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1. Introduction. The concept of soft set [1] is gaining popularity among the researchers
operating in multidisciplinary areas. Embedded with recent developments theory of soft
sets is getting richer and richer everyday|2, 3|. Fuzzification of soft sets [4, 5] also play a
very important role in fuzzy logic and it has the potential of hybridization. In this aspect
fuzzy soft set among with its application [6, 7Jhave been probed many authors. Relations
on collection of fuzzy soft sets [8] are structured using minimum function. It provides
a broad and flexible technique for molding any decision making process. In section II
adequate concepts related to fuzzy soft sets are given. In the next section different types
of relations that can be defined on the collection of fuzzy soft sets are investigated with
a detailed study on its properties. Section 4 is entirely devoted to the study of fuzzy soft
equivalence relations containing the concepts of fuzzy soft reflexive, fuzzy soft symmetric
and fuzzy soft transitive relations. In the last section the lattice structure of fuzzy soft
relations and fuzzy soft equivalence relations are also studied.

2. Preliminaries. Let Z and g be the universal set and the parameter set respectively
and let the collection of all fuzzy subsets of Z be denoted as 1. A fuzzy soft set (fs-set)
over 7 is a pair (7,p) where function ~ is defined from @ to IZ.

Definition 2.1. The fuzzy set in (7,p) corresponding to the parameter t € p is called

the fs-element denoted by ~;, where v; is a function from Z to [0,1]. The collection of all

fs-sets over the universal set Z and parameter set p is denoted by fss(Z,p). The fs-set

(7,¢) is called a null fs-set , denoted by 0,, if 7;(¢)=0, V t € p and V ¢ € Z. The fs-set

(7,¢) is called the whole fs-set , denoted by 1, if y,(e)=1,Vt € p and V ¢ € Z.
Complement of fs-set (7,p) over Z is given by (7¢,p) where v (g)= 1-v;(¢).

Note that ﬁpc = ip and ipc = f)g,

Definition 2.2. Fs-union of two fs-sets (v,p) and (£,p¢) over Z is defined as the fs-set
(7,U) = (7,9) U (&,9¢) where U =p U @, and for allu € U
Yul€) ifuep—pe
Tu(e) = 9§ &ule) ifuepe—p
Yu(e) V &u(e) Hfuepnpe

Definition 2.3. Fs-intersection of fs-sets (y,p) and (§,p¢) over Z is defined as the fs-set
(7,U) = (7,9) N (§,p¢) where U = p N S and for all u € U, 7,(¢) = yu(e) A Eule)
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Definition 2.4. Let (v,p) and (§,p¢) be two fs-sets over Z. Then product of (v,p) and
(&,p¢) is defined as (7,p) X (&,9¢) = (k, p x p¢) where ki p x pe — I¥ and V (t,8) € p x

¢
1 , ift=s
k‘(t,s) (5) - {min(%(s),fs(&?)) , ift 7£ S

3. Fuzzy soft Relation.

Definition 3.1. Let (7,p) and (&,5) be the fs-sets over Z. Fuzzy Soft Relation (fs-relation)
from (v,p) to (£,S) is the fs-subset of (7,p) X (£,5) and usually denoted by R. If R is
a fs-subset of product (v,p) x (7,0) then R is called a fs-relation on (v,p). Inverse of a
fs-relation R is defined by R;;! = Ry, V (t,5) € pXS. Null fuzzy soft relation O on (v,p)
is defined as Oy(z)=0, ¥V ¢ € X and t,s € p.

Theorem 3.2. Let R be a fs-relation from (v,p) to (£,S). Then the fs-relation R~ is
from (&,S) to (7v,p).

Proof

Fs-relation R is from (v,p) to (£,5) = R C (v,p) X (£,9).

' = Ry < min(&, 1), V (t,5) € pxS.

Hence ™! is a fs-relation from (&,S) to (7,9).

Definition 3.3. Union and intersections of fs-relations #; and sy defined on the fs-set
(7,p) are defined as follows.
(R U Ra)is(e) = (Ra)us(e) V (R2)es(e)
Ry N Ro)es(e) = (Ra)es(e) A (Ra)us(e)
VeeZandV (t,8) € px p.
The partial ordering < in the set of all fs-relations on (7,p) denoted as R(~v,p) is given
by, if ®; and Ry € R(7,p) then F; < Ry iff
(R1)es (8) < Ro)is(e), Ve € Zand V (t,8) € p x p.
Identity fuzzy soft relation I on (v,p) is defined for any t,m € p as

~ 0 ift #m
Itm: .
1 ift=m

Definition 3.4. Consider two fs-relations #; and Ry from (7,p) to (£,S) and (£,5) to
(¢,M) respectively. Composition of fs-relations R; and Ry denoted by R;0R, is a fs-
relation from (v,p) to ({,M) defined as

(RyoRo) i = S\E/Smin((%l)ts,(%g)sm) where (t,8) € pxS and (s,m) € SxM.

