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ABSTRACT. The classical g-Frobenius-tangent polynomials dealt within this pa-
per contains many application in various areas. We construct new types of dif-
ferential equations for g-Frobenius-tangent polynomials using g-derivatives, find
some properties and several difference equations of these polynomials.

1. INTRODUCTION

In recent years, numerous researchers have explored the Bernoulli, Euler, Genoc-
chi, Frobenius-Euler, and tangent polynomials in their classical, generalized, and uni-
fied forms to investigate their properties, relationships, and applications [5, 6, 7,
9, 10]. Building on these studies, Jackson introduced the g-Bernoulli, g-Euler, and
¢-Genocchi polynomials [1, 2], while Kang [6, 8] and Kang and Kim [7] examined
generalized g-tangent polynomials. Kang and Khan [5] studied g-Frobenius-Euler
polynomials, Nisar et al. [13] introduced ¢-Frobenius-tangent polynomials, and Ryoo
and Kang [15, 16] investigated the g-differential equation forms of Euler and Genoc-
chi polynomials. These works have uncovered numerous properties, relationships, and
applications in fields such as umbral calculus, p-adic analysis, and combinatorics.

Let 0 € R, p(v) and g(¢)) are continuous function, the equation of Bernoulli
polynomials as

do o
@er(ib)aﬁ—g(l/})(b =0, (1.1)
Let o = 0, we will get linear equation and it is not nonlinear equation. If n = ¢!~
in (1.1), we get differential equation of Bernoulli polynomials.

dn
— 4+ 1 =o)p)n = (1-0)g9(¥),
di
Putting ¢ = 0, the equation (1.1) gives the differential equation of the Frobenius-
tangent polynomials as follows.

d 1
@FTv(w;n) + 1 nFTU('L/);n) + 1—7

where rT,, (¢; ) is the Frobenius-tangent polynomials are as follows

rLo(¥;n) — 9" =0, (1.2)

S . ﬂv - 1—n b
;FTU(wv 7]) ol - 6(1_77)90 _ 776 . (13)

The corresponding Frobenius-tangent numbers have also been derived by T, (1) =
FTo(0;7).
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By the above method, the first order differential equation of ¢g-Bernoulli differential
can written as Dg¢ + p(¢)¢ — g(¢)¢” = 0 in g-calculus. Again, if o = 0, the equation
(1.1) will give the first order ¢-differential equation of g-Frobenius-tangent polynomials
as

D) 5T g (1) + (1 = 1) ™1 (5T0,4(%;m) + 5T q (¥ 1)) — ¥ =0, (1.4)
and Dy is called the g-derivative and T, 4(%;n) is the g-Frobenius-tangent poly-
nomials.

Let v € Zg and n € Z, the g-Frobenius-tangent polynomials are defined by (see [7])

117 - v
—————eq(p) = > _FTuq(¥in) : (1.5)
eq((L=n)p) =11 ; ! [v]q!
The corresponding g-Frobenius-tangent numbers have also been derived by 7Ty, (1) =

]F'Tv,q(o; 77)

It is worthy note that if ¢ — 1 then (1.5) becomes (1.2).

The main purpose of this paper is to establish higher-order differential equations for
the g-Frobenius-tangent polynomials as defined by (1.5). Building on this concept, we
will apply the theory of g-calculus throughout the paper. Let us begin by introducing
some definitions from g¢-calculus theory.

The shifted factorial (¢), in term of g-analogue is given by [3, 4]
v—1

(@:9)0 =1,(d;9)0 = H(l —q°¢),v €N.

o=0

The factorial function in g-calculus theory given by

1—qg?

! = [T 10l = [1g2lg - [0], = ((qu;)q £LveN,

0],!=1,¢eC;0<qg< 1.

o=

The definition g-binomial coefficient of Gauss ( Z > is given by
q

(U >q[y] [l _ (g:9)v V=01, 0.

L Ao =vl! (406 Do
The function (¢ + ¢); is given by

v - v v(v— v—Vv |V

<w+¢)q=Z(y>qq< D/2=vg¥ oy € Np. (1.6)
v=0

The definition of exponential function in g-calculus theory is given by

N Y 1 : -t
eq(w)_vz::o[v]q' - ((1_q)¢7q)oo70<|q|< 1"¢|<‘1 q‘ ) (17)

For ¢ # 0, the definition of ¢-derivative Dy ., f(¢) as

fW) — flav)

Dy () = Dof (¥) = Z =505,

and D, f(0) = f'(0).
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Here the function f is differentiable at zero, and it is obvious that D y¥ = [v],4v 1.

Let us point out that D(wa(w) converges to f() (1)) as ¢ goes to 1. By(1.8), the some
formulae of g-derivative.

(i)
Dy (fF($)9(¥)) = a() Da f (¥) + f(q¥) Dag(¥) = F()Dag(¥) + 9(q) Do f(¥),

(i)

¥) -

(

(

) Dyg(¥)

f(q
)9(q¥)

of(
gy
— f(¥)Dyg(¥)
)

)

g( )g(q¥
(iil) for any constant a and b,
Dy (af (¥) +bg(v)) = aDq f() + bDag ().

The ¢-Bernoulli B, 4(1), the ¢g-Euler E,, 4() and ¢g-Genocchi polynomials G, 4(1)
are defined by (see [11, 12, 14]):

eq(gp% ZBM (le < 2m), (1.9)

WQ)H Z]E v.a (e l<m), (1.10)
2¢

calp) 1040 ZGM <| V<), (1.11)

respectively.

