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Abstract:

A setD € Vofagraph G = (V,E) is a complementary tree dominating set if the induced
subgraph < V(G) — D > is a tree. The complementary tree domination number y4(G) is
the minimum cardinality of a complementary tree dominating set (ctd-set) of G. The semi

total point graph T,(G) is the graph G whose vertex set is V(G) U E(G). Where two
vertices are adjacent if and only if (i) they are adjacent vertices of G or (ii) one is a vertex
and the other is an edge of G incident with it. In this paper complementary tree
domination number of semi total point graph of graphs, its bounds and relation between

Yera(G) and yeiq (Tz (G)) are obtained.
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1. Introduction

A Graph G(V,E) discussed in this paper be a simple, finite, undirected, connected graph with p
vertices and q edges. A set of vertices in a graph G is independent, if no two vertices are adjacent.
The largest number of vertices in such a set is called the independence number and is denoted by
Bo(G). The corona G; © G, of two graphs G; and G, are defined as the graph G obtained by taking
one copy of G; of order p; and p,; copies of G, and then joining the i vertex of G, to every vertex
in the i*" copy of G,. The Corona G, o G, has p; (1 + p,) vertices and q; + p1q, + p1p, edges. The

graph C,(lt) is the one point union of ¢ cycles of length n. A graph G is unicyclic if it contains exactly
one cycle. A broom graph B, ,,, is a graph of n vertices which have a path P, and n — m pendant
vertices, all of these vertices are adjacent to either the origin u or the terminus v of the path. Any
undefined term in this paper may be found in Harary [2].

The concept of domination in graphs was introduced by Ore [5]. A set D € V is said to be a
dominating set of G, if every vertex in VV — D is adjacent to some vertex in D. The minimum
cardinality of a dominating set is called the domination number of G and is denoted by y(G). The
complementary tree domination number of a graph was introduced byS. Muthammai, M.
Bhanumathi and P. Vidhya [4] have established some results on complementary tree domination
number of graphs. A set D € V(G) is said to be complementary tree dominating set (ctd-set) if the
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induced subgraph (V(G) — D) is a tree. The minimum cardinality of a ctd-set is called the
complementary tree domination number of G and is denoted by y.4(G). E. Sampath Kumar and
S.B. Chikkodimath[3] introduced the concept of semi total point graphs of a graph. Also B.
Basavanagoud, S.M. Hosamani and S.H. Malghan[1] have obtained some results on domination
number of semi total point graph. Given a graph G, the semi total point graph T,(G) of G is the
graph whose point set is V(G) U E(G) where two points are adjacent if and only if (i) they are
adjacent points of G or (ii) one is a point of G and the other is a line of G, incident with it.

For notation convenience, an edge (uq,u,) € E(G) then its corresponding edge vertex is denoted by
uy, in T, (G).

In this paper complementary tree domination number of semi total point graph of graphs, its bounds
and relation between y¢;q(G) and y.rq(T2(G)) are obtained.

2. Prior Results

Observation 2.1. [6]
(i)  For the path B, v, (T2 (Pp)) =p — 1, where (p = 2).

(ii) For the cycle Gy, v,,, (TZ (Cp)) = p — 1, where (p = 3).

(ii1) For the star graph Ky ;,_1, 7,4 (Tz (Kl,p—l)) =p—1lorg,p=2.

(iv) Fora complete graph K, p = 4 theny_,, (Tz( )) —5p+12

(v) Forawheel graph W, p = 4y, (Tz(Wp)) = p where W, = C,,_; + K; for (p = 4).
(vi) For a corona graph B, o K;,p = 2 theny ,, (Tz (Pp ° Kl)) =2p-—1.
(vil) Fora corona graph C, o Ky, p = 3 thenvy,,, (Tz (Cp ° Kl)) = 2p.

(viii) y,,, (T2 (K1 + B)) = p,p = 3.

Proposition 2.2. [6]
Let G(p, q) be a connected graph with §(G) > 2 then atleast one vertex of G is the member of
ctd-set of T, (G).

Proposition 2.3. [6]

For any connected graph G(p, q) withp > 2 [ ] Yetd (TZ(G)) <p+q-2

A(G)+1

Theorem 2.4. [6]
Yeta(T2(G)) = 1ifand only if G = K,.
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3. Characterisation of Complementary Tree Dominating Set in Semi Total Point Graph T2(G)

In the following, a necessary and sufficient condition for a ctd-set of a graph G to be a ctd-set of
its semi total point graph T, (G) is found.