Theorem 3.5. If I and 0 be the whole and null fuzzy soft relations respectively on (7,9)

1)t =

Proof of 1 and 2 follows obviously. .

3) Consider the parameters t and s € p such that t = s, (f ol)y = % (min(ftm,fmt))
mep

= \;t(min(itm,imt)) \V4 min(itt7itt> = maX(O,l) = 1

For the parameters t,s € o, with t # s, (I o I)ys = V (min(Lon,Ipms))
megp
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=y (min(Lyn I ms)) V min(Ly,Iys) V min(ly, 1) = 0V min(1,1,,) V min(l;,1) = 0

4) Let parameters t,s € @, (0 00) = v (mln(Otm,f)ms)) = \é min(0,0) = 0 = 0y,
€p mep

Theorem 3.6. Let S, T and R be the fs-relations defined on the fs-set (,p) then
H(ESHt=8

I RO AORES)
Lo Ohy gy
C C Olﬂolﬂ\fl)
I
K
—=

N N N

Proof
1)Using the definition for inverse of fs-relation (S71)7!;,(¢) is same as (§7!')4(g) which is
equal to (S)s(e), Ve €Z and t,s € p
2)(8%)1s(e) = 1= (S)is(e) = 1-(1- Sus(€))
=Si(e),VeeZandt,s 2
3)VeeZandt,s e g, (897! (6) (8%st(e) = 1 - Sx(e),
(§7)us(e) = 1- (S Nusle) = 1- Sur(e),
= (897 =(871)°
4)Using definition 3.1 we have (S71);,(¢) is equal to (S)is(e) which is less than (7 ):s(e).
Using the similarity property (7 )ius(e) = (T 1)s(e), Ve € Z and t,s € p
— StCT!
5) (T 0 87 Nu(e) = v (min(T un(e), S7hns(e)) =V (min(Tome(e), Sam(e))) =

Y in(San(®), Tra() = (S © Ta(e) "

T) Y(e),VeeZand t,s € p
Wes =V (min((S)em; (R)ms)) <

<( (min((7)em: R)ms)) < (T o R)us
) (S0T)o R = v (min(S o T)um, R
\/

E

meo
Jms))
(mm( 1 (in((S)es (T)um ), (R)ms)))
"y (mln((s)tuv min((7)um, (B)ms)))

)

P u E

= v min(Sp, V na (min ((T)um, (R)ms) )

="V (anin (S, (T) 0 (W) = (S 0 ((T) 0 (B

8) (SUT) hs(e) = (SUT)ule) =Ss(e) VT ale) =S s(e) VT H(e) = (St U
T YHis(e), Ve €Zandt, s € p.

= (SuT)'=81tuT!

(SNT) s(e) = (SN T)st(e) =Sale) A Tsr(e) =8 His(e) ASTHs(e) = (SN T H)is(e),
VeeZandt,s e p

= SNnT)t=8'nT7"

NS U T)s(e) =1- (S U Ts(e) = 1= (Sus(e)V(T )is(€))

(1- Sts(e)) A )(1- (Ths(e)) = Ss(e)) A (T)4s(e)

(SN T s(e),Ve eZand t,s € p
— (SUTC—SCHTC

(8 N T)Cts(éf) (S N T)t ( ) 1-

= (1- Sis(e)) V (1- (T)s(e)) = SCts(E)) v (T)“us(e)
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= (S°U(T))s(e),VeeZand t,s € p
(SNT)y=8uTe*

4. FS-Equivalence Relation.

Definition 4.1. Let R be a fs- relation defined on fs-set (v,p) over Z.

1) If Ris(e) < Rule) and Ru(e) < Ru(e), V t,s € p with t # s and V e € Z, then the
fs-relation R is called fs-reflexive.

2) If the fs-reflexive relation R is such that Ry(e) = 1, Ve € Zand V t € p, then R is
called Identically fs-reflexive relation

) IR =R"T, RNis called a fs-symmetric relation

4) If R o R C R, then R is called a fs-transitive relation

5) If the relation R satisfies the conditions 1,3,4 then R is called a fs-equivalence relation.

Theorem 4.2. Let R be a fs-relation on fs-set (v,p), then R™! and R o R are fs-
equivalence relations on (7,)

Proof

For t,s € p with t # s and for ¢ € Z, R,.' () = Ry (e) < Ryu(e)

Similarly R, () < Ru(e) = R~ is fs-reflexive.

