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1. Introduction: Atanassov. K [1], discussed “Intuitionistic fuzzy sets”, Fuzzy Sets and Systems in
this year 1986. Ahmad B [2], discussed on fuzzy soft sets, Advances in Fuzzy Systems in this year
2009. Barbacioru 1. C [3], discussed “Multiplication operation on intuitionistic fuzzy numbers” in this
year 2018. Babitha K.V. [4], discussed Generalized Intuitionistic fuzzy soft sets and its applications in
this year 2011. Chetia.B [5], discussed some result of intuitionistic fuzzy soft matrix theory in this year
2012.Cagman. N [6] discussed fuzzy soft matrix theory and its application in decision making,
International Journal of Fuzzy Systems in this year 2012.Djatna. T [7] discussed “An intuitionistic
fuzzy diagnosis analytics for stroke disease”, Journal of Big Data, in this year 2018.Dubois. D [8],
discussed Fuzzy Sets and Systems: Theory and Applications in this year1980. Emam E.G [9],
discussed “Intuitionistic circular bifuzzy matrices “in this year 2017. Emam E.G [10], discussed the
Determinant and Adjoint of a Square Fuzzy Matrix, Information sciences in this year1995. Enginoglu
S [11], discussed “Intuitionistic fuzzy parameterized intuitionistic fuzzy soft matrices and their
application in decision-making” in this year 2020.Eklund P.W [12], discussed Fuzzy Matrices: An
Application in Agriculture in this year 1995. Engino glu. S [13], discussed Fuzzy parameterized fuzzy
soft set theory and its applications in this year 2010.Feng. F [14], discussed, An adjustable approach
to fuzzy soft set based decision making, Journal of Computational and Applied Mathematics in this
year 2010.Hans-Jiirgen Zimmermann Kluwer [15], discussed Fuzzy set theory and its applications in
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this year 1992.Irfan Deli [16] discussed, Intuitionistic fuzzy parameterized soft set theory and its
decision making in this year 2013. Kalra. N[17], discussed “A study of fuzzy, super and super fuzzy
matrix theory” in this year 2010. Krishnamohan .K.S[18], discussed Generalisation of Idempotent
Fuzzy Matrices in this year 2018. Kaliraja.M[19] discussed An Application of Interval Valued Fuzzy
Matrices in Medical Diagnosis in this year 2011. Kandle.A[20] , discussed Fuzzy sets, fuzzy algebra,
and fuzzy statistics in this year 1978 . Leon-Castro E .[21] discussed “Computational and Mathematical
Organization Theory”, Fuzzy systems in innovation and sustainability,in this year 2021.P. K. Maji[22]
discussed “Fuzzy Soft Sets”, Journal of Fuzzy Mathematics in this year 2001.Mondal, S[23], discussed
“Intuitionistic fuzzy incline matrix and determinant” in this year 2003.Muthuraji, T[24], discussed
“Decomposition of Intuitionistic Fuzzy Matrices” in the year 2016. Otadi, M. [25] discussed “Solving
fully fuzzy matrix equations”, Applied Mathematical Modelling in this year 2012. Wolkenhauer [26],
discussed | Fuzzy set theory and its applications in this year 1998.Pal, M [27] discussed‘“Intuitionistic
fuzzy matrices”in this year 2002. Pradhan, R[28], discussed “The Generalized Inverse of Atanassov’s
Intuitionistic Fuzzy Matrices”in this year 2014. Prade.H [29], discussed fuzzy sets and systems Theory
and application in this year 1980. Rajarajeswari.P[30], discussed Intuitionistic fuzzy soft matrix theory
and its application in decision making in this year 2013. Sahni, M[31] , discussed “Generalized
Trapezoidal Intuitionistic Fuzzy Number for Finding Radial Displacement of a Solid Disk”in this year
2019. Saw B.C [32], discussed “a, S, y, 6 Parametric form for Solving Intuitionistic Fuzzy Linear
System of Equations” in this year 2021.Smarandache. F [33] ,discussed ‘“Neutrosophic set-a
generalization of intuitionistic fuzzy sets”in this year 2005. Thomason, M. G[34], discussed
“Convergence of powers of a fuzzy matrix™ in this year 1977. F. C tak [35] , discussed Fuzzy
parameterized fuzzy soft set theory and its applications, Turkish Journal of Fuzzy Systems in this year
2010. Venkatesan, D[36] , discussed “Remarks on the multiplicative operations of intuitionistic fuzzy
matrices” in this year 2021.P.J.M. van Laarhoven[37], discussed A fuzzy extension of Saaty's priority
theory, Fuzzy Sets and Systems in the year 1983. Verma R[38] , discussed “On Sharma-Mittal’s
Entropy under Intuitionistic Fuzzy Environment” in this year 2021.Wagenknecht.M[39] , discussed
On fuzzy rank-ordering in polyoptimization, Fuzzy Sets and Systems in thi year 1983.Xu, Z[40] ,
discussed “Multi-person multi-attribute decision making models under intuitionistic fuzzy
environment”in this year 2007. Yager, R. R[41] , discussed “Some aspects of intuitionistic fuzzy
sets”,in this year 2009. Yung-Yih Lur[42], discussed “On Infinite Products of Fuzzy Matrices”in this
year 2001.Zhou, X. G[43], discussed “Study on bond selection under intuitionistic fuzzy conditions”in
this year 2018.Zhang, F. W[44] , discussed “Generalized fuzzy additive operators on intuitionistic
fuzzy sets and interval-valued intuitionistic fuzzy sets and their application”in this year 2019.Zadeh,
L.A [45] ,discussed “Fuzzy sets”in this year 1965.L.A.Zadeh[46]discussed Fuzzysets ,Information and
Control in this year 1965.

Objective: The objective of normalization of Intuitionistic Fuzzy Matrices (IFMs) is to transform
the matrix elements, which represent uncertain or vague information, into a standardized form while
preserving the relationships and inherent structure of the fuzzy data. The purpose of normalization is
to ensure that the elements in the matrix are comparable and consistent, allowing for more accurate
and reliable decision-making or analysis

2.Preliminary

2.1Definition of Fuzzy: Fuzzy refers to something that is unclear, imprecise, or ambiguous. It often
describes situations where boundaries or definitions are not strictly defined, leading to a certain level
of vagueness. In various fields, "fuzzy" can have different connotations, but the core idea revolves
around uncertainty or a lack of exact precision.

1.Physical/Visual Context: When something is blurry, soft, or lacking sharp details, it is often
described as fuzzy. For example, "The picture is fuzzy" means the image isn't clear.
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2.Metaphorical/Conceptual Context: It can refer to something vague, ambiguous, or hard to
understand.

For example, "His explanation was fuzzy" means the explanation was unclear or imprecise.
A fuzzy set can be represented in a matrix form, where the membership values of elements are arranged
in rows and columns. Each element in the matrix corresponds to a specific item, and the values in the
matrix represent the degree of membership of that item in the fuzzy set.

2.2 Examples 2.2.1.
Temperature (Hot vs. Cold): Set Description: We can define a fuzzy set for temperature, where the
degree of membership represents how hot or cold a temperature is,

Example: Consider the fuzzy set "Hot temperatures"
where:

0°C — Membership degree of 0 (completely cold)
20°C — Membership degree of 0.2 (slightly hot)
30°C — Membership degree of 0.5 (moderately hot)
40°C — Membership degree of 0.8 (very hot)
50°C — Membership degree of 1 (completely hot)
2.2.2. Height (Tall vs. Short): Set Description: A fuzzy set can be defined for the height of a person,
with the degree of membership indicating how tall someone is,
Example: Consider the fuzzy set "Tall people"

where 150

cm — Membership degree of 0.2 (slightly tall)

160 cm — Membership degree of 0.4 (moderately tall)
170 cm — Membership degree of 0.7 (fairly tall)

180 cm — Membership degree of 1 (completely tall)
2.3 Application of Fuzzy

2.3.1. In mathematics and logic: In fuzzy logic, values are not limited to just true or false (1 or 0), but
can take on any value between 0 and 1, reflecting degrees of truth. For example, instead of saying "a
person is tall" as either true or false, fuzzy logic might say they are 0.7 tall (indicating they are
somewhat tall but not extremely S0).
2.3.2 In computing: A fuzzy search allows for approximate matches rather than exact ones. For
example, searching for "appl" might also return "apple" or "applause" because the system is designed
to tolerate small errors in spelling or typing.

2.3.3. Computer Science and Mathematics: In traditional binary logic, something is either true or false
(1 or 0), but in fuzzy logic, truth values can be any number between 0 and 1, representing degrees of
truth.

Example: A thermostat that adjusts the temperature gradually based on a range, not just switching
between "on" and "off." If the target temperature is 70°F, and the room temperature is 68°F, the
thermostat may turn on at 50% power instead of 100%.

2.3.4. Technology: In searching algorithms, fuzzy search allows for matching terms that are similar but
not identical. This can be used when users make spelling errors or variations. Example: Searching for
"apple" could also return results for "apple," "appl," or "apples."

2.3.5. Fuzzy Concepts (Philosophy and Linguistics): A fuzzy concept refers to something that doesn’t
have clear-cut boundaries or definitions. It’s often subjective. Example: The term "tall" is fuzzy
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because what one person considers tall (e.g., 6 feet) might be different from another person’s perception
(e.g., 5'10").

2.3.6. Fuzzy Logic in Everyday Life: Using fuzzy reasoning in everyday decisions, where things aren’t
just black and white. Example: Deciding whether to go outside when the weather is "a little rainy" is a
fuzzy decision it's not a simple "yes" or "no" answer, but something in between based on personal
comfort.

2.4 Fuzzy Matrix

2.4.1Definition of fuzzy matrix: A fuzzy matrix is a mathematical structure used to represent data
where the relationships between elements are not precisely defined, but instead are characterized by
degrees of membership. This concept stems from fuzzy set theory, which allows for partial membership
in a set rather than a strict binary classification (where something is either in the set or not).

In a fuzzy matrix, each element in the matrix represents a relationship or association between two
entities, and the value in the matrix is a fuzzy number (typically ranging from 0 to 1) that indicates the
degree of association. A value of 0 might mean "no association," while a value of 1 could represent
"full association," and values in between indicate partial associations.

Membership Degrees: Instead of having binary values (0 or 1), fuzzy matrices contain values between
0 and 1, representing the degree of membership.

Symmetry: In some applications, the fuzzy matrix can be symmetric, meaning that if element A is
related to element BBB to some degree, element BBB is related to element A to the same degree.

Application: Fuzzy matrices are widely used in decision-making processes, pattern recognition, image
processing, and systems where uncertainty or vagueness in data exists.

2.5 Examples of Fuzzy matrix: A fuzzy matrix is a matrix in which the elements are fuzzy values,
typically represented by fuzzy numbers or membership functions. Fuzzy matrices are used in various
fields, such as fuzzy logic, fuzzy systems, and decision-making processes, to handle imprecision and
uncertainty. Let's consider a fuzzy matrix representing
the relationship between three factors (A, B, C) and their membership values. Here, each element in
the matrix could represent a degree of relationship or membership function value ranging from 0 to 1.

08 06 04
Fuzzy Matrix:{0.5 0.7 0.9
03 06 08

In this matrix, the value 0.8 in the first row and first column indicates a high degree of membership or
relationship between factor A and itself.

The value 0.6 in the first row and second column represents a medium degree of membership between
factor A and B.

The value 0.4 in the first row and third column indicates a low degree of relationship between A and
C. Each element in the matrix is a fuzzy value between 0 and 1, Where 0 means no
membership or no relationship.
1 means full membership or a strong relationship.

2.5.1. Basic fuzzy Matrix (Binary Fuzzy Matrix): The matrix represents relationships between
elements using values in [0,1]

0.8 04 0.6
A=10.3 1.0 0.7
0.5 0.2 09
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where a;; represents the degree of membership or confidence in a relationship between elements.
2.5.2 Fuzzy Adjacency Matrix: In a fuzzy graph , has three nodes with fuzzy edges weights ,its
adjacency matrix may look like:

0 0.7 05
M=[0.7 0 0.8
05 08 0
where M;; represents the fuzzy weight of the edge between nodes i and j

2.5.3. Fuzzy Relation Matrix: A fuzzy matrix showing relationships between elements of two sets

09 06 03
R=[0.5 0.8 0.7
04 02 0.1

where represents the fuzzy relationships strength between elements of two sets

2.6 Fuzzy matrix application: A fuzzy matrix is a generalization of a traditional matrix that deals with
fuzzy relations and fuzzy logic. In a fuzzy matrix, elements represent degrees of membership to certain
sets, usually expressed as values in the range [0, 1], where 0 means no membership, 1 means full
membership, and intermediate values represent partial membership. This concept is widely applied in
fields where uncertainty, vagueness, or imprecision is present. Below are some applications of fuzzy
matrices: 2.6.1 Fuzzy Logic Systems: Fuzzy
matrices are used in fuzzy logic systems for decision-making, where each element in the matrix
represents the degree of truth for a given fuzzy relationship between variables. For example, in a fuzzy
control system for a thermostat, the fuzzy matrix can represent rules and conditions like "temperature
is somewhat high," "humidity is low," etc., and the matrix helps to decide the appropriate output (e.g.,
turn on the air conditioning).