Theorem 3.1.
A ctd-set D of a connected graph G = (V,E) is also a ctd-set of T, (G) if and only if

(1) (D) has an isolated vertices.
(i) Foreachv e D,N(v)n (V —D) #pand
(iii) (V —D)=K; andifv €V — Dthen N(v)ND # ¢.

Proof.
Let D be a ctd-set of both G and T, (G).
(i) Let v €D be not an isolated vertex in (D) then its edge vertex v’ in T,(G) is isolated
in{(V(T,(G)) — D) which contradicts the ctd-set of T,(G). Therefore, (D ) has an isolated
vertices.

(ii) Let there exists a vertex v € D such that N(v) N (V — D) = ¢. Then, its edge vertex v’ is
isolated in (V(T,(G)) — D).

(i) If K, is an induced subgraph of (V' — D). Then (V(T,(G)) — D ) contains a cycle. Therefore,
(V- D) = Kj. Let v € K;. Since G is connected so that remaining vertices are adjacent to v.
There exists a edge vertices v; € (v,v;) such that (v,v;,v)=C; in T,(G).Hence
Nw)nD # ¢.

Conversely, if (i) is true, D is dominating set of T,(G). If (ii) holds, then (V(T,(G)) — D) is
connected and if (iii) holds, then (V(T,(G)) — D) is acyclic. Therefore, (V(T,(G)) — D) is a tree.

Hence, D is also a ctd-set of T, (G). i

In the following, exact values of complementary tree domination number of semi total point graph
of some classes of graphs are given.

Proposition 3.2.
Let ngt), t = 2 be the one point union of # cycles of length p(p = 3) theny ;4 <T2 (ngt))) =

(—-Dt,p = 3.
Proof.

Let G = cgt) and u be the point of union of ¢ cycles of length p. Let the vertex set of k** cycle in

ngt) be Vi = {u, wper, Ukz) ooy Upp—13k = 1,2, .., (6 = 2) Vy (TZ(CZEt)» = {U, Ukq, Uk, ) Ugp—1} U
{We1) Wiz - Upp}  Where  Ujq, Upp, ..., Uy, are  the  corresponding edge  vertices  of
(W, Uper), (Uiers Upe2)s woos (W Upep—1). Let Dy = {Upa, Upz, oo, Ui}, k = 1,2, D =Ujoy Dy S
V(TZ (G)). Then (V(T,(G)) — D) is a tree. Hence D is a minimum ctd-set of T,(G). Therefore,
DI = Yera(T2(®) = (p — Dt. 0

https://internationalpubls.com 3105



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 10s (2025)

Proposition 3.3.
Let G be a unicyclic graph by attaching a path of length (n > 1) to the t(< p) consecutive
vertices of C,,(p = 3). Then Yera(T2(6)) =nt +p — 1.

Proof.

In the cycle C,(p = 3) say vy, vy, ..., v,. Consider a path of length P,_, in C,, say vy, v,, ..., Vp_4
and attach a path B,(n = 1) say v;, Uy, ..., Uy, i = 1,2,...,t to the t(< p) consecutive vertices of
Cp. In T,(G), the set of all edge vertices of path B, of # consecutive vertices of C,, edge vertices of a
path P,_; and a vertex v, forms a minimum ctd-set of T, (G). Therefore, y ¢4 (Tz (G)) =nt+p-—1.

m

Corollary 3.4.
G be a unicyclic graph by attaching one pendant vertex to exactly one vertex of C, then

Yctd (TZ (G)) =D

Corollary 3.5.
G be a unicyclic graph by attaching one pendant vertex to p —1 vertices of C,. Then

Yera(T2(G)) = 2p — 2.

Corollary 3.6.
G be a unicyclic graph by attaching a path of length n to exactly one vertex of C,

thenyctd(Tz(G)) =p+n+1.

4. Bounds and Some Exact Values for the Complementary Tree Domination Number of Semi
Total Point Graph of Graphs

Theorem 4.1.
Yeta(T2(G)) = 2 if and only if G = K, , or Cs.

Proof.
Let D be a y¢4-set of T, (G) such that |[D| = 2.
Let D = {uy,u,} where uy,u, € V(Tz (G)).

Case 1.
u; and u, are vertices in G. Then, D is also a y.4-set of G. By Theorem 3.1, it can be seen that
G =K,

Case 2.

Uy, U, € V(TZ(G)) —V(G). Let u; = uj and u, = u; where (u,u,) and (u,u,) € E(G). Since
u; and u; are edge vertices in T,(G) and (V(T,(G)) — D) is connected and acyclic. Hence it can be
seen that G = K ,.

