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Abstract:

In this article some lower bounds for the product eccentricity energy [Epg] of G as well
as a bound for the eigenvalues of the product eccentricity matrix [PE(G)] are obtained.
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Conclusion: This article gives an idea on few lower bounds for the product eccentricity
energy based on its eigen values and various inequalities are also proved.
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1. Introduction

Graph theory is a branch of discrete arithmetic that involves considering structures together with their
attributes, goals, and relationships. Originally useful for resolving a wide range of mathematical
problems, it periodically branched out into new areas of mathematical analysis when applied in
complicated science, computer science, chemistry, and other disciplines.

Simple, loop-less, and connected graphs are the types of graphs examined in this article. An essential
concept in this theory is a vertex's eccentricity, which assesses the greatest distance between two
vertices. The distance between two vertices a and b in V(G) is the shortest a-b path length in G. The
maximum distance between a particular vertex and any other vertex in the graph is determined by the
vertex's eccentricity. Formally, it can be expressed as:

&(b) = max{d(b,a)|Va € V(G)}

A graph G's eccentricity matrix &(G) is derived from its distance matrix by keeping the largest
distances in each row and column and leaving zeros in the others. Summing the absolute values of the
eigenvalues of £ (G) yields the eccentricity energy of G.

Let G be a graph with n vertices and m edges. Denote the absolute eigen values of G as A;,i = 1,2, n
arranged in order that is not increasing as |A;] = |1,| = -+ = |A,,|. In 1978 Ivan Gutman [5] computed
the energy of a graph G as E(G) = Xi-,|4;|. Li.X, Y. Shi and I. Gutman [6] introduced the energy of
graph in 2012 in which the adjacency matrix of a graph Gis defined as
a--:{l if vivj €E
Y 0 otherwise

Spectrum of the graph is denoted by

/11 /12 An

Sp(G) = ml m2 mn
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Where m;s denote the multiplicities of the corresponding eigen value. The total of the absolute values
of the adjacency matrix's eigenvalues equals the graph's energy.

Later, in 2009, C. Adiga et al. [1] defined the graph's maximum degree energy, which is dependent on
the related graph's maximum degree matrix. The maximum degree matrix is defined as

di: = {max {dw),d(v;)}, if vivi €E
Y 0, otherwise

In 2016, Ahmed M. Naji et.al [2] defined the concept of maximum eccentricity matrix. Later,
Mohammad Issa Sowaity and B.Sharada [7] in 2017 introduced the concept of sum-eccentricity energy
of a graph in 2017. Motivated by this we have introduced the product eccentricity energy of a graph
G.

In 2025 Priya Karen S and Arokia Lancy A [10] defined the idea of product eccentricity energy as

Pi' — {e(vi). e(vj) lf v~ vj
/ 0 otherwise

P,(G) denotes the product eccentricity energy of the graph.

The characteristic polynomial of the product eccentricity matrix is defined by |n I — P,(G)| and the
corresponding characteristic equation is nI — P,(G) = 0. Here, I denotes the identity matrix of order
n. P,(G) is a real symmetric matrix with its trace zero. Since G is a simple loopless graph all a;; = 0
and its eigen values with real sum equals zero (tr(P,(G) = 0). Eigen values of the product eccentricity
matrix are the roots of the corresponding characteristic polynomial.

Epp(G) is defined as the sum of the absolute eigen values,

n
Epp(G) = Z |7;]
i=1

M1, N2, *** Ny are the eigen values of the given product eccentricity matrix.
2. Preliminaries

A few important theorems that are utilized throughout the work are listed below in order to show the
complete results.

Theorem 2.1:[9] Suppose a; and b;, 1 < i < n are non-negative real numbers, then

- 1 MM A
2 2 1 1My mim; Z ™
“lzbl =1 \/m1m2+\/M1M2 a:b

n
i=1 i=1 i=1

2

Where M; = max(a;) ; M, = max(b;) ; my = max(a;); mp = max(b;)

Theorem 2.2:[8] Let a; and b;, 1 < i < n are non-negative real numbers, then
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2

n n n nz
Z aiz Z bi2 - <Z aibi> < Z(M1M2 — mym,)?

i=1
Where M;M, and m;m, are defined similarly to theorem 2.1
Theorem 2.3:[3] Suppose a; and b;, 1 < i < n are positive real numbers, then

n
Tl:g:(h bi__ a; bi

n n
i=1 i=1 i=1

<um(A4—-a)(B - b)

Here a, b, A and B are the real constants, 1 <i <n,a<a; <Aandb < b; <B.
n 1|n
Further we have , u(n) = n [;J (1 - lED

Theorem 2.4:[4] Let a; and b;, 1 < i < n are non-negative real numbers, then
n n n
Zbiz + 7R Zaiz < (r+R)<Zaibi)
i=1 i=1 i=1
Here r and R are real constants,1 < i < n holds ra; < b; < Ra;
3.Bounds for the eigen values of Product Eccentricity Matrix of a graph
The following lemma is required to support the subsequent findings.

