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1. Introduction

Special functions are mathematical functions that have been assigned specific names and symbols
due to their importance in various fields, including functional analysis, geometry, physics, and
mathematical analysis. Integral transforms are widely used in many applied mathematics and
mathematical physics problems. Several mathematicians have developed integral transforms, such as
the Euler integral, Laplace transform, Fourier transform, Mellin transform, and Hankel transform,
each incorporating different special functions. In numerous studies, the term exp(t), which appears in
the integral representation of the gamma function, is often substituted with more complex functions
to facilitate generalizations. These extensions of the beta function are presented while maintaining its
symmetry properties [1] . Furthermore, integral and derivative formulas for Gauss hypergeometric
and confluent hypergeometric functions, along with descriptions of their generalizations, are derived
using the generalized beta function.

Recently, many researchers have been presenting extensions and generalizations for special
functions, such as the Pochhammer symbol, gamma function, k-gamma function, p-k-gamma and
beta functions, along with the confluent hypergeometric function (see [2-5, 9-10, 15]). Sharma and
Jain [12] characterized a generalized M-series, which extends various special functions such as the
Mittag-Leffler function, Wright function, Prabhaker function, and Gauss hypergeometric function. In
2018, Suthar et al. [15] assessed integral expressions of the product of M-series and Jacobi
polynomials. Subsequently, Sachan et al. [11] presented a new extension of the M-series and
discovered its properties, including recurrence relations, integral representation, and formulas for
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fractional integrals and derivatives. Following this excellent work, we obtained composition
formulas for Euler-type integrals featuring a generalized M-series kernel. Additionally, we
demonstrated applications of our findings as specific instances by selecting appropriate values for the
parameters of generalized M-series

Sachan et al. [12] defined generalized M-series, which is novel an extension of generalized
hypergeometric function, Wright function and Mittag-Leffler is defined as:

(k)m--Kp)m  z™
(ll)m---(lq)m [(p+om)’

MG = pMg(ky, ... kp by o 1g:2) = B

(1.1)

where p,0,z € C,R(0) > 0, (k{) (i =1, ....,p) and (lj)m (G=1,..,q) . Well known Pochhamer
symbols (k) defined as:

®© _{1 m=0, k#0
m=kk+1)..(k+m—1), meN, keC
_ T'(k+m)
Tk

The series (1.1) is convergent for all z if p < q. it is convergent for |z]| <n =0ifp=q+1
and divergent if p>q+ 1. when p=v+1land]|z| =n, there is convergent under
conditions that depend on parameters. The detailed accound of the M-series can be found
in paper written by Sharma and Jain [12].

The generalized M-series can be represented as a special case of Wright generalized
hypergeometric function, called Fox-Wright function W[x], of the Fox H-function, and of
Meijer G-function [6].

ML, r(lq) T 44K, T+ A K)xE

onP . _ =1 \a 0 1+A1K), .y L (A +AS

pMq (ks oo kp 1y oo lgiz) = 1-[]P=1r(kp)zk=0 T3 +13K), e, Ty +11 K (1.2)

(7&1,7\1), ...... , (7\1.,7\5);
= y 1.3
PHFAH (1 1), e (plg) (13
ne, r@ 1-k;)¥, 0,1
SMS (kl' ----;kp'll lqlz) = I])_l (q) 1f;—1+2 —Zl ( ])1 q ( ) ) (14)

I, T(kp) P*1d (0,1, (1-17, (01

where Hrl”er[X] is a Fox-H function [1] and the coefficients v}, ...., Y., 1’1, ....,1's€ R such

that 1 + }_; Iy — Xj; y; for suitable bounded value of [x|.