Case 3.
Letu, € V(G) and u, = uj € V(T,(G)) — V(G)

https://internationalpubls.com 3106



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 10s (2025)

Sub case 3.1. u, = u;.
That is D = {uy, u3} is a y.q-set of T,(G). Hence G = Cj.

Sub case 3.2. u, # u;.

Let u, = v’ for some (u;,v) € E(G) and v' # u,. Then D = {u, v'} is a y q-set of To(G). u; #+
v’ implies that (u3, v, x ) form a cycle in (V(T,(G)) — D) forms either cycle or disconnected where
x,v € V(G).

Conversely, if G = K; ; or Cs. Then y.q(T2(G)) = 2. i

Theorem 4.2.
Yeea(T2(6)) = p + q — 2 if and only if G = K,.

Proof.

Assume Y¢iq(T2(G)) = p + q — 2. Let D be a minimum ctd-set of T, (G) having p + q — 2
vertices. Since (V(TZ (G)) — D) = K,. Let V(TZ (G)) — D = {u, v} either
(i) u,veV(G)or

(i) u€eV(G)andv =u' €V(T;(G)) — V(G) where v’ € (u,v).

Case 1.
Let u’ € D where u’ be the edge vertex of (u,v) in T,(G). Therefore, no vertex of V(G) is an
element of D hence u’ € D. Therefore G = K,.

Case 2.
Let u € V(G), v € V(T,(G)) —V(G). Since (V(T,(G)) —D)=K,. u' is adjacent to u in
(V(T,(G)) — D). Thatis vis adjacent to a vertex u in G. Therefore, G = K,.

Conversely, if G = K then y..q(T2(G)) =p + q — 2. -

Remark 4.3.
Ifp = 3 theny.q(T2(G)) < p + q — 3. Equality holds if G = Ps.

Theorem 4.4.
Let G(p, q) be a complete graph with 4 < p < 8 then y.44(T2(G)) < [?].

Proof.

We prove induction on p. Let p = 4, e = (uy,u,) € E(G) where u,,u, € V(G). Let D =
{uy, up, Uy ubs} € V(T2(G)) is a ctd-set of T,(G) where uf,, usy € V(T2(G)) —V(G) and D' =
V(T,(G)) — D = {us, uq, ujs, uhs, uhy, Uy} since p = 4 and 8(G) = 2 each vertex in (V(T,(G)) —
D') is adjacent to atleast one vertex in D and (V(T,(G)) — D) = Spym-m,m =2 in T,(G).

Therefore, |D| < [2X2]. Hence v.ca(T2(6)) < [22]. Equality holds if G = K. z
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Theorem 4.5.
Let G be a connected graph such that §(G) = 2 then y ¢4 (T2 (G)) <q-AG)+1.

Proof.

Let v be a vertex of maximum degree in G. Let S = {v;: (v,v;) € E(G),i =1, ...,A(G)}. Any set
D cV(T,(G)) such that V(T,(G))—D={U"_'v;}US. Since 8(G) =2, deg(v,) =2,i=
1,2,...,p — 1 and hence v; is adjacent to the vertices of G other than v, Then v; is adjacent to the
vertex v;, i = 1,2,...,p — 1 where v; is a vertex in V(TZ(G)) — D. Also, v is adjacent to atleast one
vertex of G and hence in S. Therefore, D is a dominating set of V(TZ (G)). Moreover (V(TZ (G)) —
D) = T o K; and hence D is a ctd-set of T, (G). Therefore,
Yera(T2(®) < |[V(T2(®) = (V(6) —v) - 5|

=p+q—p+1-A>6)

<q-AG)+1
Equality holds if G = K3, K, &K, + Pp_4. O
Theorem 4.6.

Let T,(G1(p1,q1)) and T5(G,(p2, q2)) be two connected graphs of order atleast two. Let T be an
induced sub-graph of T(G;) having maximum number of vertices such that T is a tree. If B, is the

independence number of T, (G,) and vertices corresponding to the edge joining from copies of T'(G,)
to T(G,) then

thd(TZ(Gl o Gz)) <2pipr + 11+ qp) +q — (E—2)By — t.

Proof.
Let 7T be an induced sub-graph of T (G;) having maximum number of vertices such that 7 is a tree
and |T| = t.

Let S be a maximum independent set of T (G,) and vertices corresponding to the edge joining to
the vertices of each copies of T(G,) to T(G,) such that |S| = B, and D’ be the set of vertices in S in
copies of T(G,) which are adjacent to the vertices of T'then |[D'| = (t — 2)B, if 8(G,) = 2.