Since R is fs-symmetric we have ¢ = !

Hence R7! = (R~ =%

Therefore the fs-relation ®~! is fs-symmetric.

The fs-relation R is fs-transitive = Ro R C R

which implies (% o )~ € R~!. By theorem 3.6 we have 7 o R™! C !

Hence the fs-relation R~ is fs-transitive.

Therefore 7! is a fs-equivalence relation.

Let t and s be the parameters in g such that t # s, then for all € belongs to Z we have,
(F o RN)ys(e) < Ris(e) < Ru(e)

—> R o RN is fs-reflexive relation.

From theorem 3.6 (R o R),.;' = (R o NV, = (Ro N)y

Thereby implies that R o R is fs-symmetric.

Since R is fs-transitive, from the definition we have %2 = R o R which is contained in #
= R, () < Run( ) and N ( ) < Rops( )

By monotonicity of min function it follows that min(R?(tm),R*(ms) < min(Res, Rns))
The inequality holds for all m € @ and it is true for supremum also.

Hence for all t,s in p we have R2, = (R o R),, = teV@ min(Rys, Rns)

>V min (R2 , R2 ) > (R? o N?),,.

tm>
megp
Therefore $ o R contains (f o R)o(R o N). Thus we have proved that R o R is fs-transitive
relation.

Theorem 4.3. If ®; and R, are two fs-equivalence relations on fs-set (7y,0) then R; o Ry
is a fs-equivalence relation on fs-set (7,p) iff RioRy = RyoR;y.

Proof

Suppose that Ri0¥y = Ryoky

Since R; and Ry are fs-reflexive relation on (7,p) and V e € Z we have (1)5(z) < (R1)u(z)
and (Ry)us(2) < (R2)u(2)

= (Ri10R2)is < (RyoRg)w

Similarly we can prove (R1o%2)s < (R10R2)y

—> R 0Ny is a fs-reflexive relation on fs-set (7v,T)

(éR 10%2)155 = mz@min((g%l)tma(%Z)ms>
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=V mln((%l)tm7(%2)ms) = mzpmm((%l);é,(%g);i)

megp
= (R Loy )= (R o Ry);.' which is equal to (R;0%,);.!
Now consider the composition of (R; o $5) with itself
so that R o (R o R1) o Ry and composition of fs-relations R; o (R; o Ny) o RNy are equal.
But this is less than or equal to ®; o Ry
—> R 0Ny is a fs-transitive relation on (v,T).
conversely let ®; o Ry is a fs-equivalence relation
then by fs-symmetric property, ( R o &2)71 = R; o Ry
Thereby implies R, Lo §R1_1 = R; o RNy. Thus we have the result Ry o ;1 = R o RNs.

Theorem 4.4. Let (v,p) be a fs-set over Z then the fs-relation ® = (7,0) X (7,p) is a
fs-equivalence relation.

Proof

Ris(e) = minimum of v4(¢) and v5(e) < 7:(e)< 1

Thereby implies that Ris(e) < Ru(e), V t,s €p and V ¢ € Z, hence R is a fs-reflexive
relation.

Ris(e) = min(7y(g), vs(e)). This is same as min(y,(g), v4(e)) = Ru(e) = R () = RN
is a fs-symmetric relation.

(Ro R)es(e) = ¥ (min(Rem(e), Rins(e)))
=5, (in(Ren(2), Rins(€)) V min(Rep(2),Res(€)) V min(Res (€) Res (<))
= Y (min(y(e)Aym(€); Ym(E)A 75(€)) ) V min(ye(e),75(¢))

#t,s

= ¥ min(n(e), (e, 7(e) ) V min(ri(e)74(c)
= (lE) A Y () A7) V () A 1(E)
< (1(E) A 7%5(2)) = Rus(e)

Thus the fs-relation R is fs-transitive.
Therefore R is a fs-equivalence relation.

5. Lattice structure of fs-relation.

Theorem 5.1. The collection of all fs-relations R(7,p) form a complete lattice under the
ordering < with the bounds (~)p and (7,p) X (7,9).

Proof

Let R and S be the fs-relation defined on (,p). Then fs-union of R and S is the supremum
and fs-intersection of R and S is the infimum of the fs-relations R and S. This is also true
if we replace R and S with an arbitrary family of R(v,p). So (R(7,p), U, N) is a complete
lattice.

Example 5.2. Let (v,p) be a fs-set over Z ={¢, ¢, w, 1} and let p ={t, s, m} be the
parameter set. Consider two fs-equivalence relations Q and S on (7,Z) as in following
tables.