2.6.2 Fuzzy Graph Theory: In fuzzy graphs, the adjacency matrix can have values between 0 and 1,
indicating the degree of connection between two nodes. This approach is useful in networks where
relationships between nodes are not binary, such as in social networks, recommendation systems, or
transportation networks. It allows the representation of relationships that aren't just "connected" or "not
connected" but instead have varying strengths.

2.6.3 Fuzzy Relational Databases: Fuzzy matrices can be used in fuzzy relational databases where
database relationships (such as queries or connections between tables) are not precise but instead have
degrees of certainty. For instance, in a database of products, a fuzzy matrix could represent the degree
of similarity between different items, which can help with fuzzy searching or recommendation engines.
2.6.4 Fuzzy Control Systems: In fuzzy control, fuzzy matrices are often used to represent the
relationship between input and output variables in fuzzy inference systems (FIS). For example, in
controlling the speed of a fan based on temperature readings, a fuzzy matrix might define how the
degree of "high temperature" should correlate to the fan's speed in a fuzzy way.

2.6.5 Pattern Recognition and Classification: Fuzzy matrices are employed in fuzzy pattern recognition
to classify patterns when there is ambiguity or overlap between classes. A fuzzy matrix can represent
the degree to which a certain input belongs to multiple classes simultaneously. This is useful in
applications like handwriting recognition, image segmentation, and speech recognition, where
categories are not perfectly distinct.

2.6. 6 Fuzzy Decision Making: In multi-criteria decision analysis (MCDA), fuzzy matrices can
represent the degrees of importance or preference for various criteria under uncertain conditions. For
example, in selecting a vendor for a project, decision-makers might use a fuzzy matrix to rank multiple
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options based on subjective and vague criteria like "trustworthiness" or "reliability," which are not
easily quantifiable.

2.6.7 Fuzzy Systems in Al: Fuzzy matrices can be used in Al-based decision support systems, where
the relationships between inputs and outputs are not deterministic. They allow Al systems to handle
uncertainty and vagueness, which is essential when processing real-world data, such as in natural
language processing or autonomous driving.

2.6. 8 Fuzzy Optimization Problems: In optimization problems, fuzzy matrices can be used to represent
uncertainty in constraints or objective functions. This is particularly useful in cases where the
optimization criteria are vague or approximate, such as in supply chain management, where costs and
demand are uncertain, and solutions need to be found that work well under a range of possible
conditions

2.6.9 Image Processing: Fuzzy matrices are often applied in fuzzy image processing, where an image's

pixel intensities are considered fuzzy rather than precise. This can help with tasks like image denoising,
edge detection, or segmentation, where the boundaries between objects in an image are not perfectly
clear. 2.6.10 Fuzzy Clustering: In fuzzy clustering algorithms (e.g., fuzzy c-means), fuzzy
matrices represent the degree of membership of data points in different clusters. This allows for the
classification of points that belong partially to multiple clusters, which is useful in situations like
market segmentation, medical diagnosis, and customer behaviour analysis.

3.Intuitionistic Fuzzy Matrix

3.1Definition of intuitionistic fuzzy matrix: An intuitionistic fuzzy matrix A of order m X r is defined
as: AZ[(ui i Ui j)]an where, y;;is the membership degree of the element (i, j), representing the
degree of belonging to a set. 43,
is the non - membership degree, representing the degree of not belonging to a set. For every elements
(i ,j the sum of membership and non-membership degree satisfies: 0 < p;; +9;; < 1for all i,

The uncertainty degree (hesitancy)is given by( p;; + 9;;) which quantifies the hesitation or lack of
complete knowledge about the membership status.

3.2 Examples of intuitionistic fuzzy matrix:

Intuitionistic fuzzy sets (IFS) extend traditional fuzzy sets by incorporating both membership and non-
membership functions, as well as a degree of hesitation. In an intuitionistic fuzzy matrix, each element
has three components:
Membership degree (pn): The degree to which an element belongs to the set.
Non-membership degree (v): The degree to which an element does not belong to the set.

Hesitation degree (m): The degree of uncertainty or hesitation, calculated as n=1—p—v

(0.7, 0.2) (0.5 0.3)

(06 0.1) (04 04)
Membership=0.7, non —membership=0.2 and hesitation degree=1-(0.7+0.2) =0.1

(0.8 0.1) (0.6 0.2) (05 0.3)
(0.7 0.2) (0.4 0.4) (0.3 0.5)

Membership=0.3, non —membership=0.5 and hesitation degree=1-(0.3+0.5) =0.2
(0.6 0.3) (0.7 0.2) (0.5 0.4)]

1.A 2x2 Intuitionistic fuzzy matrix: AZ[

2. A 2x3 Intuitionistic fuzzy matrix: BZ[

(0.8 0.1) (0.4 0.5) (0.6 0.3)
(0.3 0.6) (0.5 0.3) (0.7 0.2)

3.A 3x3 Intuitionistic fuzzy matrix: C=
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Membership=0.3, non—membership=0.5 and hesitation degree=1-(0.3+0.5) =0.2
3.3 Application of intuitionistic fuzzy matrix:

3.3.1 Decision-Making Problems (Multi-Criteria Decision Analysis): Intuitionistic fuzzy matrices are
often used in decision-making problems where decisions depend on multiple criteria, and there is
uncertainty in the assessment of each criterion.

Example: In a decision-making process for selecting the best supplier from a set of alternatives, each
criterion (e.g., cost, quality, delivery time) may have uncertainty. Intuitionistic fuzzy matrices help
incorporate both membership (degree of suitability) and non-membership (degree of unsuitability)
values into the decision matrix.

3.3.2 Pattern Recognition: In pattern recognition, intuitionistic fuzzy matrices can be used to represent
the degree of similarity and dissimilarity between patterns, making it easier to classify patterns with
uncertainties. Example:
In image processing or speech recognition, patterns may not always be perfectly clear. Intuitionistic
fuzzy matrices provide a way to handle imprecise or incomplete data, allowing more flexible and
accurate classification.

3.3.3 Data Mining and Clustering: Intuitionistic fuzzy clustering algorithms, where each data point
belongs to multiple clusters with varying degrees of membership and non-membership, can benefit
from intuitionistic fuzzy matrices.
Example: In customer segmentation, instead of classifying customers strictly into one segment,
intuitionistic fuzzy clustering allows a customer to belong to multiple segments with different degrees
of membership and non-membership, representing their preferences or behaviours more flexibly.

3.3.4 Control Systems: In fuzzy control systems, where control rules are designed based on uncertain
or imprecise data, intuitionistic fuzzy matrices help incorporate the uncertainty of the system's
parameters. Example:
In temperature control of a system, intuitionistic fuzzy matrices can help model the uncertainty in
sensor readings and adjust the control system’s response accordingly.

3.3.5 Optimization Problem: In optimization problems with imprecise constraints or objective
functions, intuitionistic fuzzy matrices can be used to represent the uncertainty in the data, allowing
for more robust optimization results.

Example: In supply chain optimization, the cost or demand may have uncertainty. Using intuitionistic
fuzzy matrices to model these uncertainties helps in obtaining optimal solutions under varying levels
of confidence.

3.3.6 Fault Diagnosis and Reliability Analysis: Intuitionistic fuzzy matrices are useful in fault
diagnosis systems where the exact cause of a fault is not immediately clear, and multiple possible faults
need to be considered with varying levels of confidence.

Example: In industrial systems, intuitionistic fuzzy matrices can help in analysing machine faults by
considering various possible failure modes, each with a degree of membership (how likely the fault is)
and non-membership (how unlikely it is).

3.3.7 Expert Systems and Knowledge Representation: Intuitionistic fuzzy matrices can enhance expert
systems by handling uncertainty in expert knowledge and decision rules.

Example: In medical diagnosis systems, intuitionistic fuzzy matrices can model the uncertainty in
diagnosing a disease based on symptoms and test results, where the certainty of a diagnosis may not
be absolute
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3.3.8 Recommendation Systems: In recommendation systems, intuitionistic fuzzy matrices can be used
to represent the preferences of users and the uncertainty in their preferences for different items or
services.

Example: In an e-commerce platform, users may have different levels of preference for products, but
these preferences may also be uncertain or ambiguous. Intuitionistic fuzzy matrices can help provide
better personalized recommendations by taking into account both positive preferences and the lack of
preference.

3.3. 9 Social Network Analysis: In analysing social networks, intuitionistic fuzzy matrices can model
relationships between individuals, where relationships may have different levels of strength and
uncertainty. Example:
In social media platforms, the relationship strength between two users may be uncertain (not just strong
or weak) and could vary over time. Intuitionistic fuzzy matrices help represent this uncertainty in social
network analysis.

3.3.10 Medical Diagnostics and Health Monitoring: Intuitionistic fuzzy matrices can be applied in the
representation of medical data, where diagnostic results may have both degrees of certainty and
uncertainty, especially when dealing with incomplete or ambiguous information.

Example: In health monitoring, an intuitionistic fuzzy matrix can represent various symptoms and their
relationships to potential diseases, with both membership and non-membership values indicating the
degree of certainty about the presence of a condition.

4 Overview on Normalization and Cartesian product of Intuitionistic Fuzzy Matrices:

4.1Definition:The normalization of an intuitionistic fuzzy matrix (IFM) refers to the process of
transforming an intuitionistic fuzzy matrix into a standardized form while preserving its essential
characteristics .An intuitionistic fuzzy matrix is a matrix in which each element is represented as an
intuitionistic fuzzy number (IFM) ,typically denoted as a pair (ui i Ui j), where, ;;is the membership
degree of the element (i, j),representing the degree of belonging to a set. ¥;; is the non - membership
degree, representing the degree of not belonging to a set. The hesitation degree is given by 7;; = 1 —

(kij + 9)

Normalization in this context ensures that the fuzzy matrix values are on the same scale, which is

important for:
Reducing the impact of extreme values. Making the matrix more uniform for better comparison and
analysis. Ensuring consistency when aggregating or combining

intuitionistic fuzzy information across different decision criteria or alternatives.

4.2Normalization Methods for Intuitionistic Fuzzy Matrices: Normalization of IFMs helps to
standardize the values of the matrix to a common range, typically between 0 and 1, to ensure that they
are comparable across different criteria or decision-making factors. Here are some common
normalization methods:
4.2.1 Linear Normalization:
In this method, the values of the membership, non-membership, and uncertainty degrees are
normalized based on their maximum and minimum values across the entire matrix. The formula for
normalization of an element aij = (u(x), v(x), (X)) is given as

aij:( L) =Wmin V&) =9min ) T (X)~Tmin )Where

)
Hmax—Hmin ~ Imax—9

LT T
min TMAX~Tmin

Wmin» Mmax are  the minimum and maximum membership values across all elements.

https://internationalpubls.com 2930



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 10s (2025)

Imin, Omax are the minimum and maximum non-membership values across all elements.
Tmin» Tmax are the minimum and maximum uncertainty values across all elements.

4.2.2Column-Wise Normalization: In this approach, normalization is done separately for each column

of the Intuitionistic Fuzzy Matrix. Each element in a column is normalized by dividing by the sum of
the membership, non-membership, and uncertainty values in that column. For an element aij = (u(x),
v(x), m(x)) the normalization formula is

@ :< TCONNNN TCONNRNTCY
Yo SR ERL Ok R

) Where m is the number of rows in the matrix.

4.3.3 Max-Min Normalization: This method normalizes the elements of the Intuitionistic Fuzzy Matrix
using the maximum and minimum values across each row. For an element aij=(p(x), v(x), m(x), the
normalization is:

o ( u(x)—min (W) 9(x)—min (9) m(x)—min (1) )
aij = max(u)—min (n) ' max(9)-min (9) ’ max(m)—min (1)

this method uses the maximum and minimum values for each degree across the matrix to scale the
values.

4.3.4. Vector —Based Normalization: This method normalizes each element in the matrix by
considering the vector magnitude of its components. Given that each element is a triplet, the
normalization is based on the euclined norm or magnitude of the triplet vector (u(x), v(x), m(x)). The
formula for normalization is:

o ( 1e3) 9(x) n(x) )
YU V02 +0002+m()? (02 +9(0)2+m(x)? '/ nx)Z+9(x)2+m(x)2

this method ensures that the sum of the squares of the components of each element in the matrix
equals1 effectively standardizing the values.
4.4 Examples: Steps for Normalization of Intuitionistic Fuzzy Matrices:

1.Identify the maximum and minimum values for each component (membership, non-membership,
and indeterminacy) across the entire matrix.