Taking suitable values of the parameters in (1.1), we conclude special cases and
connections which are enumerated as follows:

1. Foro = 1, the generalized M-series reduces in the M-series defined by Sharma [12].

(k)me(kp) - M
(P — (lq)m I'(p+om)

aME (kg o K, Iy o 1gi2) = Tinso (1.5)
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= pM§ (Ky, s kp, 1y g 2)
2. Forp = q = 0, the generalized M-series reduces in the Mittag-Leffler function[17]

SME (ku, e K, 1y i 2) = ERoo ros = Epo(2) (1.6)

p+om)

3. Forp=q=1k=aeCl=1, equation (1.1) reduces in the generalized Mittag-Leffler
function [14]

({ME (_r - ) Zm 0 F(p+0m) p O'(Z) (1'7)
4, Forp=q=1k=aeC(C1l=1,equation (1.1) reduces in the Wright function [17]
M7 (=1:2) = XR ot = Woo(@ (18)
5. For p=0 =1, equation (1.1) reduces in term of Gauss hypergeometric function
(K)me(kp) zm Ky, oo Kp;
g1 . — Yoo M P ms
0 ey 1) = Do == o8 e 9

In the present study, we also need to recall the following interesting and useful integral
identities in term of gamma function [1, 14-15] as follows:

F(E_E) (1+y)

® —atre; YA+ — R-19-v-1
1. [, e *[sinh (BY)]¥dt = p~'2 TR A (1.10)
a. R(y) > -1, R(B) > 0,R(3) > R(¥)
1 i r(l+9)r(1+9)
2. [ x°(1—x?)T2P}'(x)dx = 2* 1 ——52 22 (1.11)
° Y O
a. Re(u) <1,Re(o) > -1
o r p+u+v r p+u—v—1
J; 7P (x2 = 1)72 B (x)dx = 20+#-2 & 2( : ), (1.12)
m2I'(p)
Re(u) < 1,Re(p+u+v)>0,Re(p+p—v)>1
Integral containing Tchebichef polynomial
1 o ST [n+1]2r(a+§)r(a+1)
4, f_l(l x)z(1 + x)*U, (x)dx = mz2 2 ey (TP gy (1.13)
a. where, Re(a) >-1; n=1,2,.....
1 3 (-1)Yrr _ . ) .
5. [, x¥*Py(x)dx = —zr(y Y ,Re(1) > —1,y is non-negative integer. (1.14)
VIGErras
6. [ x*Ppyy1(0)dx = (~1) AT Re(d) > 2 (1.15).

e e

Integral associated with generalized Laguerre polynomial as:

7 f xB~1e*L{ (x)dx = W , Re(B) > 0, nis non negative integer. (1.16)
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8. [7ur (14w Mdu= %ﬂ;‘” ,0 < Re(A) < Re(j). (1.17)

n r(:H)réds
9. [Zsin*d.cos¥9dd =W ,Re(n) > 0,Re(v) > 0. (1.18)
2

2. Composition of Euler type Integrals:

Theorem 1. If Re() > —1,Re(¥) > 0,Re(v) > 0,Re (%) > Re(p), o,p€C, £€=9,, Re(o) >
0, we get following results

[ e sinh (vO)]"IME (Ky, oo, Kp, Iy oo g: ze ")t

v,
J-1p-n-1 L Pgra+m Uy, Dy (k1) (2 =24 2), (1,1) )
) b tare

A, 1), e s, (lq, 1), (p,0), (% + g +1+ Z_EV)
(2.1)

Proof. To prove above Theorem 1, expressing gMg is the L.H.S. of (2.1). Changing the order
of integral and on evaluating the inner integral with help of (1.10).

J,” et sinh (v6)]"SMP (ky, ..., kp, Iy ....1q: ze75)dt

o) . (K1) meeees (kp) zMe—§mt
— —ut n yoo m
fO e [sinh (vt)] Zm:o () (lq)m I'(p+om)

K)m.(Kp)  zme=¥mt oo .
— Y m —(u+§m)t n
=0y BN Foromdo € [sinh (vO)]"dt

_ g G0men )y ametme o TR ) RO
m=0 (1) ...... (lq)m I'(p+om) [‘(“*z'im

1
++1)

(k) m-wne(k m.—tmt (L_0.5m
= 2 Iy 4 1) B el e )

2v_2 2v

Finally, we use equation (1.3), and we get desired result (2.1).
Theorem 2. If Re(¥) > 0,Re(n) > —1,Re(c) > 0,Re (g) > Re(n): o,p € C, following results
holds:

[ [T, r(l
] e [sinh(v)]" §M} (ky, ..., kp, Iy -...1q: 2(2 sinh(vt))¥™)dt = v-1271~1 ;1—(“)
0 iz, k)
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X
(kyy 1),y (k1) (=24 )(1+nE) an
p+3 fq+2 ; . (2'2)
Do (g1 (o), (414149