Let D = (V(T5(G © G))) — (V(T) UD") then V(T,(Gy © G,)) =D = V(T)UD' and (¢t — 2)
vertices of V(T) are adjacent to (p, — By) vertices in a copy of T,(G,). Also each vertex in D' is
adjacent to atleast one (p, — By) vertices in a copy of T, (G,).

Therefore, D is a dominating set of T, (G; © G,) and

(V(T,(Gy 2 Gy)) — D )is atree.

thd(Tz(G1 ° Gz)) < |D|

< |V(T2(Gy 2 Gy)) — (V(T) u D)|

= 2p1p2 + P1(1 + q2) + g1 — t(1 + Bo) — 2B,. O

5. Relation Between y.ta(G) and ycta(T2(G))

Observation 5.1.

For any connected graph G(p,q), p = 2 then y.4(G) < thd(Tz (G)). Equality holds if G =
Kip-1-

1R
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Theorem 5.2.
For any connected graph G(p,q), p = 2 with 8(G) = 1 then y.q(T2(G)) < p — 1 + yca(G).

Proof.
Let D be a minimum ctd-set of G and hence |D| = y.;4(G). Therefore, (V(G) — D) is a tree.

Now, the set D' = D U (V(Tz (G)) - V(G)) is a minimum ctd-set of T,(G). Hence, thd(Tz (G)) <
ID'| = ycea(G) +p — 1. O

Theorem 5.3.

Given two integers @ and b with 2 < a < b there exists a graph with a + b + 1 vertices such that
Y(T2(6)) = a+ 1 and yq(T2(G)) = a + b. Also y.q(T2(G)) < ¥(T2(G)) + b.

b

Figure 1.

Proof.

In the cycle Cyyp(a = 2) by {v4, vy, ..., Vqy2} of length a + 2. Consider a path of length a. In this
path attach (b — a) pendant edges at exactly one vertex and attach one pendant edge at each of the
remaining (a — 1) vertices. Let the graph thus obtained be denoted by G and G has a+b + 1
vertices.

In T,(G), edges of cycle C,,, and edges of pendant vertex of G and the vertices of G are the
vertex set of T, (G). Therefore,|V(T2(G))| =2a+ 2b + 2.

The set {vq, vy, ..., V441 } forms a minimum dominating set of T,(G) and the set consisting of edge
vertex of path P, a vertex C,,, and all the edge vertex of pendant vertices of G forms a minimum
ctd-set of T, (G). Therefore, Y ¢4 (TZ(G)) =a+b.

If @ = b then, the equality holds. O

Theorem 5.4.
IfYetqa(G) = 1 then y.q(T2(G)) = p — 1 where p = 2 is the number of vertices in G.

Proof.

Assume y.4(G) = 1, then G = K; + T where T is a tree with atleast two vertices. Let V(K;) = v
and V(T) = {vy,v,, ..., vp_1} then V(G) = {v,v4,v,,...v,_1} and V(T2(6)) = V(G) U vj U vy,
where v; € (v,v;) and v, € (v;,V;44) where i = 1,2,..,p—1. Let D={v;,,/i=
1,2,..,p — 2} U {v}. Then D € V(T,(G)) and (V(T,(G)) — D) is a tree. Therefore D is a ctd-set of
T,(G) and hence, y¢¢q(T2(G)) = p — 1. m
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Theorem S.5.
Let G be a connected graph, if y..4(G) = 2 then
_(p if G =G,&G,
thd(TZ(G)) - {p -1 lf G = 63
(1) G, is the graph obtained from K; + T with one pendant edge attached at the vertex of K;, where
T is any tree with p — 2 vertices.

(i) G, is the graph obtained from a tree 7 where (|T| = p — 2) by joining each of the vertices of
the tree to the vertices of K, such that deg; (v) = 2 for all v € V(K,).

(ii1)) G5 is the graph obtained from a tree by joining each of the vertices of the tree to the vertices of
2K, such that deg;(v) = 1 forall v € V(2K,) and |V (G)| = p.

Proof.
Assume Y 4(G) = 2.

Let G be a connected graph with p >4 and S; = {u;,u,} is a minimum ctd-set of G then
(V(G) — S;)isatree T. Hence |T| = |V(G) — S;| =p — 2.

Now construct T,(G), the vertices of complementary dominating set of G (tree 7) and its edge
vertex forms a cycle Cs.