2.Normalize each component by applying a normalization function. The most common normalization
method is min-max normalization, where the values are mapped to a desired range, typically [0, 1].

For each component x;; of the matrix (whether it's the membership, non-membership, or
Xij—min(x)
max(x)-min(x)’
max(x) are the minimum and maximum values of the respective component across the entire matrix.

indeterminacy), the normalized value x';; can be computed as = where min(x) and

3.Adjust the indeterminacy (if required). After normalizing the membership and non-membership
components, you may need to adjust the indeterminacy to ensure that the sum of membership, non-
membership, and indeterminacy still equals 1. you normalize the membership and non-membership
components first; you can calculate the indeterminacy for each element as: ';; = 1 — ', i~ AT

This ensures that the sum of the normalized membership, non-membership, and indeterminacy remains
1 for each element.

Example of Normalization: Consider an intuitionistic fuzzy matrix with the following entries

A= ((0.6,0.2 ,0.2) (0.8,0.1 ,0.1))
~\(0.4,0.3,0.3) (0.7,0.2,0.1)

Step 1: Identify the max and min values for each component.
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For membership (u) : max(p)=0.8 ,min(p)=0.4
For non-membership () : max(9)=0.3 ,min(J)=0.1
For indeterminacy (1) : max(m)=0.3 ,min(m)=0.1

Step 2: Normalize the membership and non-membership components using min-max normalization.

For each a;; = (15, 9;j,m;;) ,we apply the normalization

’ 0.6—04 0.2
for uy;; = 0.6: Wit = 55 02 oa =0.5

’ 0.2-0.1 0.1
For 1911 =0.2 Y 11 = 03-0.1 ZE =0.5
For T = 0.2 77:’11 =1-05=05=0

Now, apply the same normalization for the other elements of the matrix.
Step 3: Adjust indeterminacy.

After normalizing the membership and non-membership values, the indeterminacy values are

recalculated as:

e e T

(0.5,05,00 (1,0,0) )
(0,0) (0.75,0.25)

(0.5,0.3) (0.7,0.2)
(0.4,04) (0.6,0.1)

The final normalized matrix will have the form A’ = (

2.Consider a 2.2 intuitionistic fuzzy matrix A = [

using the Normalization:

, 0.5 0.3

Wi1 = g5res = 0625 9 = ostos — 0-37
Wi ==—"—=0.777 91, = —— =022
a1 = 0.:-:}0.4 =05 Va1 = 0.:;40.4 -

Wy = ——=0.857 93 = —=— =0.143

(0.625,0.375) (0.777,0.222) )
(0.5,0.5) (0.857, 0.143)

4.5. Applications of Normalization of Intuitionistic Fuzzy Matrices
1. Multi-Criteria Decision Making (MCDM)

The normalised matrix becomes A’ = (

2. Pattern Recognition

3.Machine learning &Al
1. Multi-Criteria Decision Analysis (MCDA): When dealing with multi-criteria decision-making
problems, intuitionistic fuzzy matrices allow capturing the hesitancy or uncertainty associated with
expert judgments. Normalizing the IFM helps standardize the fuzzy decision criteria to a common
scale, making it easier to compare alternatives across different criteria and achieve more reliable
ranking. Fuzzy Topsis Method: In methods like TOPSIS (Technique for Order Preference by Similarity
to Ideal Solution), normalization of intuitionistic fuzzy matrices allows a consistent comparison of
alternatives by transforming the fuzzy values into a comparable scale, reducing inconsistencies and
ambiguities in decision-making.
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2.Image Processing: Fuzzy
Image Segmentation: In image processing, intuitionistic fuzzy matrices can be used to represent
uncertain or vague image boundaries. Normalization helps in adjusting pixel intensities and related
fuzzy values (membership and non-membership) to ensure proper image segmentation, enhancing the
performance of algorithms that rely on fuzzy logic.
3.Pattern Recognition and Classification:
Feature Extraction and Classification: In pattern recognition, normalized intuitionistic fuzzy matrices
can be used to extract features from data sets where uncertainty is present. The normalization ensures
that the features, expressed in fuzzy terms, are on the same scale, allowing more effective classification
and pattern recognition by algorithms such as fuzzy clustering or fuzzy decision trees.
4.Control Systems:
Fuzzy Logic Controllers: In control systems, intuitionistic fuzzy matrices can represent uncertain
inputs and outputs. Normalizing the IFM ensures that the fuzzy rules and control outputs are consistent,
leading to better control decisions in real-time applications such as robotic navigation, industrial
automation, and HVAC systems.
5.Risk Assessment and Reliability Analysis:
Risk Modelling: In assessing the risk in uncertain environments, intuitionistic fuzzy matrices allow the
modelling of both membership (degree of risk) and non-membership (degree of safety). Normalization
of such matrices ensures that risk factors are represented proportionately, aiding in better decision-
making for risk mitigation strategies.
6.Data Fusion:
Sensor Data Fusion: In applications like sensor networks or multi-source information integration,
normalization of intuitionistic fuzzy matrices can combine data from multiple sources while adjusting
for different degrees of uncertainty across sensors. This leads to a more accurate and reliable fused
data set. 7.Healthcare and Medical
Diagnosis: Medical
Decision Support Systems: In healthcare, intuitionistic fuzzy matrices are used to represent patient
data, symptoms, and diagnostic criteria under uncertainty. Normalization helps to align various
medical parameters and judgment values, ensuring that the final diagnosis or treatment plan is
consistent with all available information.

4.6 Importance:
Consistent Comparison of Data:
Normalization ensures that the elements in the intuitionistic fuzzy matrix are scaled to a standard range
(typically [0, 1]), making it easier to compare and combine information from different sources. Without
normalization, the data might be inconsistent and difficult to interpret, especially when the membership
and non-membership values vary across different scales or ranges.

Improving Accuracy n Decision Making:
In decision-making problems (like multi-criteria decision analysis or decision support systems),
normalization helps to make sure that all the criteria or attributes are comparable on the same scale.
This improves the accuracy and reliability of the decision-making process.

Eliminating Bias Due to Scale Differences:

Different elements of an intuitionistic fuzzy matrix can have different scales, leading to biases in the
analysis. Normalization removes such biases by ensuring that all values contribute equally to the
outcome. This is important when the matrix represents the relationship between various factors or
alternatives in a decision-making problem.

Handling Uncertainty Effectively:
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Intuitionistic fuzzy sets deal with both membership and non-membership, leaving room for uncertainty
(indeterminacy). Normalization allows better handling and representation of this uncertainty, ensuring
that the resulting matrix values still remain meaningful even when there is incomplete or imprecise
data.

Facilitating Aggregation of Data:

When working with multiple intuitionistic fuzzy matrices, normalization allows for the proper
aggregation of data from various sources. This is particularly important in fields such as multi-criteria
decision analysis, where data from different criteria need to be aggregated into a final decision.

Simplifying Further Mathematical Operations: Normalized values in intuitionistic fuzzy matrices
make it easier to apply further operations like addition, multiplication, or averaging, which are
common in matrix-based decision-making methods (e.g., AHP, TOPSIS, etc.). Without normalization,
the results of these operations may be skewed due to differences in scale between different elements
of the matrix.

Ensuring Feasibility and Validity of Results:

For certain algorithms or applications, it's necessary that the values in the intuitionistic fuzzy matrix
sum to a specific value (such as 1). Normalization ensures that the sum of membership and non-
membership functions, along with the degree of indeterminacy, remains valid for further processing.

Enhancing Robustness of Algorithms

Many machines learning or optimization algorithms require data in a specific form for stable
convergence. Normalized intuitionistic fuzzy matrices help improve the robustness and convergence
speed of these algorithms, preventing issues caused by extreme or unbalanced values.

We define over the set of IFS, two modal operators which transform every IFS into fuzzy set. These
operators are similar to the operator’s ‘necessity’ and ‘possibility’ defined in some modal logics. This
idea is drawn from the modal operators on IFS proposed by [3].

5. Overview on Normalization and Cartesian product of Intuitionistic Fuzzy Matrices

5.1 Definition: [Modal operators’ necessity]: Let X be nonempty. If A is an IFS drawn from X,
then [JA = {x, pa(x): xeX} = {X, pa(X), 1 — pa(x): xeX}

Definition: [Modal operators’ possibility]: Let X be nonempty. If A is an [FS drawn from X,
then OA = {x, 1 — 94(X): xeX} = {X, 1 — 94(x), 94(x): xeX}

Definition: If A and By are two IFSs over different universes E and F gives as

Ag = {x, Wa(X), 9a(x): x€E} and Bp= {y, up(y), 95(): yeF}

Definition: If Ay andBj are two IFSs over different universes E and F gives as

Ap= {x, 94(x), ua(x): xeE} and Bg= {y, 95(y), up(y): yeF}

Definition: If A; and B are two IFSs over different universes E and F gives

as Ap = {X, Ua(X), U4(x): x€E} and Br={y, up(y), 9p(y): yeF}

Definition: If Ay andBj are two IFSs over different universes E and F gives as

Ag={x, 94(x), ua(x): x€E} and Bg= {y, 95(y), up(y): yeF}
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5.2 Definition: Let E be non-empty universe set. The normalization of intuitionistic fuzzy sets A
denoted by Norm (A) is defined as Norm (A) = {X, Uyorm(a)(X)> Inorm(a)(X): x€E},

9a(x)—inf (9 (x))

Ha(X) =
and ‘9Norm(A)(X) © 1-inf(9A(X))

sup (Ha(X))

where Unorm(a)(X) =
Definition5.2.1: If Ag and B are two [FSs over different universes sets E and F gives as
Ag = {X, Ua(x), 9a(x): x€E} and Bp= {y, pg(y), 9(y): yeFj.

LAgNBE = {(x, y), min (ia (%), up(y)), max (9(x), 9p(x)): x€E, yeF}

2. AgUBE = {(x, y), max (Ha(x), Hp(y)), min (D5 (x), 9p(x)): x€E, yeFj

3. Ag®Br = {(X, ¥), (Ha(X) + Hp(Y)) - Ma(X). Up(Y), Da(x).Dp(Y): x€E, yeF}

4. Ag®Bg = {(X, ¥), Ma(X). Hp(y), Da(x) +Op(y) - Da(x).9p(y): x€E, yeF}

5. Ap@Bg = {(x, y),UA(X)"Z' HB(¥) ' ‘SA(X)'Z"’SB(Y) . xeE, yeF)

_ 2pa(¥).Hp(Y) 294(X)-95(y)
6. A#BE = {(% ¥), | oro) sat0+0m) - XY EFS

7. Ag$Br = {(X, V) /Ha (). 1 () , /92 (). 95 (y)x<E, yeF}

e MAGO+URG)  OA(O+OR(G) |

8. Ag™Br = {(% ¥):30,0 (0. g (1) +1D) " 200400 95 (0 +1):
_ pa 0+ pp () 9a(x)+9B(y)

9. ApABr = {(X. Y ) e s (1) 70A (0 7950)" HAGT i) F9A GO T950)

xeE,yeF }

: xeE, yeF}

Theorem 5.2.1: If E and F be two universal sets. For every normalization of complex intuitionistic
fuzzy matrices Ay and Bp are in E and F then Norm Az N Norm B is also normalization of
complex intuitionistic fuzzy matrices.