Proof. For solving the above integral formula (2.2), using definition (1.1) in the L.H.S. of
(2.2) and then changing order of integration, we have

(kl)m ------ (kp)m Zmzzm(sinh (\)t))zm %) i |
Lt (D oo (lg) - T+ om) Of e *[sinh (vD]" dt

~ ML, rly) i r(1+ky)....[(m+k,) (z25)™

~HTsi +&m
I, M(kp) &2 T +11) .....T(m +1g)T(p + om) ) e H[sinh (v£)]1*M dt

1L, r(ly) i [(1+ky) oo T(m + k) (z29m V27T (% - @) F(1+n+%m)

M, T(kp) &2 T(1 +1) .....T(m +14)0 (p + om) r(% L0 +2§m 1)
— V_lz_n_l qu=1 F(lq) F(1+k1).....F(m+kp) F(E—E+—)F(1+T]+Em) Zm 1"(1 + m)

n}’zlr(kp)z:m:O FA+)...r(m+lg)M(p+om)  T(E+1+1+gm)

Hence, we call equation (1.3) and then reached at desired result (2.2).

Theorem 3. If Re(§) > 0,Re(v) < 1,Re(p) > 0,0,& € C,Re(o0) > 0, following integral
formula holds

1

v 1 qulr(l)
0Juu(1—uz) 2PY () SMP (Ky, oo, Kp, Iy oo 1giZud)du = 2V- H‘l’zl—l“(k(;)
Ky, 1), oo, k,,1),(E+12% 1), (11
X p+3¥Pq+3 G D) (p)(+2)( )()3§ .(2.3)
(I, 1), e, (1g,1), (p,0), (——2——+1 )( +l-s+o

Proof. To prove Theorem 3, using definition of generalized M-series in the left hand side of
(2.3). After simple simplification, we get

Shu(1 = u?) 2By (W) SMP (g, o, K Iy o Ig: zu8)du

p’
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K o (kp)  gm ¢ . o
B ~ (1) e (Ig) F(p+csm)0 uttim(1 — u?) 2Py (u)du

[oe] v— 1 m
I, rly) z FA+k)...I(m+k,) 27T <§ +E +2§m) r (1 s Em) I(1 + m)z
=01“(1+11) .....F(m+lq)F(p+cm)F< u+€m n V)F(H+Em+§—— 2)

Hence Proved.

Theorem 4. If Re(§) > 0,Re(v) < 1,Re(u+v+mn) >0,Re(u+v—mn)>1Re(c) >0,
following integral formulas holds:

[ u(u? = 1)7ZRY () IMP (Ky, o, K Iy o lgi zu7E)du
2 -n-1
_ M rq) (g, 1,y (K, 1) (522), (= ’2)'(1'1)'21 (2.4)
=71 p+3 Tq+2 T '
2P, T(kp) (A, 1), e (1g.1), (po), (1T

Proof. Using equation (1.2) and changing the order of integration in the left hand side of
(2.4), we have

qu=1 F(lq) i r'(1+ky).....T(m + kp) 7 M
1_H)=1 F(kp) = r(1+1).... F(m + lq)[‘(p + om) J

_ qu=1 I1(lq) i r(1+ky)....I(m + kp) zm
= (u)% ., 1(k,) &2 F(1+1y).....0(m +1y)l(p + om)

F(u+§n;+v+2)F(u+§m-;v—‘r]—1)l_,(1+m)

r'(u+&m)m!

\%
u M (y2 — 1)72PY(u)du

X

Thus, from equation (1.3), reached at required result of Theorem 4.

Theorem 5. If Re(p) > —1,Re(d) > 0,Re(o) > 0,n = 1,2.,, following integral formula holds:

11 = WEA + WEU, W) IMP (ks .,

o li e 1giz(1 + x)*)du

2u+1
(222" 2((n+ )2 TEL, T(lg) g Gy, 1), e (e, 1), (572), (0, (1D .7
2n+2 P r(k,) PT37a+2 5 . 1,)
@n+2) I M) U1, e (I 1), (p0), (u+5,7\) (w—n+3.2)
(2.5)

