o) + W (o) + an(c) +wr, (o) + Wy, (©)
+ W13 (C)’
ns(c) = wy, (o) + Wr,, (o) + Wy, (o) + Wy, (o) + Wr,, (o) + Wr,, (o) + szs(c) + Wf%(c) + wy,, (c)
+ wy, (c) + wg, ()
+wrg,, (o) + Wy, (o) + Wf,o (o) + Wf51(C) + wy,, (o) + Wy, (o) + Wy, (o) + Wy, (o) + Wy, (0)
+ wy,, (o) + Wy, (o) + Wy, (o)
+wy,, (€ + w, () + wp, () + wg, (€) + wy, (©) + wy, (€) + wp, () +wp,, () +w,, ()
+ Wf118 (C) + Wf119 (C) + Wf128 (C)'
ny4(c) = wr,(c) + wy, (c) + wg, (c) + wp, (c) + wy, () + wg, (c) +wy, (c) +wy, (c) +wy, (c)
+ wy,, (o) + Wr,, (o)
+wry, (o) + Wy, (o) + Wy, (o) + Wf63(C) +wg, (o) + Wf77(C) + wy, (o) + Wy, (o) + Wf83(c)
+wy, (o) + Wr, (©)
+wy,, (€) +wy,, () + wp, () + wp, (©) + wy,, () +wp, . () + wy, , (€) +wp, () +wp,, (0
+ Wf121(c) + Wfi22 (C)
+Wf123 (C) + W24 (C)’
ns(c) = Wy, (o) + Wy, (o) + Wf, (o) + Wy, (o) + Wf47(C) + Wf53(C) + wg,, (o) + W, (o) + Wf%(c)
+wy, (o) + ngs(c)
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+Wf99 (C) + WflOO (C) + Wf105 (C) + Wf106 (C) + Wf107 (C) + Wf108 (C) + Wf120 (C) + WleS(C) + Wf126 (C)

+ W2y (C),

ne(c) = Wfs, (c) + Wss (c) + Wfioa (c) + Wfio9 (c) + Wfi10 (c) + Wi (c) + Wfi17 (c),
n;(c) = wy,,, (c).
Combining Theorem 5.5 and Definition 5.10, we have the following:

Theorem 5.11. Suppose C is an additive code over Z>Q of length n. Then
SWEt (X,Y,Z, W, T,P,Q,N) :% SWEc (S (X,Y,Z, W, T,P,Q,N)"),

where

https://internationalpubls.com

O S G S

1

7 21 35
5 9 5
3 1 -5
1 -3 =3
-1 -3 3
-3 1 5
-5 9 =5

35 21 7 1

-7 21 -35 35 -21 7 -1
Proof. Since C is an additive code over Z>Q, by Definition 5.10 and Theorem 5.5, we obtain

SWE(X,Y,Z, W, T,P,Q_,N)=CWEc* X,Y,Z,Z,T,Y,Y,W,Z2,2,Z,Z, W, W, W, Y,

1
el

Y,Z,W,W,P,Z,Z, T, W, W, W W, T, T, T, Z,
Z,W, T, T,Q W, W, P T, T, T, T, P, P, P, W,
Y, Z,W,W,P,Z, Z, T, W, W, W W, T, T, T, Z,
Y, Z,W,W,P,Z,Z, T, W, W, W, W, T, T, T, Z,
Z,W, T, T,Q W,W,P, T, T, T, T, P, P, P, W,
W, T,P,P,N,T, T,QP,P,P,P,Q,Q QT,Z,
W, T,T,QW,W,P,T,T, T, T, P, P, P, W)

CWE{T - X,Y,2,2,T,Y,Y,W,Z2,2,2Z,Z, W, W,

W,Y,Y,Z, W,W,P,Z, Z, T, W, W, W, W, T,
T,T,Z,Z,W,T,T,Q,W,W,P,T,T, T, T, P, P,
P,W,Y,Z, W,W,P,Z, Z, T, W, W, W, W, T,
T.T,Z,Y,Z,W,W,P,Z,Z, T, W, W, W, W, T,
T,T,2,Z,W,T,T,Q,W,W,P, T, T, T,T, P, P,
P,W,W,T,P,P,N,T,T,Q,P,P,P,P,Q,Q,Q,
T,Z,W,T,T,Q,W,W,P,T,T, T, T,P,P,

PW)'}
=%SWEC (X + 7Y +21Z +35W + 35T +21P + 7Q + N, X +

4Y +3Z+2W —2T-3P-4Q N, X +2Y - Z
—OW-2T-P+2Q+N,X-Y-Z-W+T+
P+Q-N,X-Y-Z+W-T+P-Q+N, X
—2Y-Z-2W+2T+P+2Q N, X —4Y +3Z
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+2W —-2T+3P-4Q+ N, X—-7Y +21Z—
35W+35T-21P+7Q — N }.
Hence,

SWEct (X,Y,Z, W, T,P,Q,N) Z%SWEC S - X,Y,Z, W, T,P,Q,N)").