Proof: If Norm A and Norm Bp are two normalization intuitionistic fuzzy matrices over different

universes sets E and F.If we consider two 2 X 2 normalization intuitionistic fuzzy
matrices, Norm Agand Norm Bp.
Let Norm Ag

<(N orm,,, (@11 +i11)  Normy,, (yyy +i6814)) (Normyy,,(@ip +iB12) Normy,,,(yi, + i512))>
(Normy,, (azq +if21) Normy,, (y21+1821)) (Normg,,,(az, +if2) Normy,,, (v2; +id22))

and Norm B

((Normé‘Fll (xll + iyll) NOTmyFll (null + l911)) (Norm5F12 (x12 + iY12) Normyplz (”12 + 1912))>
(Normg,, (xz1 +iy21) Normy,, (uzq +1631)) (Norms,,, (xz; +iy,2) Normy,,, (pz; +i6;7))

are two normalization intuitionistic fuzzy matrices. Now applying both side on intersection, we have

Norm A "Norm By =
((Nm'mﬁEll (@11 +if11) Normy, (y,, + i611)) (Normﬁglz (a2 +if12) Normy,(yi, + i512))>
(Normy,,, (az1 + ifa1) NOTmuEZI(Vn +1851)) (Normy,,, (azz + if22) Norm,,., (Y22 +1822))
<(Norm5F11(x11 +iy11) Normy, (uy, +i6;7)) (Norms, ,(x12+ iy12) Normy, . (u, + i912))>
(Normsg,, (x21 +iy21) Normy,., (uz; +i621)) (Norms,,,(xa2 + iy22)  Normy,,, (a2 + i6052))
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Calculate, Xll’ X127 X21and Xzz, we haVC
Xy =(Normy,, (ai; +iB11) Normy, (yi4 +i8;1))

m(Norm(gFu(xll +1iy11) Norm,, (u;; + iHll))
X12 :(NormﬁElz (aiz +if12) Normy, . (yi, + i512))

e (Norm5F12 (x12 +iy12) Normy,  (uq, + i012))
Xy =(Normg,,, (az1 +if21) NormuEn(Vm +1821))

N (Norms,, (X1 + iy1) Norm,,,, (uzq +i651))
X3z =(Normy,,, (@22 + if22) Norm,,,, (Y22 + 1622))

M (NOngFZZ (xzz + iyzz) NOT“myFZZ (ﬂzz + l922))
Applying Formula AgnBg = {(x, y), min (Ha(x), (y)), max (95(x), 9p(x)): X€E, yeF}
X11 ={min (Normg,, (@11 +if11), NOrmSFn(xu + iy;1), max (Norm, , (y11 +1611),

Norm,_ . (11 +i011)}

where |ulll=  (Normg, (a11))? + (Normg, (B11))*> <1, Ivlll= (Norm,, (y11))2 +
(Normy_  (611)) 2 <1, |ulll+vIlI <1,
X1 ={min ( Normy, , (@12 +iP12), Normg, , (x12 + iy12), min (Norm, , (y12 + i612),
Norm,_ . (p12 +1612)}
where |ul2l=  (Normg, ,(@12))? + (Normg, ,(B12))* <1, Ivlll= (Norm,  (y12))2 +
(Normy, . (612)) 2 < 1, [nI2|+|vI2| < 1.
X21 ={max( Norm\gE21((l21 + iﬁz]_), Norm5F21 (XZ]_ + iyZl)' min (NormuE21 ()/21 + 1:621),
Normy,,, (21 + i621)}
where |u21l=  (Normy,, (a1))* + (Normg,, (B21))* <1, W2ll= (Norm,,, (¥21))2 +
(Normy_, (621)) 2 < 1, [p211+Iv211 < 1.
X322 ={max( Normg, . (@22, X22) + iB22), iNormg,,, (+iy22), min (NormuEzz (Y22 +1822),
Norm,,,, (22 + i657)}

where |u22|= (NormlgEzz(azz))z + (Norm,gEzz(ﬁzz))z <1, Wlll= (Norm,,,(y22))2 +
(Norm, . (622)) 2 < 1, [u22|+v22] < 1.

X11 =(Normy,, (min (@11, x11) + imin (B11,y11))), Norm, . (max (1o 1) +

imax (811, 611))

Where |plll= (Normy,  (min(aq, x11))* + (Normy,  min(Bi1, ¥11))*> +(Norms,  min (y14,
111))?

+(Normg,, min (y11, #11))? <1, lvll|= (Norm,,  max(y11, #11))?
+(Norm,, max(811,611))* <1, Iplll+vI1I<1.

X1z =(Normy, ,(min (@15, x12) + i min (B13,y12)), Norm,,  (max (yiz, i12) + imax (812,
612))
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where  |pl12|=(Normg, min (a1, x12))*>  +(Norms, , min (B12,y12))* <1, IvI2|=
(Norm,,,  max(y1z, p12))* +(Norm,, max( (812, 612))* <1, Iul2[+vI2| <1.
X51 ={( Normg_, min (azq,x21) +iNorms,, (B21,¥21), max (Norm, (¥21,t21) +
iNorm,_, (621, 621)}
where  Ip211=(Normy,, min (az;, x21))*> +(Norms,, min (B1,y21))*> <1, M2ll=
(Norm,, max(yz1, U21))* +(Norm,,, max( (821, 621))* <1, Ip211+v21I < 1.
X5, ={max( Normg_, (@22, X22)), iNormg_ min (B33,y2,), max (NormuEzz(yzz, ,u21),
Norm,_ . (822,622)}
where  1p22|=(Normy,, min (az;, Xx32))*>  +(Norms,,, min (B, y22))*> <1, 2lI=
(Norm,,, max(ya2, Uz22))* +(Norm,,, max( (852, 622))* <1, |p22|+v22| <1.

X X
We have Norm A " Norm B = ( Xll X12) is also normalization of complex intuitionistic fuzzy

21 X22

matrix.

6402, 03 + 0.1i)(04 + 0.1i, 0.5 + 0.2i
Example5.2.2: IfAEz((O6+O i, 0.3 +0.1i)(04 + 0.1i, 0.5+ 0 1)>a :

(0.5+0.3i, 0.2 + 0.1i)(0.3 + 0.2i, 0.6 + 0.1i)

B ((0.4 +0.3i, 0.5+ 0.1)(0.3 + 0.4i, 0.4 + 0.21))
F=1(0.6 + 0.2, 0.2 + 0.20)(0.5 + 0.1i, 0.4 + 0.30)

are normalization of complex intuitionistic fuzzy matrix two intuitionistic fuzzy matrices over different
universe E and F then Norm Ay » Norm By is also normalization of complex intuitionistic fuzzy
matrix.

Proof:
(0.6 + 0.2i, 0.3 + 0.1)(0.4 + 0.1i, 0.5 + 0.21)) ‘
(0.5 + 0.3, 0.2 + 0.10)(0.3 + 0.2i, 0.6 + 0.1i)) *"

B. — ((0.4 +0.3i, 0.5+ 0.1i)(0.3 + 0.4i, 0.4 + O.2i))
F=\(0.6 +0.2i, 0.2 + 0.2i)(0.5 + 0.1i, 0.4 + 0.3i)

(1+0.67i 0.125+0i) (0.67+0.33i 0.30 + 0.10i))
(0.83+1i 0+ 0i) (0.5 + 0.67i 0.5 + 0i)

(0.67 +0.75i 0.375 + 0i) (0.5+1i 0.25+ 0.11i) )
(14+05i 0+ 0.11i) (0.83 + 0.25i 0.25 + 0.22i)

Given A E=<

Norm Ag :(

Norm BF=<
(1+0.67i 0.125+0i) (0.67+0.33i 0.30+ 0.10i)>

(0.83+1i 0+ 0i) (0.5+0.67i 0.5+ 0i)

((0.67 +0.75i 0.375 + 0i) (0.5+1i 0.25+0.110) )
(14050 0+40.11i) (0.83 + 0.25i 0.25 + 0.22i)

X;1= (1 +0.67i 0.125+0i) N (0.67 + 0.75{ 0.375 + 0i)
X12= (0.67 +0.33i 0.30 4+ 0.10i) N (0.5+ 1i 0.25 + 0.11i)
X,1=(083+1i 04+0)N(1+05i 0+0.11i)

X5, =(0.540.67i 0.5+ 0i) N (0.83 4+ 0.25i 0.25 + 0.22i)

Applying Formula AgnBg = {(x, y), min (Ha(X), Mp(y)), max (94 (x), 9g(x)): x€E, yeF}

Norm ApnNorm Br = (

https://internationalpubls.com 2937



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 10s (2025)

X,1 ={min(1 + 0.67i,0.67 + 0.75i) , max(0.125 + 0i,0.375 + 0i)}
X;, ={min(0.67 + 0.33i,0.5 + 1i) , max(0.30 + 0.10i,0.25 + 0.11i)}
Xy, ={min(0.83 + 1i,1 + 0.5i) , max(0 + 0i,0 + 0.11{)}

Xy, ={min(0.5 + 0.67i,0.83 + 0.25{) , max(0.5 + 0i, 0.25 + 0.22i)}
X;, ={0.67+0.67i, 0.375+0i}

X,, ={0.5+0.33i, 0.3+0.11i}

X,; =1{0.83+0.5i, 0+0.11i}

X, ={0.5+0.25i, 0.5+0.22i}

(0.67 +0.671,0.375+ 0i) (0.5 + 0.33i,0.3 + 0.11i)
(0.83 +0.51,0 + 0.11i) (0.5 + 0.251,0.5 + 0.22i)
normalization of complex intuitionistic fuzzy matrix.

We have Norm Ay, " Norm B = < ) is also

Theorem 5.2.3: If E and F be two universal sets. For every normalization of complex intuitionistic
fuzzy matrices Ay and Bp are in E and F then Norm A; U Norm B is also normalization of
complex intuitionistic fuzzy matrices.

Proof: If Norm A and Norm Bp are two normalization intuitionistic fuzzy matrices over different

universes sets E and F.If we consider two 2 X 2 normalization intuitionistic fuzzy
matrices, Norm Agpand Norm Bp.
Let Norm Ag

((Normﬁml(“ll +if1) Normy,, (yi; +i61,)) (Normyg,,(ar; +iB1s) Normy.,(yy, + i512))>
(Norm19521(a21 +if1) NOTmuEm(Yzl +1621)) (Normy,,, (azz +if22) Norm,,, (Y22 +1822))

and Norm B

<(N ormey,, (%11 +iy11)  Normy,, (uy; +i6,9)) (Norms,,,(xiz +iy12) Normy,,, (ui, + i91z))>
(Norms,, (xz1 +iy21) Normy,, (uzq +i6051)) (Norms,,,(x25 +iy,2) Normy,,, (pz; +163))

are two normalization intuitionistic fuzzy matrices.

NormAr U NormBr =
<(Norm19E11(a11 +if11) Normy, (yy;+i6y)) (Normy,,(a, +iBz) Normy, ,(y,, + i612))>
(Normy,, (azq +if21) Normy,, (y21+1821)) (Normg,,,(az, +if2) Normy,, (v2; +id22))
<(N0rm5F11(x11 + iy11) Norm,. . (ui1 + i911)) (Norm6F12 (x12 + iy12) Normy,., (u12 + ielz)))
(Normsg,,, (x21 + iy;1)  Normy,, (up1 +i621)) (Norms,,,(xz2 + iy22) Normy,,, (4z; +16037))

Calculate, X141, X132, X37and X5,, we have. Now applying both side on intersection, we have

Norm A U Norm Bg =

((Nm'mﬁEll (@11 +if11) Normy, (y,, + i511)) (Normﬂglz (a2 +if12) Normy,(yi, + i512))>
(Normy,,, (az1 + ifa1) NOTmuEZI(Vm +1851)) (Normy,,, (azz + if22) Norm,,., (Y22 +1822))

((Norm(gnl(xll +iy1) Normy, (uiq +i64,)) (Norms, ,(x12 +iy12) Normy, ,(uy, + i912))>
(Normg,,, (x21 + iy21)  Normy,, (up1 +i051)) (Norms,,, (X2, + iya2)  Normy,,, (4zs + i652))

Calculate, X;4, X1,, X51and X,,, we have
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Xy1 =(Normg,, (a1 +iB11) Normy,, (yy; +i6y))
U (Normapn (x11+iy11) Normy,  (uy; + i011))

X12 =(N0rm,9E12 (@12 +if12) Normy, , (yi, + i512))

U (Norms, ,(x1; +iy12) Normy, . (u;, +i6;5))
Xy =(Normy,,, (az1 + if1) Normuml(yn +i821))

U (Norms,, (x21 +iy21) Normy,, (p1 +i6,1))
Xy, =(Normy,,, (azz + if32) Norm,,., (V22 + 0822))

U (Norms,,, (xz2 +iy22) Normy,,, (uy; +1653))
Applying formula Ag UBg = {(X, y), max (Ua(X), ug(y)), min (95(x), 9g(x)): xeE, yeF}

X171 ={max ( Normy,  (ai1 +ifi1), Norms, (x5 +iy11), min (Norm, (y11 +i811),
Norm,  (u1; +i611)}

where plll=  (Normy, (a;1))*+ (Normg, (B11))* <1, Ivill= (Norm, (y11))2 +
(Norm,,. (6,1))2 < 1, Il 1[+Iv11I < 1.

X1, ={max ( Normg_ (ai; +if12), Normg, , (x15 +iy;2), min (Norm,, , (y12 + id12),
Norm, . (5 +i612)}

where |pl2l=  (Normy, (a;;))*+ (Normg, ,(B12))* <1, Ivill= (Norm,, (y12))2 +
(Norm,_ . (812)) 2 < 1, [pl2|+IvI2] < 1.

X5, ={max( Normg_, (ap; +if21), Normg_, (x31 +iyp;), min (Norm,_ (y21 + i61),
Norm,_, (uz1 +i621)}

where Ip21l=  (Normy,, (az1))* + (Normg,, (B;1))*> <1, IV21l= (Norm,,, (¥21))2 +
(Norm,,, (8,1)) 2 < 1, [n211+v21] < 1.