TABLE 1. Q.

£ © w ¢

Qu |0.76 0.5 |0.820.64
Qs | 0.58 [0.075 0.6 |0.56
Qs | 0.58[0.0750.6 |0.56
Qss |06 (0.7 10.82]0.9
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TABLE 2. S.

€ % w (0

S [ 0.45]0.55(0.7 0.6
Sim |02 103 [0.67]0.5
Sme 0.2 103 [0.67]0.5
Smm |05 106 |08 |0.7
Sss |04 105 |08 0.5

TABLE 3. QU S.

€ © w (0
(QUS); (07605 ]0.82]0.64
(QUS),s [0.58]0.075 0.6 |0.56
(QUS)y [0.58]0.075]0.6 |0.56
( )
( )
( )

ss 0.6 0.7 0.82]0.9
QUS)m (0.2 0.3 0.67]0.5
QUS)mm |05 0.6 0.8 |0.7

Union of two relations is computed as in above tables. Composition of relation RUS
corresponding to the parameter sm is given by

[(Q U S)o(Q U S)|sm( €) =02,
[(Q U S)O(Q U S)]sm( (70) - O 075
[(Q U S)o(QU S)|sm(w) =

[(Q U S)O(Q U S)]sm( ¢) - 0 5

But (Q U S)sm(z) =0, V e € Z. Therefore [(Q U S)o(Q U S)] is not a fs-subset of (Q U S).
Hence the relation (Q U S) is not fs-tansitive and hence it is not a fs-equivalence relation.

Consider the collection of all fs-equivalence relation on (7,p) denoted by Rg(7,p) and
partial ordering < on Rg(7,p) induced by the ordering on R(v,p). Since the collection
RE(7,p) is not closed under the binary operation union, (Rg(7,p), <) is not a sublattice
of (R(7,p), <) .

To explain the lattice structure of Rg(7,p) we define a new operation U as join on Rg(7,p)
in the next theorem.

Theorem 5.3. (Rg(7,p), <) is a bounded complete lattice.

Proof:

The fs-relation 0, is the least element and the fs-relation (7,p) X (7,p) is greatest element
in Rp(7,0).

Let R, P € Rp(y,p0).

To prove that NP € Rg(v,p).

(RNP)is(€) = Ris(e) A Pis(€) < Ru( e) A Py( ) which is less than or equal to (RNP) 4 (
g). From this we have RNP is a fs-reflexive relation.

(RNP) (&) = R ) APLY(e) = Ris( €) A Pys( €) which is equal to (RNP)( €)
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Hence RNP is a fs-symmetic relation.

(RNP)o(RNP) is a fs-subset of both the relations RoR and PoP

Therefore (RNP)o(RNP) is a fs-subset of the fs-intersection of (RoR) and (PoP) which is
a subset of NP

Hence 1 N P is a fs-transitive relation.

Define union on Rg(v,T) as follows

%UP—A{UERE(’yp) RCUand PC U}

Next we prove that ® U P belongs to Rg(7,p).

Let J be an indexed family and {U; : j € J} € Rg(7,p) such that R C U; and P C Uj,
vVield

(R U Pl 2) < (Upl( &) < (Up)u( 2), ¥ € J

(RUP)(e) < s (Uj)m( ) = R U P)u(e),

hence (R U P),, is a fs-subset of (R U P)y.
Similarly we have (% U P)y fs-subset of (R U P)y.
— (R U P) is a fs-reflexive relation on given fs-set.
RUP)'(e) = A{ Uil (e) : U € Ru(v,p) with Ry €) < Us( €)
and Pys( ) < Uil €) }
=N{ Uw(e): UeRg(y,p) with Ris( ) < U( €) and Pys( €) < Uys(€) } which is equal
to (R U P)( €).
This implies that (R U P) is fs- symmetric relation.
The fs-equivalence relation (} U P) is a subset of UJ, for every j € J.

By the property 6 of theorem 3.6 (R U P o (R U P) is a subset of U; o U; which is
contained in Uj, for every j € J.

This implies that the composition of fs-relation(R U P) with itself is contained in /\J U;
Jje

Therefore composition of (R U P) and (R U P) is a fs-subset of fs-relation (R U P).
This implies that (R U P) is a fs-transitive relation.

Hence (R U P) € Rg(v,p)

There is no difficulty in replacing ® and P with an arbitary family of Rg(7,p), hence
(Re(7,9), U, N) is a complete lattice.

6. Conclusions. The concept of relations on fuzzy soft sets and the properties of fuzzy
soft equivalence relations are studied in detail. Finally, we characterize the lattice struc-
ture of fs-relations and fs-equivalence relations.
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