Example 5.12. Let C be the code in Example 5.6. Then

SWEC(X,Y,Z,W,T,P,Q,N)=X2+7ZZ+7T2+Q2+8XZ+8XT+2XQ+XN+XY+7XP+
TXW + 14ZT + 8ZQ + ZY + 7ZP + 7ZW + ZN+ 8TQ+TY +
7T W+ 7T P+ T N+ QY + 7QW + 7QP + QW.

And

SWEct (X,Y,Z, W, T,P, Q,N)=X>+7Z>+ 71>+ Q*+ 8XT + 7ZP + XN + 8XZ + 14ZT+ 7XW
+7XP+8ZQ+ZY +2XQ + 7ZW +ZN+8T Q+ TTW+TY
+7T P+ TN+ QY + 7QW + 7QP + QW + XY.

Let ¢ € (Z2Q)" . The Lee weight of ¢ is wtr (¢) = ni(c) + 2n2(c) + 3ns(c) + 4na(c) + Sns(c) + 6ns(c) +
7n7(c), where n; (c) is defined in Equation 5.5 for 1 <i<7.

Definition 5.13. The Lee weight enumerator of an additive code C over Z>Q is given by
Le(6,y) = Boeex7"0L0 ywti©),
Theorem 5.14. Let C be a additive code of length n over Z>Q . Then

Le (x,y) =SWEc (¢, Xy, X y? . x*y? , Xy, Xy’ xy®, y7).
Proof. Let c € C. Then wt . (¢) =X./_, i n;(c) and n = ¥,7_, n;(c) . By Definition 5.13, we have

LC (X, y) :ZCEC x7nfth (c) y wtL (¢)

ZCEC x7Mo (c)+6m1(c)+5n,(c)+4n3(c)+3n4(c)+2n5(c)+6mg(c) yn1 (©)+2n,(c)+3n3(c)+4ny,(c)+5n5(c)+6ng(c)+7n,(c)

=Y eec(x7)™00 (x 8y () (x5y2)™2 () (xty )2 (c) (x 3y )™ () (x2y®)™s () (xy©) s (c).
By Equation 5.5,

Lc (x,y) = SWEc (x7 , x0 Y, x> y2 , x4y3 , X y4 , )(2y5 , xy6 , y7 ).

Theorem 5.15. Let C be an additive code of length n over Z,Q. Then

1
Lct (x,y) =g Le(xty, x—y).
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Proof. By Definition 5.13,
LCL (X’ Y) :SWECL (X7 > X6 Y, X5 y2 5 X4 Y3 s X3 y4 5 X2 YS 5 Xy6 s y7 )
=ﬁ SWEc(S -, Xy, X’ y*, x*y’ , ¥’ y*, x*y* , xy®, y7)") (By Theorem 5.11)
1
=m SWEc ((X + y)7 , (X + y)é (X — }’), (X + y)S (X — y)2 ,(X + y)4(x _ y)3 ,(X +y)3
-y E+y)PP -y, x+y)E-y)°, x-y))
:ﬁ Lc(x+y,x—y)  (ByTheorem 5.14).

Example 5.16. Suppose C is as in Example 5.6. Then by using Theorem 5.14,

Let (x,y) =SWEcH (x, x°y, X 2, x* y? . P y* X2y, xy® L y7)

15X5 y9 + 8X4 y10 + 8X3 yll + X2},12 + Xyl3

and
Le(x+y,x—y)=SWEc (x +y), x + V)’ X = ,x +yP’x —y)*, x+y)* (x—y)*, (x +y)’
=y xFy) x-y), x+E-y°, x-y))
=128[xM* + xPy+8x12 y2 + 8xy3 + 15x10y 4+ 15x° y > + 16x% y ¢ +16x"y
7 +15X6y8+15X5y9+8X4y10+8X3y11+X2y12+Xy13].

6. Conclusion

In this paper, we studied the ACD codes over the finite commutative Frobenius ring Z>RS, where R=
Zr+uZyand S =27+ uZy+ vZy+uvZ; . We established a condition to ensure that an additive code is
an ACD code. Furthermore, we derived a necessary and sufficient condition for a separable additive
code to be an ACD code. We also examined a Gray map that transforms certain additive codes into
binary linear complementary dual (LCD) codes. Additionally, the MacWilliams identities
corresponding to different weight enumerators were discussed.
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