Xz ={max ( Normg,, (@2, X32) +iB33), iNorms_  (+iy,;), min (Norm,, (y22 + i832),
Norm, .. (uz2 + i652)}

where 1p22|=  (Normy,,,(az;))* + (Normg,, (B22))*> <1, Ivlill= (Norm,,, (y;2))2 +
(Norm,__(8,2))2 < 1, [n221+v22 < 1.

X11 =(Normyg,, (max (a;;, X11) + i max (B11,¥11))), Norm,  (min (yy1, py1) +
imin (811, 611))
Where |pl1l= (Normg,  (max(a;1, x11))* + (Normy,  max(Bi1, y11))* +(Norms,  min (y1,,

#11))2

+(N0rm5F11 min (y11, p11))* < 1, Ivll|= (NormuEnmin(yll, p11))? +(N0rmyE11min(511, 611))*
<1, [pull+viT] < 1.

X12 =(Normy, ,(max (@13, X12) + i max (B12,¥12)), Normy (min (yqz, f12) + imin (852,
612))

where  |pl2|=(Normg, max (a1, x12))*> +(Norms, , max (B2, ¥12))*> <1, [IvI2l=
(Normy,,, . min(y1z, p12))* +(Norm,,, . min( (812, 012))* <1, |nl2+Ivi2I < 1.
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X,51 ={( Normg,, max (az1,Xz1) + iNormg,, max(Ba1,y21), (Norm,_, min(y,1, a1 ) +
iNorm,_, min(8,;, 621)}

where  |p211=(Normg,, max (az;, x,1))*> +(Norms,, max (B1,y,1))*> <1, I21I=
(Norm,,,, min(y1, Uz1))? +(Norm,,, min( (6,1, 621))° <1, |u21+v21I < 1.

X3z ={max( NormﬁEzz(QZZ» X22)), iNormg,, max (B22,¥22), min (NormuEzz(Yzz, .U21),
Norm, (822, 622)}

where  |p22|=(Normg,, max (az;, x32))*> +(Norms,,  max (B2, ¥22))*> <1, IV21I=

(Norm,,,,, min(yaz, Hzp))? +(Norm,,, min( (82, 622))* <1, u221+v22| < 1.

X111 X12). o e .
We have NormAg U NormBp= ( Xll X12) is normalization of complex intuitionistic fuzzy matrix.
21 422

(0.6 + 0.2i, 0.3 + 0.1i)(0.4 + 0.1i, 0.5 + 0.21)) .
(0.5 + 0.3, 0.2 + 0.1i)(0.3 + 0.2i, 0.6 + 0.1i)/)

B. = ((0.4 + 0.3i, 0.5 + 0.1i)(0.3 + 0.4i, 0.4 + 0.21))
F7\(0.6 + 0.2i, 0.2 + 0.2i)(0.5 + 0.1i, 0.4 + 0.31)

are normalization of complex intuitionistic fuzzy matrix two intuitionistic fuzzy matrices over different
universe E and F then Norm A U Norm B is also normalization of complex intuitionistic fuzzy
matrix.

Proof:

Example5.2.4: IfAEZ(

6+ 0.2i, 0.3 + 0.10)(0.4 + 0.1i, 0.5 + 0.2i
GivenAE=((O6+O i, 0.3+ 0.1i)(0.4 + 0.1i, 0.5 + 0 1)>and

(0.5 + 0.3i, 0.2 + 0.1)(0.3 + 0.2i, 0.6 + 0.1i)

8. — ((0.4 +0.3i, 0.5 + 0.1i)(0.3 + 0.4i, 0.4 + 0.21))
F=1(0.6 4+ 0.2i, 0.2 + 0.2)(0.5 + 0.1i, 0.4 + 0.3i)

(14+0.67i 0.125+0i) (0.67+0.33i 0.30 + O.10i))
(0.83+1i 0+ 0i) (0.5 +0.67i 0.5+ 0i)

(0.67 + 0.75i 0.375 + 0i) (0.5+1i 0.25+0.110) )
(1405 0+0.110) (0.83 + 0.25i 0.25+ 0.22i)

((1 +0.67i 0.125+0i) (0.67+0.33i 0.30 + 0.10i))

mA-r UN B =
NormAg U NormBy (0.83+1i 0+ 00) (05+0.67i 0.5+ 00)
<(0.67 +0.75i 0.375 + 0i) (0.5+1i 0.25+0.11i0) )
(14+05i 0+40.11i) (0.83 + 0.25i 0.25 + 0.22i)

Xi1= (140.67i 0125+ 0i) U (0.67 + 0.75i 0.375 + 0i)

X1, = (0.67 +0.33i 0.30+0.10i) U (0.5+ 1i 0.25+ 0.11i)

X,1=(083+1i 0+4+0)U(1+05i 0+0.11i)

X5, =(0.54+0.67i 0.5+ 0i) U (0.83 +0.25i 0.25 + 0.22i)

Applying formula Ag\UBE = {(X, y), max (Ha(X), up(y)), min (95(x), 9p(x)): X€E, yeF}
X11 ={max(1 + 0.67i,0.67 + 0.75i) , min(0.125 + 0i,0.375 + 0i)}

X1, ={max(0.67 + 0.33i,0.5 + 1i) , min(0.30 + 0.10i, 0.25 + 0.11i)}

X371 ={max(0.83 + 1i,1 + 0.5i) , min(0 + 0,0 + 0.11i)}

NOI‘mAE :(

Norm Bg= (
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X5, ={max(0.5 + 0.67i,0.83 + 0.25i) ,min(0.5 + 0i, 0.25 + 0.220)}
Xy, ={1+0.75i, 0.125+0i}

X;, ={0.67+1i, 0.25+0.10i}

Xy, ={1+1i, 0+0i}

X, ={0.83+0.67i, 0.25+0i}

(1+0.751,0.125 + 0i) (0.67 + 1i,0.25 + 0.10i)
(1+ 15,0+ 0i) (0.83 + 0.671,0.25 + 0i)
normalization of complex intuitionistic fuzzy matrix.

We have NormAg U NormBp = ( ) is also

Theorem 5.2.5: If E and F be two universal sets. For every normalization of complex intuitionistic
fuzzy matrices A and By are in E and F then NormA;@NormBg is also normalization of complex
intuitionistic fuzzy matrix.

Proof: If Norm A and Norm Bp are two normalization intuitionistic fuzzy matrices over different

universes sets E and F.If we consider two 2 X 2 normalization intuitionistic fuzzy
matrices, Norm Agand Norm Bp.
Let Norm Ag

((N ormg,, (a1 + if11) Normy, (yiq4 +i61,)) (Normg,,, (@i +if12) Normy, (v, + i512))>
(Norngu(am +if>1) NOTmuEn(Vu +1621)) (Normy,,, (azz +if22) Norm,,,, (Y22 +1822))

and Norm Bp

((Normgnl(xll +iy11) Normy, (u,+i6y,)) (Norms, (i, +iyi,) Normy,,(u;, + i912))>

(Normg,, (xz1 +1iy21) Normy,, (uzq +1631)) (Norms,,, (xz; +iy,2) Normy,,, (pz; +i6;7))

are two normalization intuitionistic fuzzy matrices.

NormAg®NormBr =

((NormﬁEn(all +if11) Normy, (yy;+i8y;)) (Normy, ,(a, +iB1z) Normy, ,(y;, + i612))>
(Normy,,, (az1 + if1) NOTmuEu(Vm +1851)) (Normy,,, (azz + if22) Norm,,., (Y22 +1822))
<(Norm5F11(x11 +iy11) Normy, (uiq +i6y,)) (Norms,,(x1, +iy12) Normy, ,(uq, + i912))>
(Normsg,, (x21 +iy21) Normy,., (uz; +i621)) (Norms,,,(xo2 + iy22)  Normy,,, (a2 + i6052))

Calculate, X1, X12, X51and X,,, we have. Now applying both side on Ag®Bg = {(X, y), (La(X) + up(Y))
- Ma(X). HB(Y), 9a(X).0p(y): Xx€E, yeF}, we have
NormA®NormBy =
((Norngn(all +if11) Normy,, (yi; +i61,)) (Normyg,, (@i, +iB1z) Normy.,,(yy, + i512))>
(Normg,,, (az1 +if21) NOTmuE21(V21 +1621)) (Normyg,,, (azz +if22) Norm, . (Y22 +1822))
((Norm(gnl(xll +iy11) Normy, (uyq +i6y,)) (Norms,,(x1 +iy12) Normy, (uy, + i912))>
(Normg,, (xp1 +iy21) Normy,, (Upq +1631)) (Norms,,,(xz2 +iy22) Normy,, (p + i652))

Calculate, Xll’ X127 X21and Xzz, we haVC

X11 =(Normy,,, (ayy +if11) Normy,. (yi; +i611))
+(Norms,, (x11 + iy11)  Normy,, (uy; + i64))
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Where |plll= (Normy,,  (max(a;y, x11))* + (Normy,  max(Bi1, y11))* +(Norms,  min (y14,
111))?

+(Normg,, min (y11, #11))* < 1, Ivl1l|= (Norm,, min(ys1, p11))? +(Norm,_ min(8;4,611))*
<1, [pll+vil < 1.

X12 :(NOTmﬁElz (ai2 +if12) Norm,,, (12 + i512))
+ (Norm5F12 (x12 +iy12) Normy,. . (uy, + i912))

X21 =(N0Tm19E21(a21 +if1) Norm,,,, (Y21 + 1821))
+ (Norms,, (x21 +iy21) Norm,,, (up1 + i60,1))

X22 =(Normy,,,(az; +if2;) Normy,, (¥, +163))
+ (Norms,,, (x22 + 1y22) Norm,,, (22 + i6;2))

Applying formula Ag®Bg = {(X, y), (La(X) + UB(Y)) - Ha(X). HB(Y), Da(X).9B(Y): X€E, yeF}

X117 ={Normy,, (a1 +if11) + Norms, (11 + iy11) — NOTmﬁEll(an + iﬁn)-NOTmsFll (211 +
i}’11).N0TmuE11 (11 + i511).N0rmyF11 (fq1 + i011)}

X1z ={Normy, , (@12 +iP12) + Norms,, . (x12 + iy12) — Normy, . (a12 +iP12). Norms,, . (212 +
i}’12).N0TmuE12 (Y12 + i512).N0rmyF12 (12 +i012) }

X21 Z{Normﬁml(an + i) + Normapzl(xu + iy,1) — NOTmﬁEZl(azl + iﬁ21).Norm5F21(x21 +
}’21),N0TmuE21(V21 + i521)-N07”myF21(#21 +1i6,1) }

X322 ={Normy,,, (g + if2) + Norms,.,, (x22 + iy22) — Normy,,, (az; + iﬁzz)-NOTmapzz (222 +
V22) Norm,,., (Y22 + 1622). Norm,,, (U22 +1622)}

X1 = {Norm,gE11+ Sp11 ((a11 + x11 — aq1.%11) + i(B11+Y11 — B11-Y11))s Normub—l“ynl(yn-ﬂn +
i611.6011)}

Where [ulll= (Normy, .. 511 ((agq + 211 — @11.%11))% + (Normg,,,, P (B11 + Y11 —
B11-V11))2 <1 |vll|= (NormuEnWFll(yn.ull)z + NormuEnWFn((Sn.Hll)z <1, [pll+vi1]
<lI.

X = {Normﬁ512+5F12 ((ar12 + X172 — @12.%12) + i(B12+Y12 — B12-Y12))s NormpEanZ(hz-Mz +
i812.012)}

Where [nl2|= (Normyg, ,. 551 ((aqz + x15 — @12.%12))* + (Normyg,. 51 (Biz + Y12 —
Bi2-V12))2 <1 |v12|= (NormuElszlz(ylz.ulz)z + Normp512+,,nz(512-912)2 <1, |pl2l+Ivi2
<I.

X1 = {Normy,, . 5F21((0521 + X1 — Q1. %21) + i(B21+Y21 — B21-Y21))s Normu521+)/p21()/21'#21 +
i821.621)}

Where lu211= (Normgy,,, 5. . ((az1 + %21 — @p1.%21))* + (Normy,, . 5y P21 T V21—
Ba1-V21))? <1 [v21|= (Normu521+ml(y21.u21)2 + Normw%ml(521.921)2 <1, |21+ v21]
<I.

Xy = {Normy,,,. P ((agz + X252 — @22 X22) + i(Ba2ty22 — B22.Y22))s NormuEzz,,YFzz(Yzz-#zz +
i822.022)}
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Where n22|= (Normg,,,. P ((azz + x25 — Ap2.%22))* + (Normy,,,. szz(ﬁzz + Y22 —
B22-¥22))? <11v22|= (Normyy,, . (Vaz-Hz2)* + Normy,, . (832.6022)% <1, [u221+v22|
<l

X1 X
We have NormA;@NormBp = ( 1 12) is also intuitionistic fuzzy matrix.