LetS, = {vj;/i #j,i =1,2,..,p —3,j = 1,2, ...,p — 2} € V(T;(G))where(v;, v;) € E(V(G) — Sy).

Case 1.
u, and u, are connected then G = G, or G,. Let D = S; US, U {u;,} is a minimum ctd-set of
T,(Gy) or To(G,). Hence |D| = |S;| + |S;| + 1 = p.Therefore, y¢4q(T2(G)) = p if G = G, or G,.

Case 2.

u; and u, are not connected. Then G = G3. Let D = §; U S, is a minimum ctd-set of T,(G3).
Hence |D| = |S;| + |S;| = p — 1. Therefore, yc,_.d(Tz(G)) =p—1ifG = Gj. O
Theorem 5.6.

Let G be a connected graph with p vertices (p = 3), V(Tz (G)) =V(G)UV'(G) then, V'(G) =
V(TZ (G)) —V(G) is a ctd-set of T, (G) if and only if G is a tree.

Proof.
Assume V'(G) is a ctd-set of T,(G). Then, each vertex in V(TZ(G)) — V(G) is adjacent to atleast
one vertex in V'(G) and (V(T,(G)) — V'(G) ) is a tree. That is (V(G)) is a tree.

Conversely, Assume G is a tree.LetD = V'(G) that is D contains all the edge vertices of G. Since
G is connected each vertex v in V(T,(G)) — D = V(G) forms a cycle C; in To(G) and V(T,(G)) —
D =V(G) is a tree. Hence, D is a ctd-set of G. i

Theorem S.7.
For any connected (p, q) graph G,
Yera(T2(G)) + A(G) =2p —2orp+q — lifand only if G = Ky, (p = 4).
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Proof.
When G = K 5,4, thd(Tz(G)) +A(G)=p+q—-1

Conversely, Y¢rq(T2(G)) + A(G) = 2p — 2 is possible if Y14 (T2(6)) =p—1and A(G) =p — 1 is
possible only if G is a star on p vertices. m]

Theorem 5.8.
For any connected (p, q) graph G, y¢a(T2(G)) + A(G) = 2p — n (p = 4) where n = diam(G),
n = 2if G = broom graph.

Proof.
For the graphs given in the theorem A(G) = p — n, Y¢tq (Tz (G)) = p then Y4 (Tz (G)) + A(G) =
2p — n.

Conversely, Y¢rq(T2(G)) + A(G) = 2p — n only possible if
(i)  Yera(T2(G)) =p—1and A(G) =p — (n— 1) in this case Ytq(T2(G)) = p — 1 if and only
if G is a tree on p vertices. But for a star A(G) = p — 1 and diam(G) = 2.

(i) If G is a broom graph on p vertices with path of length 2, A(G) = p — 2 and diam(G) = 3.

Yeea(T2(6)) +A(G) =p—1+p—2= 2p—3
Therefore G is a broom graph of length n — 1.i.e., n = diam(G)(n = 2). O

Theorem 5.9.
Let t; and t, be two trees with order p; = 2 and p, = 2 respectively. Then

thd(Tz (ty o tz)) < 2Yea(tioty)) +p1(1+py) — 1.

Proof.
We have v.4(G) < p1(p, —1)[4]. Let D be the minimum ctd-set of t; ot,. Hence |D| <

p1(pz — 1).

Let D' be the number of edge vertices of T,(t; o t,). Then D U D' < V(Tz (G)) is a minimum ctd-
set of T, (G). Therefore,

Yeea(T2(6)) < |D U D'|
<2pi(p— 1) +p(1+p)—1
< 2¥ca(G) + p1(1 +py) — 1. O

Theorem 5.10.
Let Gbea (p,q),p = 5, graph such that both G and G are connected then

() 8= Yera(T2(6)) +Yera (T2(6)) < 20 +q - 9
(i) 4 < Yera(To(®))-Yera (T2(G)) < (p + g — 4)?
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Proof.

By Theorem 3.4 y.;4(T5(G)) = p + q — 2 if and only if G is a graph K. But in this case G is
disconnected. thd(Tz (G)) =p+q — 3 if and only if G is the graph P;&C,. But in this case G is
disconnected.  Therefore, Y4 (Tz (G)) <p+q—4  Hencey.q (T2 (G)) + Yeta (T2 (5)) <

2(p+q—4). B
For lower bound vy ¢4 (Tz (G)) =4 if and only if ¢ = P, and Cs. In this case G is connected.

Hence y¢tq(G) + Yera (5) > 4. (ii) follows similarly. o
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