Lemma 3.1. If the trace of PE(G) = 0, then the eigen values obtained from PE (G) matrix satisfies
the following

3. Z?=177i =0
4. Y. n? = trace (PE(G))2

n

>t = ;(m)z = (trace(R.(@)))

i=1
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Where H = ¥1L1 oy (e(vi)' e(vj))z

Theorem 3.2 Let G be a graph with n — vertices, then

2H(n —1)
M < /T

Proof. Consider a graph G with n —vertices. Let PE(G) be the product eccentricity matrix of graph
G and 14,71, -** N, are the eigen values obtained from the PE (G) matrix, where 1, is the largest
eigen value among all the eigen values computed and using the Cauchy-Schwarz inequality is used

to obtain the bound for n;.
n 2 n n
(o) =(2#) ()
i=1

i=1 i=1

Leta; =1and b; = n; Vi = 1,2,3, - n then the inequality becomes,

(2) <(G0)E)

Using the idea of lemma 3.1 (i)

On squaring we obtain

m) = (—n)?=n}

By (ii) of Lemma 3.1
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(-n)? < (n—1)(2H —1n?)

n?<2H(n-1)—n?(n—1)

Equation one becomes

2 +n?(n—1)<2H(n-1)
n%(n) < 2H(n — 1)

2H(n—1)
ms ’T

Theorem 3.3 If Gbe a graph with n —vertices then

VZ2H < Epp(G) < V2nH

Proof. Consider a graph G with n —vertices. Let PE(G) be the product eccentricity matrix of a graph
G and 74,75, N, are the eigen values obtained from the PE (G) matrix. By the idea of Cauchy-
Schwartz inequality the theorem is proved

2

S <58+

Letus assume thata; =land b; =n; Vi =1,23,---n.

(Epe(6))’ < 2nH

Epp(G) < 2nH
This is an upper bound,

We have,
2
(Ere(@)" = Cialm? 2 Salyl? = 2H,
Thus, we obtain Epz(G) = V2H which is the lower bound.

Hence the inequality holds.
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Thus we have,

VZ2H < Epp(G) < V2nH

Theorem 4.4: Let G be a graph with n —vertices and m — edges. If |n,| = |nz| = - = |ny| are the
eigen values of PE(G), then the following inequality holds.

2 \/2nHIn|In,|

71| + 1l

Epp(G) =

Proof. Consider a graph G with n —vertices and |n| = [n,| = -+ = |n,,| are the eigen values of
PE(G), where |n,| and |n,,| are the maximum and minimum eigen values of |n;| respectively. From
theorem 2.1

S < 1 MM mym A
2 2 1442 171752
Z%Z T4 \/m1m2+\/M1M2 <Z H l)
i=
Assume aq; = 1 and b; = |n;|, M{M, = |n,| and mym, = |a'n| then,

n n | |

U U
> 12> Inlt <5 /ll /l" §1|l|
i=1 =1 Tl il

From lemma 3.1 and using the idea of Arithmetic-Geometric inequality we obtain,

171117,
8nH [n1]|7y|
Epg(G)) =2 7—F———
CEOE (11l + In 2
2 _ 2+/2nH|n4lIny|
(Ere(®)" 2 —
1l + |7
Theorem 3.5 Let G be a graph with n —vertices, then the following inequalities holds
2H n
71l + [12,]

Proof. Consider a graph G with order n and size m. Let ;]| = || = -+ = |n,| be the eigen balues
of the product eccentricity matrix, arranged in non- increasing order, where |n4| and |n,,| are the
maximum and minimum eigen values respectively.

Using the inequality from theorem 2.4
n n n
Dot er Yt <64 Yan)
‘ i=1
Assume b; = |n;|,a; = 1,7 = |n,| and R = ||, then the inequality implies to
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n n n
Dl + lnallnal 1% < Ul + 1) (Z 1|m-|>
i=1 i=1 i=1

Using lemma 3.1

2H + (InplIniDn < (npl + 01 DEpe(G)

2H + |nn1n1]

Epp(G) =
PE INERN

Theorem 3.6: Let G be a graph with n — vertices, then the following inequality holds

n2
Epg(G) = \/an _I(|771| — |naD?

Proof. Consider a graph G with order n and size m. Let || = |n,| = -+ [n,,] be the eigen values of
PE(G) matrix, where |n,| and |1, | are the maximum and minimum eigen values respectively.

From theorem 2.2 we have the inequality

2

Z a; z b} — <Z aibi> < Z(MlMZ —mym,)?

i=1

n n n 2 2
n
PRI (Z 1 Iml) < 2 (sl + )2

From lemma 3.1

2nH = (Epe(6))” < 5 (Il = I’

2
(Ere(6))” 2 j 2nH = 2 (] = )2

Hence the inequality holds true.

Theorem 3.7: Let G be a graph with n — vertices, then the following inequality holds

Epg(G) = /2nH — p(m)(In1]—|nn1)?

Proof. Consider a graph G with order n and size m. Let 11| = |n,| = -+ |n,,| be the eigen values of
PE(G) matrix, where |n;| and |7, | are the maximum and minimum eigen values respectively.

Consider the inequality from the theorem 2.3
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n ) ab;— ) a; ) b| <um)(A—a)(B-b)

n n n
i=1 i=1 i=1

Now assume that a; = b; = |n;| ,A = B = |n,| and a = b = |n,,|, then the inequality reduces to

n n 2
n Zl:lml2 - (Zlml) < u@Un1l = I DUl = 172D

From lemma 3.1

|2nH = (Epe(6))”| < um) (| = lal)?

Epp(G) =y 2nH — u(m)(In,| — 10, )2

Hence the inequality holds true.
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