X21 X2z
(0.6 +0.2i, 0.3 + 0.1i)(0.4 + 0.1i, 0.5 + 0.2i)
(0.5+0.3i, 0.2 + 0.1i)(0.3 + 0.2i, 0.6 + 0.1i)

B ((0.4 +0.31, 0.5 + 0.1)(0.3 + 0.4i, 0.4 + 0.21))
F=1(0.6 + 0.2i, 0.2 + 0.2)(0.5 + 0.1i, 0.4 + 0.3i)

are normalization of complex intuitionistic fuzzy matrix two intuitionistic fuzzy matrices over different
universe E and F then NormAz@®NormBr is also normalization of complex intuitionistic fuzzy
matrix.

Example5.2.6: : IfAE=( ) and

Proof:
(0.6 + 0.2i, 0.3 + 0.1i)(0.4 + 0.1i, 0.5 + 0.2i)> d
(0.5+ 0.3i, 0.2 + 0.1i)(0.3 + 0.2i, 0.6 + 0.1i) a

B — ((0.4 +0.3i, 0.5 + 0.1i) (0.3 + 0.4i, 0.4 + 0.21))
F=\(0.6 +0.2i, 0.2 + 0.2i)(0.5 + 0.1i, 0.4 + 0.3i)

(1+067i 0.125+0i) (0.67+0.33i 0.30 + O.10i))
(0.83+1i 0+ 0i) (0.5+0.67i 0.5+ 0i)

(0.67 + 0.75i 0.375 + 0i) (054+1i 0.25+0.11i) )
(14050 040.11i) (0.83 + 0.25i 0.25+ 0.22i)

Given A E:(

NOHHAE :(

Norm BF=<
(1+4+0.67i 0.125+0i) (0.67+0.33i 0.30 + 0.10i))

(0.83+1i 0+ 0i) (0.5+0.67i 0.5+ 0i)

® ((0.67 +0.75i 0.375 + 0i) (0.5+1i 0.25+ 0.11i) )
(1+05i 0+0.11i) (0.83 +0.25i 0.25 + 0.22i)

Xi1= (14067 0125+ 00)®(0.67 + 0.75i 0.375 + 0i)
X1 = (0.67 +0.33i 0.30 +0.10{) ®(0.5 + 1i 0.25 + 0.11i)
X,1=(083+1i 0+0)®(1+05i 0+0.110)

X5, =(05+0.67i 0.5+ 00)®(0.83 + 0.25{ 0.25 + 0.220)

Applying formula Ag®Bg = {(X, y), (Ma(X) + HB(Y)) - Ha(X). HB(Y), 9a(X).Op(Y): X€E, yeF}

1+ 0.9175i,0.046 + 0i 0.835+ 1i, 0.075 + 0.0lli)
1+1i, 0+0i 0.915 + 0.752i, 0.125 + 0i

X,, ={1+0.9175i, 0.046+0i}
X,, =1{0.835+1i, 0.075+0.011i}
X,y ={1+1i, 0+0i}

X5, ={0.915+0.752i, 0.125+0i}

NormA®NormBr = (

Ag®By = (
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(1+0.91751,0.046 + 0i) (0.835 + 1i,0.075 + 0.011i)
(1+ 11,0+ 0i) (0.915 + 0.752i,0.125 + 0i)
normalization of complex intuitionistic fuzzy matrix.

We have NormA;®NormBr = ( ) is also

Theorem5.2.7: If E and F be two universal sets. For every normalization of complex intuitionistic fuzzy
matrices Ap and Bp are in E and F then NormA;®NormBy is also normalization of complex
intuitionistic fuzzy matrix.

Proof: If Norm A and Norm Bp are two normalization intuitionistic fuzzy matrices over different

universes sets E and F.If we consider two 2 X 2 normalization intuitionistic fuzzy
matrices, Norm Agand Norm Bp.
Let Norm Ag

<(N0rm,9E11 (ay1 + if11) Normy,. (y11 + i511)) (Normﬁmz (@12 +iB12) Normy,,(y12 + i612))>
(Normg,,, (az1 +if21) Normuml(yu +1621)) (Normyg,,, (azz +if22) Norm, . (Y22 +1822))

and Norm B

<(N0Tmapn (%11 + iy11) Normy, . (ui1 + i911)) (Normaplz (x12 + iy12) Normy, ., (u;, + i912))>

(Normg,,, (x21 +iy21) Normy,, (uz; +1621)) (Norms,,,(xa2 + iy22)  Normy,,, (z; + i6053))

are two normalization intuitionistic fuzzy matrices.

NormA®NormBr =

((Norngn(a'll +if11) Normy,, (yi;+i8y,)) (Normy, ,(ai, +iB1z) Normy, ,(y;, + i612))>
(Norm19521(a21 +if1) NOTmuEm(Yzl +1621)) (Normyg,,, (azz +if22) Norm,,, (Y22 +1822))
((Norm(gml(xll +iy11) Normy, (uyq +i6y,)) (Norms,,(x1 +iy12) Normy, . (uy, + i912))>
(Norms,, (X210 +iy21) Normy,, (p1 +i621)) (Normg,, (xz; +iy;2) Norm,,,. (up; +i63))

Calculate, X141, X152, X,;and X,,, we have

X11 =(Normg,,, (ay1 + if11) Normy,, (yiq +i611))
®(N0rm5F11 (x11 +iy11) Norm,_ (uqq + i911))

Where |pl1l= (Normg,  (max(a;y, x11))* 4+ (Normg,  max(Bi1, y11))* +(Norms,  min (y11,
111))?

+(Norms,,, min (Vi ))* < 1, Iv1ll= (NormuEumin(yll, 111))? +(N0TmyE11min(511, 611))*
<1, [pll+vil] < 1.

X12 =(Normg,,,(a1; +p12)  Normy,,(yi; +16:2))
® (Norms,,,(x1z +iy1z)  Normy,,, (uy; +i615))

X21 =(N0Tm,9521(0(21 + iB1) Norm,,,, (Y21 + i621))
® (Norms,, (x21 + iy,1) Normy,, (p1 + i6,1))

X35 =(Normy,,, (azz + if22) Norm,,., (Y22 + 1822))
® (Norms,,,(x22 + iy22) Norm,,, (uz; +i603;)) Applying formula Ag®Bg = {(x, y), Ha(X).
UB(Y), 9a(X) T9p(y) - 9a(x).0(y): X€E, yeF}

X111 ={Normy, (ais +if11).Norms, (x1; +iy11),Norm,,  (y1; +i611) + Norm,, (u; +
i011) — NormuEu (11 + 1'511)-1\/07”"1”11 (11 +i611)}
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X1z ={Normy, ,(ai; +if12). Norms,  (x15 + iy12), Norm,, ,(y12 + i612) + Norm,,  (ui, +
i012) — Normy,  (yip +i815). Norm,, . (u1, +i612)}

Xz1  ={Normy,, (az; +ifz1).Norms,, (xp1 + ¥y21), Norm,,, (y21 +i621) + Norm,,, (uzq +
i651) — Norm,, (yp1 + i831). Norm,,, (upq +i651)}

Xy2  ={Normy,,,(az; + if2;). Norms,,, (Xa5 + ¥22), Normy,,, (y25 +182,) + Norm,,, (uzo +
i652) — Norm,, . (y22 + i8;2). Norm,, ., (z, +1657)}

X11 = {Normy,, . 811 (a11.%11) + i(Br1.Y11)s Normyp vy, (V11 i = Vig-pan + (611 +
011 — 611.011)}

Where lulll= (Normg, .. ,sFu(“ll'xll))z + (Normy,, . §F11(1811'Y11)2 <1 |vll |=

(Normu511+yF11 (V11 + M1 = Var-H11)* + Normugnwnl( 811+ 011 — 811.6011)% < 1, |plll+Ivil]
<l

Xy = {Norm,gE12+5F12 (@12.%12) + i(B12-Y12), NOTmuElz+yF12(V12 + 2 — Y12 H12) + (612 +
012 — 612.012)}

Where lul2|= (Normy,,, s (@12.%12)% + (Normyg,, . 5F12(.312-)’12)2 <1 |v12 |=
(Normygypyr, (V12 + iz — Viz2-#12)* + Normy,,,,,... (812 + 012 — 612, 612)% <1, |nl2l+vi2|
<lI.

Xy1 = {Normy,, . 5F21(“21-x21) + i(B21-Y21)» NOTmuEZH,,FZl(Yu + Uz1 — Va1-H21 + (621 +
021 — 821.021}

Where |u21|= (Normy,, . 8F21(a21.x21)2 + (Normy,,, . 5F21(B21.y21)2 <1 | v21 |=

(Normyy o (Va1 + Hag — Y21-H21)? + Normy, o (821 + 621 = 1. 6,1)? <1, lu211+v21]
<1I.

Xy = {Normy,,. . Sra (az2-%22) + i(B22.Y22), NormpEzz+yF22(sz + Uzz — Va2 H22) + (622 +
022 — 622-022)}
Where |u22|= (Normy,_,,. szz(azz.xzz)z + (Normy_,,. 5F22(,822.y22)2 <1 | v22 |=

(Normyyy, o (Va2 + Hop — Y22-H22)? + Normy,,,, ... (822 + 022 — &2 622)* < 1, [n22+Iv22|
<L
X1 X12) . . e
We have NormA;®NormBp = <X11 X12) is also normalization of complex intuitionistic fuzzy
21 422
matrix

0.6 + 0.2, 0.3 + 0.1i)(0.4 + 0.1i, 0.5 + 0.2i
ExampleS.2.8:IfAE=(( +0.21 +0.11)(0.4 + 0.1i + 1)>and

(0.5 + 0.3i, 0.2 + 0.1)(0.3 + 0.2i, 0.6 + 0.1i)

B ((0.4 +0.31, 0.5 + 0.1i)(0.3 + 0.4i, 0.4 + 0.21))
F=\(0.6 + 0.2, 0.2 4+ 0.2i)(0.5 + 0.1i, 0.4 + 0.31)

are normalization of complex intuitionistic fuzzy matrix two intuitionistic fuzzy matrices over different
universe E and F then NormA;®NormBg is also normalization of complex intuitionistic fuzzy
matrix.

Proof:
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0.6 + 0.2i, 0.3 + 0.1i)(0.4 + 0.1i, 0.5 + 0.2i
GivenAE=<( + 0.2i + 0.1i)(0.4 + 0.1i + 1))ad

(0.5 + 0.3i, 0.2 + 0.1)(0.3 + 0.2, 0.6 + 0.1i)

B. — ((0.4 + 0.3i, 0.5 + 0.11)(0.3 + 0.4i, 0.4 + 0.21))
F=\(0.6 +0.2i, 0.2 + 0.2i)(0.5 + 0.1i, 0.4 + 0.3i)

(1+067i 0.125+0i) (0.67+ 0.33i 0.30 + O.10i))
(0.83+1i 0+ 0i) (0.5+0.67i 0.5+ 0i)

(0.67 + 0.75i 0.375 + 0i) (0.5+1i 0.25+ 0.11i) )
(14+05i 0+ 0.11i) (0.83 + 0.25i 0.25 + 0.22i)

Apply the formula Ag®Bg = {(X, y), Ha(X). up(Y), Ia(X) TOp(Y) - 94(X).0p(y): x€E, yeF

(1+0.67i 0.125+0i) (0.67+0.33i 0.30 + 0.10i))
(0.83+1i 0+ 0i) (0.5+0.67i 0.5+ 0i)

((0.67 +0.75i 0.375 + 0i) (0.5+1i 0.25+0.11i) )
(1+05i 0+0.110) (0.83 +0.25i 0.25 + 0.22i)

X;1= (1 +0.67i 0.125+ 00)®(0.67 + 0.75i 0.375 + 0i)

X1, = (0.67 +0.33i 0.30+ 0.10i)) ®(0.5+ 1i 0.25 + 0.11i)

X,1=(083+1i 04+0i)®(1+05i 0+0.11i)

X322 =(0.54+0.67i 0.5+ 0i)®(0.83 + 0.25i 0.25 + 0.22i)

Applying formula Ag®Bg = {(X, y), Ha(X). HB(Y), Ia(X) tOp(Y) - Da(x).9p(y): Xx€E, yeF

0.67 + 0.502{,0.453 + 0i  0.335 + 0.33i, 0.65 + 0.199i )
0.83 +0.5{, 0+0.11i 0.415+ 0.1678i, 0.625 + 0.22i

X,, ={0.807+1i, 0.0.453+0i}

X, ={0.403+0.667i, 0.65+0.199i}
X,1 ={1+0.99i, 0+0.11i}

X5, ={0.5+0.332i, 0.625+022i}

Norm Ag = (

Norm Bg= (

AE®BF = (

Ap®By = (

0.807 + 1i,0.0.453 + 0i 0.403 + 0.667i,0.65 + 0.1991)\ .
We have NormA;®NormBr = <( ! D ( 1 1))

(14 0.99i,0 + 0.11i) (0.5 + 0.332i,0.625 + 022i) /) '
also normalization of complex intuitionistic fuzzy matrix.