Proof. To prove above Theorem, using definition (1.1) and relation (1.3) in the left hand side of
Theorem 5, and then Simply, we get required result.
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LT o Ttk T(mtky) M
= I, M(kp) “M=0T(1+1,)....F(m+1q)(p+om)

INEE W2 (1 + wFMU, (0) du

C L) (o Ttk D(mkp) CH™ (11)%2“”‘“Jrzr“'%{(n+1)!}2
- H?=1 F(kp) m=0 1"(1+11).....F(m+lq)r‘(p+cm) (2n+2)F(u+Am+§)F(u+Xm—g+§)

@™o+ D 1T, 1) i [ +k) ... T(m+k) (%)
- (2n +2) M, T(kp) &4 T(1 +1,) .....T(m +1)T(p + om)

r (u + % + Am) F'(p + Am)z™

5 . 1
F(u+§+7\m)l“(u —n+§+7\m)

X

Theorem 6. LetRe(p) > 0,Re(o) > 0,Re(a — p+n) > —1,Re(a — u) > —1. The identity holds:

fooo ut e LS (WM (Ky, oo, kp, 1y oo 1gr 2(20)3) du

ML, r(lq) (ky, 1), e, (kp, 1), (@—p+n+1,-98), (1Y, (11)

= ;728 2.6
M, Mlkp) PH37*2 0 1) (1p1), (o), (a—p+1,-8) (2.6)

Proof. Using (1.1) in the left hand side of (2.6) and simple simplification, we get following
steps

j u”_le_uL%(u)gME(kl, s Kp 1y g z(2u)¥)du
0

(k)1 woe v (Kp) g 2250

= uttEme—u % () du
£ ()1 - () p + om) ) (1)

2, (L) g0
I, P(lp) <=0

F(1+ky)...(m+kp) (225)™ I'(a—(p+Em)+n+D)I(p+Em)I(1+m)
l"(1+11).....F(m+lq)[‘(p+cm) F((a—p—Em+1))n!

Hence proved.

Theorem 7. If Re(c) > 0, 0 < Re(A) < Re(u), following compostion formula holds

Jy w1+ w)THME (kg o K, 1y 1z 4+ w) V) du
_ Lm0 (ky, 1), e, (kp, 1), (=2 V), (LD @7
I, ) P72 1),y (I, 1), (p0), (uv) "7 [ '
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Proof. For evaluating (2.7), applying definition of generalized M-series in the left hand side
of (2.7), we get

_ (k)1 e (kp)m 2™
e (1)1 .- Ag)mI(p + om) )

u (1 4+ u)~*2Mdu

_ (k)1 - (Kp)m 2™ TOT(u+vm — )
= Z ()1 - (g)ml(p+0om)  T(n+vm)

_ 1_[;1=1 r(1g)r® o T(1+Kq)...0(m+kp) 2™ [(u+vm—-A)(1+m)
M, r(kp) “M=0r(1+ly)...M(m+lq)I(p+om)  T(u+vm)m!

Hence Proved.

Theorem 8. Let Re(n) > 0,Re(v) > 0,Re(c) > 0,Re(n)) > 0,Re(§) > 0. Then

JZ sin*9. cosV9SMy (Ky, ..., Kp, Iy ... 1q: z{sin"9. cos?9})dudd

H]g:lr(lq) (kll 1)) ----- ] (kpr 1)1 (%11 TZ_]) (%r 2)1 (1)1) Z (2 8)
=P p+3 Yq+2 Al '
21 M) Up D (g1, (po), (M222)

Proof. Proof of Theorem 8 is same as the roof of Theorem 7.

Theorem 9. If Re(§) > 0,Re(v) < 1,Re(n) > 0,0,€ € C,Re(o) > 0, following integral
formula holds

au
f ut e 2 W MG (Ky, o, Kp, 1y o Igizut)du
0

M, r(ly) " [(kl, D, e, (kp 1), (u +v+ %, E) (u —v+ %, E) (LD E]
ML Tlkp) ™ PFERAR21 g gy (1), (po), (W=k+19) -
(2.9)

Proof. For evaluating (2.7), applying definition of generalized M-series in the left hand side
of (2.7), we get

qu=1 F(lq) " i ra+ky).... F(m + kp) z™m
m=0

au
— =t 47 uttée 2 W, ,du
., r(ky) F(1+1)....[(m+1y)T(p + om) Of Y
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_ I, r(y) a“i I(1+ky)....T(m + k) (%)m F(u+§m+v+%)[‘(u+ Em—v+%)
H?zl F(kp) e ra+1,).... F(m + lq)F(p + om) T(1—Kk+ p+ &m)
Hence proved.
3. Special cases:

Corollary 1. If we take p = q = 0 in Theorem 1 and using formula (1.6) , we get the
following result

fooo e H[sinh(vt)]" Ep,o(ze‘zt)dt =
L n &
(;_E';) ,(1,1)

y-1p-n-1I@+m
| £
(po) (GGt +1+)

1 212

Corollary 2. If we take If p = 0,q = 1 in Theorem 1 and using (1.7), we get following result.
fooo e M[sinh(vt)]" Wp’c(ze_gt)dt =

r_n 3
y—1p-n-1L0+) R (2\; 2'2\;) ’

! | o) (i+3+1+i)Z'
P, AN 2v

Corollary 3. f we take If p =q =1,k =aand 1 = 1, an equation (2.3) and using (1.8), we
get

fol ut(1 - uz)_gPﬁ’(u) ESJG(ZuE)du =

nL,rgy) @D (B+15), (25

M, r(kp) 373 L_n_ v, &Mm, n_v, 3§
! (p,c) ’(2 2 2+1’ )(2+2 2+2’2

2V—1

v ki, ..... kg;
1 —_— ) )
fo ut(1—u?)72Ry(u) pFq [11,1... l;); Zl du =
ot T124T0) Dy (1) (G+52).(1452) L
b, r(k,) P*2 "a+2 Bom_ v EoL, M v, 3 &’
=1 (kp) (11,1),......., (lq’l)'(5_5_5+1'5)(5+5_5+5'5

Corollary 5. If we take p = q = 0 in Theorem 4 and using (1.6) , we get following result

v u+v+2 E p+v-n-1 E
Jy uTt(u? = DRy (W) Ep o(zu)du = — 3%, [( ? 12) ( ’ ’2)' (1'1); Z|.
(m)2 , (po), (W

Corollary 6. If we take p = 0, = 1 in Theorem 5 and using (1.8), we get

https://internationalpubls.com 2720



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 10s (2025)

for (= WL+ WHU () Wy o 2 (um du =

2
2u+1
(2223 (e )12 ( ” '7\) Y

VAR

(2n+2) 273 5 . 1 ,Y

(p,0), (u + 5,7\) ,(u —n +5,7x)

Corollary 7. If we take p = q = 1, k=1 in Theorem 8 and (1.7), we get
§
i @D, (532
J& sin*9. cosVOE] 5 (zsin*9. cos¥9)d9 = % 3 ¥, ( 2 52\/ n2+E o

o . (55

Corollary 8. If we take p = q = 0.In Theorem 9 and using (1.6) , we get

1 1
o] u-1 —% Y E - f d — M qj l(//“"v‘l‘zlf) I(M_V+EJE)J(1’1),Z El
o e @Bty du=at e T w-ktr

4. Conclusion remark

In this investigation, we have managed to obtain new forms for the Eulerian type integrals that are
associated with the generalized M-series, which in turn has enriched the theory of the special
functions. The integral expressions derived not only extend our knowledge of the structural
properties of the generalised M-series, but also reveal the flexibility by analysing special cases
involving special parameter values. These results offer opportunities for possible applications in a
broad range of disciplines such as mathematical physics, engineering, and applied mathematics.
Future research may explore further generalizations and applications of these integrals in solving
complex problems across different scientific disciplines. We concluded from the present research
work by giving some comments on the results of Theorem 1-Theorem 9and their corollaries. The
integrals can be further generalized and applied in solving some long-standing problems in that has
been presented in this letter. We ended present research work with comments of Theorem 1-
Theorem 9and their corollaries. The proposed generalized M-series is an interesting function which
is equivalent to one of the several families of transcendental and special functions namely
exponential function, binomial series, cosine function, sine function, Mittag-leffer function, Wright
function, gauss hypergeometric function, Fox-H function and Meijer G-function which appears to be
new even in the case of special cases. Thus, we can deduce more useful results and their equivalent
forms from Theorem 1 to Theorem 9 in terms of Fox H-function and Meijer G-function.
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