Theorem 5.2.9: If E and F be two universal sets. For every normalization of complex intuitionistic
fuzzy matrices Ay and Bg are in E and F then NormA;@NormBg is also normalization of complex
intuitionistic fuzzy matrix.

Proof: If Norm A and Norm Bp are two normalization intuitionistic fuzzy matrices over different

universes sets E and F.If we consider two 2 X 2 normalization intuitionistic fuzzy
matrices, Norm Agand Norm Bp.
Let Norm Ag

((Nm'mﬁEll (@11 +if11) Normy, (y,, + i511)) (Normﬂglz (a2 +if12) Normy,(yi, + i512))>
(Normy,,, (az1 +if1) NOTmuE21(V21 +1851)) (Normy,,, (azz + if22) Norm,,, (Y22 +1822))
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and Norm B

((N ormg,,, (x11 +iy11) Normy,, (uy; +i611)) (Norms,,,(x12 +iy12)  Normy,, (u;, + i91z))>
(Normg,, (x21 +iy21) Normy,., (1 +1621)) (Norms,,,(xz2 + iy22)  Normy,,, (a2 + i6053))

are two normalization intuitionistic fuzzy matrices.

NormAp@NormBr =

((N ormy,, (@11 +if11) Normy,, (yi; +i61,)) (Normy,,, (a1 +iB1z) Normy,,(yy, + i512))>
(Normy,, (azq +if21) Normy,, (y21+1821)) (Normg,,,(az, +if2) Normy,, (v2; +id22))
((Norm(gnl(xll +iy11) Normy, (u, +i6y,)) (Norms, (e, +iyi,) Normy,,(u;, + i91z))>

(Norms,, (xz1 +iy21) Normy,, (uzq +i051)) (Norms,,,(x2; + iy22) Normy,, (pa; + 023))

Calculate, X;1, X;1,, X,;and X,,, we have

X11 =(Normg,,, (@11 +if11)  Normy,, (y1; + i611))

@(Normg, (x11 +iy;1) Normy, (uiq +i61,))

Where |plll= (Normy,  (max(a;y, x11))* + (Normy,  max(Bi1, y11))* +(Norms,  min (y14,

111))?

+(Norms,,  min (y11, #11))? < 1, Iv11|= (Norm,  min(y;1, p11))? +(Norm,, min(8;1,611))?

<1, [l 1+vIT <.

X12 =(N0rm19E12 (alz + iﬁlZ) NOTm“Elz (V12 + 1812))
@ (Norm5F12 (x12 +iy12) Normy,  (ui, + ielz))

X21 =(N0Tm,9E21(a21 +if1) Norm,,,. (Y21 + 1821))
@ (Norms,, (xp1 +iyp1) Normy,, (p1 +i6021))

X252 =(Normy,,, (azz +iB32) Norm,,, (Y22 + 1822))
@ (Norms,,,(xp2 + 1y22) Normy,,, (pz; +i602;))

Applying formula Ap@Bp = {(x,y), HaGOT B () 8A(X)ZBB(y):XEE,yEF}

2 )
_ @y1+%11+i(B11+Y11) Y11 +ti11+i(811+611)
11 _{NormﬁEn@aFu ( 2 ’ NormHEn@ypn 2 }
A11+Xqq
Where (Normy,., , o Spae (—2 )
_ “11+x11+i(ﬁ11ﬂ’11)) (Y11+ﬂ11+l(511+911))
X12 _{Norrn’-"En@zSF11 ( 2 ’ NormHEn@yFu }
_ @11+x11+i(B11+Y11) V11+H11+l(511+911)
X21 _{Nornl’9511@6p11 ( 2 ’ NormHEn@yFll
_ @11+x11+i(B11+Y11) V11+H11+l(511+911)
22 _{Nornl’9511@6p11 ( 2 ’ NormHEn@yFll
X11 = {Normy, . 5F11(0511-x11) + i(B11-Y11)> NormuEuWnl(Yn + U171 — V11-M11 T (611 +
911 - 611' 911)}
_ 2 2 —
Where lulll= (Normy,, .. 5F11(a11.x11)) + Wormy,,, o (Br1-y11)° <1 | vil |=

Normyey,y, . (Vi + pag — Vi1-#a1)? + Normy,,,, . (811 + 6011 — 611 6:11)* <1, lulll+vi1]|
<l
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X2 = {NOT'nglerSFlz (@12-x12) + i(B12-Y12)s NOTmuElz+yF12(V12 + 2 — Y12 H12) + (612 +
012 — 612.012)}
Where lul2|= (Normyg,,,, 5. (at12.%12)* + (Normyg,. . 5“2(,812.3112)2 <1 |v12 |=

(Normyy,,, (V12 + a2 — Viz-H12)? + Normy,,,,,.. (812 + 012 = 612, 612)* <1, |ul2l+vI2|
<l

Xy1 = {Normy,, . 5F21(0521-x21) + i(B21-Y21)> NoT™My s sy, (Y21t Mot = Var-fian (621 +
021 — 621.021}

Where u21|= (NorMyg,,, s, (a21.%21)* + (Normy,, . 5F21('321'y21)2 <1 | v21 |=
(Normumlﬂ,nl (V21 + Ha1 — V21-H21) + NOTmMEz1+yF21( 821 + 021 — 821.621)% < 1, [p211+v21]
<l

X322 = {Normy,,, . Spaa (az2-%22) + i(B22.Y22), Normu522+yF22(Y22 + o2 = V22-H22) + (822 +
022 — 822.022)}

Where |u22|= (Normy,,,. 8F22(a22.x22)2 + (Normy,,,. 6”2(,6‘22.3122)2 <1 | v22 |=
(Normypp sy, (Va2 + Haz — Y22-M22)° + Normy,,, ., (822 + 022 — 82 622)7 <1, [n221+v22]
<lI.

X11 X1z
X21 Xo2

(.9,.4) (4, .1)) _ ((.8, 6) (.6,.3)
(5.3) (8,.3)) MBr={(75) (9,4
matrices over different universe E and F then NormA;@N ormBis also fuzzy matrix set.

(9,4) (4, 1)) and By = ((.8,.6) (.6,.3))

We have NormA;®NormB = ( ) 1s also intuitionistic fuzzy matrix

Example5.2.10: If AE=< ) are two intuitionistic fuzzy

Proof: Given Ag (

(5,3) (8.3) (7,5) (9, .4)
(81) (0,.3) /(51 (0,5)
Norm, ((2 8) (.7,.8)) and Norm3_<(.3,.8) (.8,.7))
/(81 (0,3)\ ((51) (0,5)
NormA@NOTmB‘<(.2,.8) (.7,.8))@((.3,.8) (.8,.7))

X,=(81@(.51)
2= (0,.3)@(0,.5)
21=(2,.8) @ (.3,.8)

Xy, =(.7,.8)@(.8,.7)

Applylng fOT'mU,la AE@BF — {(X >(19A(X) +19B(Y)), (UA(X) KB (Y)), - xeE, yEF}

- ()
Xy, = (0;—0)'( 32.5>
X, = (.2;—.3)’(.82.8)
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X,, = ( 7 -ZI- .8), ( 82. 7)

X1 ={7, .5}
X1, ={0, .07}
X21 :{3, 3}
Xy2 =1{.8,.3}

(7, .5) (0,.07)
(3,.3) (8,.3)

Theorem 5.2.6: If E and F be two universal sets. For every normalization of an intuitionistic fuzzy

matrices Az and By are in E and F then NormAgr $ NormBgis also normalization of an intuitionistic
fuzzy matrices.

We have NormA;@ NormBy = < ) is also intuitionistic fuzzy matrix

Proof: If Norm, and Normjg are two normalization intuitionistic fuzzy matrices over different
universes sets E and F.If we consider two 2 X 2 matrix

N _<(N0rm'9E11 (X) NormuEn (x)) (NOT'nglz (x) NormllEu (x))>
Normy, = and
(Normg,, (x) Norm,,, (x)) (Normg,, (x) Norm,., (x))
Norm =<(N0rm5F11 (y) NOTmVFn (y)) (Norm5p1z (y) Norm)/nz (Y))>
B \Worms,, (y) Norm,,, (y)) (Norms,,(y) Norm,, (¥))

Norm, § Novm, = <(Norm19511(x) Norm,,  (x)) (Normg,,(x) NormuElz(x))> ;

(Normyg,, (x) Norm,, (x)) (Normgy,, (x) Norm,, (x))

((NOTTTL5F11 (y) NOTmYFu (Y)) (Norm5F12 (y) NormVF12 (y))>
(Norms,,,(y) Normy,, (y)) (Norms,,,(y) Normy,, ()

X1, =(Normy,,  (x) Normy, (x)) $ (Norms, (v) Norm,_ (y))
X1, =(Normy,_ . (x) Norm,_ . (x)) $ Norms, (y) Norm,, (y))
X,1 =(Normg,, (x) Norm,., (x))$ (Norms,, (y) Norm,. (¥))
Xy, =(Normy,,.(x) Norm,,,(x)) $ (Norms,,,(y) Norm,. (¥))

Applying formula Ag $ By = {{x,y), /94(X) .95 (), / Ha (X) .up(y) ,:xeE, yeF }

X1 = (\/Norm,gEn(x).Norm(gpll(y),\/NormuEll(x).Normypn(y))

Xip = (\/Normlgm(x).Norm(gplz(y) ,\/NormuElz(x).NormyFlz(y))

Xy = (\/Normgm(x).Norm(gFm(y) ,\/Normuml(x).Norm],nl(y))

Xy, = (\/Normﬁmz(x).Norm(gpzz(y) ,\/Norm“Ezz(x).Normmz(y))

_ _ X11 Xi2). e .
We have NormAz$ NormBp = ( Xll X12> is also intuitionistic fuzzy matrix
21 422
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(.9,.4) (4, .1)) _ ((.8, 6) (.6,.3)
(5.3) (8.3))™Br={(75) (94
over different universe E and F then NormA;$NormBgis also fuzzy matrix set.

(.9,.4) (.4,.1)) and By = ((.8,.6) (.6,.3))

Example: [f A E=< ) are two intuitionistic fuzzy matrices

Proof: Given Ag =(

(5,3) (8,3) (7,5) (9,.4)
(81 (0,3) /(51 (0,5)
Norm, _((.2,.8) (.7,.8)) and NOTmB_((.z;,.S) (.8,.7))
(81 (0,3)\,((51) (0,5)
Norm,$ Norm3_<(.2,.8) (.7,.8)>$((.3,.8) (.8,.7))

X;1= (.8,1)$(.51)

X;, = (0,.3) $(0,.5)

X1 =(2,.8) $(3,.8)

X, =(7,8)$(8,.7)

Applying formula Ag $ Br = {{(x,y), y94(x) . 95(¥), v/ ta (X) -up(y) ,: x€E, yeF }
X, =(.85V1.1)

X, =(0.0,V.3 5)

X, = (V.2 3,4/.88)

Xy, = (V.7 8,4.8.7)

X;, ={.6, .1}
X;, =1{0, 4}
Xy, =1{.2,.8)
Xy =07,.7}

6, .1) (0,.4)

WehaveNormeE$Norm§F=<(2 8) (7.7)

) is also intuitionistic fuzzy matrix.

Theorem 5.2.7: If E and F be two universal sets. For every normalization of an intuitionistic fuzzy
matrices A and By are in E and F then NormAg# NormBris also normalization of an intuitionistic
fuzzy matrices.

Proof: If Norm, and Normg are two normalization intuitionistic fuzzy matrices over different
universes sets E and F.If we consider two 2 X 2 matrix

(Normg,,  (x) Norm,. (x)) (Normg,(x) NormuElz(x))> ond
(Normg521(x) NormuEZI(x)) (NormﬁEzz(x) NormuEZZ(x))

((Normspn(ﬁ Normy,., (y)) (Norms,,(y) Norm,, (y)>>
(Normg,,,(y) Norm,,, (¥)) (Norms,,,(y) Normy,, ()

Normy =<

Normpg=

Normy # Normg = <(Norm19511 (x) Norm,.,, (X)) (Normﬂmz (x) Norm,,, (x))> #

(Normy,, (x) Norm,. (x)) (Normgy, (x) Norm, (x))
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<(Norm5F11 (,'V) NormYFn (y)) (Norm5F1z (y) Norm]’nz (y))>
(Norms,, (y) Normy,, (y)) (Norms,,(y) Norm,,, (y))

X11=(Normy,, (x) Normy, (x))# (Norms, (v) Norm,.. (y))
X1, =(Normy, ,(x) Norm,, , (x))# (Norms, ,(y) Norm,, (y))
Xy, =(Normyg,, (x) Norm,., (x))# (Norms,, (y) Norm,. (¥))
Xy, =(Normy,,.(x) Norm,,, (x)) # (Norms,, (y) Norm,. . (y))

20,0 Ip(y) 21 () 1p(y) .
» 9a005)  1a GO+ ppy) - X YEFS

2Normy,  (x).Norms, (y) 2Norm,. (x).Norm,  (y)
Normy,  (x) + Norms, (y) 'Norm,, (x)+ Norm,  (y)

<2Norm19E12 (x).Norms, .(y) 2Norm,, (x).Norm,, () )

Applying formula Ag # Bp = {(x,y)

Normy, ,(x) + Norms, (y) "Norm,,  (x) + Norm,_  (y)

2Normyg,, (x).Norms,, (y) 2Norm,., (x).Norm,  (¥)

Xll
X12
X )

21 Normg,, (x) + Norms,, (y) 'Norm,,, (x) + Norm,_ (¥)

X = < 2N0rm19E22 (X') Norm5F22 (y) ZNormllEzz (X) NOTmVFZZ (y) )
227 \Normyg,_(x) + Norms,,(y) 'Norm,__(x) + Norm,__(¥)

_ _ X1 X12). e .
We have NormAg# NormBp = ( Xll X12> is also intuitionistic fuzzy matrix
21 422

. (09, 4) (.4,.1)) _((.8,.6) (.6,.3)) e .
Example: IfAE—<(.5"3) (8,.3) andBp = (7,.5) (9,.4) are two intuitionistic fuzzy matrices

over different universe E and F then NormAg $NormBgis also fuzzy matrix set.

Proof: Given Ag =(('9’ A (4 '1)) and By = ((.8, 6) (6, -3))

(5,3) (8,3) (7..5) (9,.4)
(81 (0,3) /(51 (0,5)
Normy, _((.2,.8) (.7,.8)) and N‘”’”B‘((.s,.s) (.8,.7))

Normy# Normg = (

(.81) (0,.3)\./(51) (0,.5)
(2,.8) (.7,.8)>#((.3,.8) (.8,.7))

X1 = (.8, D#(.5,1)
X, = (0,.3) #(0,.5)
X, =(.2,.8)# (.3,.8)
X, = (.7,.8)#(8,.7)

294(%) 9p(¥) 204 () () ,
> 94(0)+95(y) " wa GO+ up(Y) | xeE,yeF }

Applying formulaAg # Br = {{(x,y)

_(2(.8).(5) 2(1).(1)
78 +(5) " 1+1

v 2(0).(0) 2(.3).(5)
127\(0) + (0) " (3) + (.5)
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X1 =

<2(.2).(.3) 2(.8).(.8))
(2)+(3)'(8)+(.8)
X =<2(.7).(.8) 2(.8).(7)>
27D +(8) (8 +(7)

X, =06, 1}
X, =1{0, 4}
Xy =12, .8}
X0 ={.7.,.7}

(6, .1) (0,.4)

WehaveNormeE$NormEF=<(2 8) (7,7

) is also intuitionistic fuzzy matrix.

Theorem5.2.8: If E and F be two universal sets. For every normalization of an intuitionistic fuzzy
matrices A and Bp are in E and F then NormAg * NormBgis also normalization of an intuitionistic
fuzzy matrices.

Proof: If Norm, and Normg are two normalization intuitionistic fuzzy matrices over different
universes sets E and F.If we consider two 2 X 2 matrix

L _((Normy,, (x) Norm,, (x)) (Normy,,(x) Norm,, (x))

Normy _((N ormy,, (x) Norm,, (x)) (Normgy,, (x) Norm,,, (x))> nd
(Norms,,,(y) Normy_ . (y)) (Norms.,(y) Normy.,(y))

((Norm5F21 ) NOVTnyFZ1 ) (Norm51~“22 ) NormYFZZ (Y))>

Normpg=

(NormﬁEn(x) NormuEn(x)) (NormﬁElz(x) NormuEu(x))
(Normyg,, (x) Norm,, (x)) (Normg,,, (x) NormuEZZ(x))> *

<(N orme,,, () Normy,. (y)) (Norms,,(y) Normy,, (yD)
(Norm5p21 (y) NormYFm (y)) (Norm5F22 (y) NormVFzz (y))

X1, =(Normy,.  (x) Norm,, (x))* (Norms, (y) Norm,. (y))
X1, =(Normy, ,(x) Norm,, , (x))* (Norms, (y) Norm,, (y))
Xy, =(Normg,, (x) Norm,., (x))« (Norms, (y) Norm,_ (¥))
X,, =(Normy,,,(x) Norm,, (x)) = (Norms, (y) Norm,_ (¥))

Normy * Normg = (

94(x)+9p(y) Ha )+ pp(y)

Applying formula Ag « By = (% Y)360 05 0 2atomamyen XEYEF ]
Y. = < NOT'ngll (x) + Norm&:n (y) NOT'muEll (x) + NormYFll (y) )
1 2(Normy,  (x).Norms, (y) +1) '2(Norm,, (x). Norm,, (y)+1)

X - < Normy, ,(x) + Norms,  (y) Normy,,,(x) + Normy,,, () )
12 2(Normy, ,(x).Norms, . (y) +1) '2(Norm,, ,(x). Norm,_  (y) +1)
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v = < Normy,, (x) + Norms,_, (y) Norm,, (x)+ Norm, . () >
217 \2(Normy,, (x).Norms, (y) +1) '2(Norm,_ (x). Norm,, (y)+ 1)

Y < Normyg,, (x) + Norms,_,,(y) Norm,, (x) + Norm,_, (¥) )
22 2(Normy,  (x).Norms, (y)+1) '2(Norm,,, (x). Norm,  (y) +1)

- - X2\ . e . )
We have NormAg * NormBp = (Xll X12> is also intuitionistic fuzzy matrix
21 X2z

(.9,.4) (4, .1)) _ ((.8, 6) (.6,.3)
(5.3) (8,.3))9Br={(7 5 (9 4)
over different universe E and F then NormAg * NormBgis also fuzzy matrix set.

(9,.4) (.4,.1)) and By = ((.8,.6) (.6,.3))

Example: If A E=< ) are two intuitionistic fuzzy matrices

Proof: Given Ag =(

(5,.3) (8.3) (7,.5) (9,.4)
(81 (0,3) (51 (0,5)
Normy _((.2,.8) (.7,.8)) and NOTmB‘((.s,.s) (.8,.7))
(8D (0.3 ((51) (0,5)
Normy + Normg = ((.2,.8) 7, .8)) * <(.3, 8) (.8,.7))
X, =(8,1)*(.51)
X1, =(0,.3) *(0,.5)
Xy = (2,.8) * (3,.8)
Xy, = (.7, 8) * (8,.7)
94 (x)+9p(y) ta )+ pp(y)

Applying formula Ag * Br = {{x,y), :xeE,yeF}

2040 95(+1) 7 2(ka().up()+1)

2((.8).(5) +1)'2(1.1+ 1)

< 0O+  (3+ (-5)>

(8)+(5 M+@D) )

2((0).(0)+1) '2(3.5+1)
(.2)+(3) (.8) +(.8)
2((.2).(.3)+1)'2(8.8+1)
v = (7)+(.8) (.8)+(7)
2272078 +1)'2(8.74+ 1)
X1 ={5,.5}
X1, ={0, .3}
X,1 ={.2,.5}
Xyp ={.5..5}

X11
X12
X21

(5 5) (0,.3)

WehaveNorm/TE*Normépz((z 5 (5..5)

) is also intuitionistic fuzzy matrix.
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Theorem 5.2.9: If E and F be two universal sets. For every normalization of an intuitionistic fuzzy
matrices A and Br are in E and F then NormAgA NormBgis also normalization of an intuitionistic
fuzzy matrices.

Proof: If Norm, and Normp are two normalization intuitionistic fuzzy matrices over different
universes sets E and F.If we consider two 2 X 2 matrix

Norm = (NormﬁEll(x) NormllEn(x)) (NOT'nglz(x) Normllmz(x)) and
4 (NormﬁE21(x) NormuEm(x)) (NormlgEzz(x) NormuEzz(x))
R :<<Normam(y) Normy,, (v))  (Norma,,(y) NO””Ynz(YD)
B\ Worms,,, () Normy,, () (Norms,,,(y) Normy,,, ()

(Norm19511 (x) NormHEll (x)) (Normﬁmz (x) Normllmz (x))
(Normy,, (x) Norm,,, (x)) (Normgy,, (x) Norm,, (x))) A

<(NOT'TTI5F11 ) Norm)’Fn (.V)) (NOTm5F12 (y) Norm]’nz (y))>
(Norms,, (y) Norm,. (y)) (Norms,, (y) Norm,.. (y))

X11 =(Normy,. (x) Norm,.  (x))A(Norms,. (y) Norm,. (y))
X1, =(Normy, ,(x) Norm,, , (x)) A(Norms, , (y) Norm,, (y))
X, =(Normy,, (x) Norm,. (x))A (Norms,, (y) Norm,_ (¥))
Xyp =(Normy,,.(x) Norm,,,. (x))A (Norms,,, (y) Norm,, (¥))

Normy A Normg = (

Applying formula Ap ABgp -
9 4(x)+9p(y) Ha )+ pp(y) .
{(x, y)’pA )+ up(M+9,4X)+I95(y) > 1a X+ pp()+94(X)+95(y) xeEyel}

Norm3E11 (x)+Norm5F11 )

X11

Norm,, (x)+Normy_ . (y)+Normg.  (x)+Normgg . (y) ’
Norm,., (x)+N0rmYF11 )

Norm,, . (x)+NormyF11 (y)+Norm,9Ell (x)+Norm5F11 6]

Normg, , (x)+Norm5F12 )

Norm,,, (x)+NormYF12(y)+Norm,91312 (x)+Norm5F12 W’
Norm,,, (x)+NormyF12 (6]

X12

Normy., (X)+NormYFlz (y)+Norm3Elz (x)+Norm5F12 )

Normy, (x)+Norm5F21 )

X21

- Normy,, (x)+Normy,, (y)+Normg,, (x)+Normsg,, (y) !
NormuE21(x)+NormyF21(y)

Norm,,, (x)+NormYF21 (y)+Norm3E21 (x)+Norm5F21 )

Normg,, (x)+N0rm5F22 )

X22

Normy,, (x)+Normy.,. (y)+Normg,,, (x)+Normg,. ()’
NormuEzz(X)+N0rmYFzz (6]

Norm,,, (X)+NormYF22 (y)+Norm9E22 (x)+Norm5F22 6]

X11 X12

) is also intuitionistic fuzzy matrix.
X211 X2

We have NormAzA NormBg = (
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(.9,.4) (4, .1)) _ ((.8, 6) (.6,.3)
(5.3) (8.3))™Br={(75) (94
over different universe E and F then NormA;ANormBrgis also fuzzy matrix set.

(9,.4) (4.1 _((8,6) (6,3)
(5,.3) (.8,.3))andBF‘ ((.7,.5) (.9,.4))

((.8,1) (0,.3) (5,1) (0,.5))
(2,8) (7,.8) (3,8) (8,.7)

(81) (0.3)\ ((51) (0,5)
(2.8) (.7,.8)>A<(.3,.8) (.8,.7))

Example: [f A E=< ) are two intuitionistic fuzzy matrices

Proof: Given Ag =(

Norm, = ) and NormB=<

NormyA Normg = (

X;1= (.8, 1)A(.5,1)
X.5 = (0,.3)A(0,.5)

Xy, = (.2,.8)A (3,.8)
Xy, = (.7, 8)A(8,.7)

Applying formula Ag ABp =
9,4()+95(y) ha GO+ us(y) ,
8 Y T 150194001050 1 GO+ 1a )04 0050y XS Y EF 3

X, = (.8)+(.5) (1)+(1)
117 (D+()+(8)+(5) *(1)+(1)+(.8)+(.5)
X, = (0)+(0) (:3)+(.5)
127 (3)4(5)+(0)+(0) *(3)+(5)+(0)+(0)
_ (.2)+(3) (.8)+(.8)
21 7 (8)+(.8)+(2)+(:3) *(8)+(8)+(2)+(:3)
X — (7)+(8) (.8)+(.7)
22 7 (8)+(7)+(7)+(8) *(8)+(7)+(7)+(8)
Xll ={4 5 6}
X1, =10, 1}
X1 ={2, .8}
X22 :{5 ,5}

(4, 6) (0,.1)

We have NormAzA NormB = <( 2. 8) (5.5)

) is also intuitionistic fuzzy matrix.

Conclusion:

Normalization of intuitionistic fuzzy matrices ensures that the values are scaled within a specific range,
facilitating their use in decision-making algorithms or other computational models. The key is to
handle the three components—membership, non-membership, and indeterminacy—carefully to
preserve their relationships while standardizing the values across the matrix.
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