Clearly, we have
By,g = Bv,q(o)va,q = Ev,q(o)an,q = Gv,q(o)-

The main purpose of this paper, we find some differential equation for g-analogue
of Frobenius-tangent numbers and polynomials. Based on these polynomials, we con-
struct some differential equation of these polynomials. Also, we derive differential
equations associated with symmetric properties.

2. DIFFERENTIAL EQUATIONS OF ¢-ANALOGUE OF FROBENIUS-TANGENT
POLYNOMIALS

This section is dedicated to deriving some fundamental higher-order g¢-differential
equations for g-Frobenius-tangent polynomials through the use of g-calculus theory.
Through the application of g-derivatives, we will obtain several related differential
equations that connect to the g-analogue of Frobenius-tangent polynomials, based on
definition (1.5). Furthermore, we will establish a g-differential equation that captures
the symmetric property of these polynomials via ¢-derivatives.

Theorem 2.1. A solutions of the following differential equation

[v

(1) P To—q(¥5m) = Mq]q D) pTo,q(1;1), (2.1)
(ii)FTU_V,q(q‘lw;n)=WD(”) To,q(q” " 5n). (2.2)
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Proof. Using (1.5) and (1.8), we note that

pM ST, 1=7 p -y Ty o ()2
wZ A = T Dheea(9) = LT
(2.3)
From the equation (2.3), we get
DT g ($5m) = [0]gTo1,4(83 ),
In similar method, we find
DT (i) = ][0 = 1y Tomz g (t50).

Therefore, we have

Dy Tug(ein) = gl = g+ [0 = (7 = Dl Tomr g (7).

Hence, we find the desired result at once.
(ii) Similarly, we can proof of Theorem 2.1 (ii), so we omit the proof. O

Theorem 2.2. The differential equation of the g-Frobenius tangent polynomials as
follows

(L—n)""

[v]! [v = 1]g! [v—2],!

(1—n)?°
(44!

(1—mn)?
(34!

oot D) p T g (15m) + D) Py g (157)

(1-n)
[2],!

Proof. By using (2.1), we see that

_|_

(1= n)eq(vp) = ZFT (i) ( (1 =n)¢p) —n)

[v ]

o0 (pv o0 (py
=D rTuq(in)T— (I=n)—=—n
Uzz:o ! [v]g! l,z::o V]!
v v p”
= Z Z (1= w)FToovq(bsn) = nrToq(¥;n) T (2.4)
v=0 \r=0 q [U]Q'
and
o (pv
(1= meglwg) = (L=m) Yo v oy (25)
v=0 q
Therefore, by (2.4) and (2.5), we get
v v .
> (V) (L =n)"FTo—v,q(¥im) = (1 = n)y". (2.6)
v=0 q
Taking the v — th derivative of above equation, we obtain
v 1 , B y
3 ([V?)'D( ) P Tua(im) = 0L — 1)~ p T (ibsm) + (1 — )g® = 0.
v=0 a:
Hence, we find the desired result at once. O

https://international publs.com
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Corollary 2.1. As ¢ approaches 1 in Theorem 2.2, we derive.

1— v—1 dv 1— v2d'u1 1— U3d'u2
o e+ S S T i+ S s T (i)
1—n) d* 1—n)? &8
+“'+( 4!) w4FT o(Yim) + ( 3!) ngT o(¥5m)

LoD & )L T )+ (1—n) (P To(wsm) — ne (W)~ = 0
21 1/}2F CACSNi dwF v (¥ Flo(y; (¥ .

Theorem 2.3. Let v > 0. Then

FTu,q(157) = 1T0,q(n) o FTo—1,4(1;7) = nTo—1,4(n) w1
: [v]4! ! D;JJFTv,q(w;n)_‘_ ! [v—1],! : Dz(z,zp Ve q (3 m)+
q: q*

To o(1;n) —npT
+ 2GR0 ) T (1) + (5T g 157) = 16T 1) DY e T w57)
.

+(#To,q(11) = 1 To,4(1) = (1 = 0))rTo (¥ 1) = 0.
Proof. From (2.1), we have

1—n
,,ZOFT””’ ERl e m e

_ 1 1—n o 11 -y
Sl (e (S A ((177)@)7;) e (A=) —yca¥9)

(1) 36 To g i1) QD Z (Z( ) FTu,q(l;n)wTu,q(n))FTuu,q(w;n)> o

v=0 v=0 U]q!

3 () (+Tug (15 71) = 15T (1)) §Tog (5 m) — (1 = M Turg(im) = 0. (27)

v
v=0
Replacing §T,—, 4(¢; 1) with D‘(:;FTU,Q(#); 7) in equation (2.7), we have
- TD ]-; - TV, 77 v
> (ERall) =Rl 0, 1) = (1 = s T (i) =0
v=0 a

Hence, we find the desired result at once. O

Corollary 2.2. As g approaches 1 in Theorem 2.3, we derive
FTo(1;m) —nTu(n) d” rTy—1(1;m) = neTo_1(n) d'!

vl d o F (w7 ) (U — 1)' dw“fl ]FT'U(w; 7])"‘
Ty (1: Ty(n) d d
+E 2(1’77)2! ULEEIU )d¢2FT o(@sm) + ETo(Lim) = nTa(n)) ZreTu(win)

+(#To(1;m) — neTo(n) — (1 —n))rTwu (i) = 0.
Theorem 2.4. Let v > 0. Then

v—1 v—2
(1— n)viuilFTV q(n) (v—1) (11— n)viyizqFTV q(n) (v—2)
2 o ; - D Ty_1. ;
Z [v—v— 1], Dy ¥To-1,4(¥ 77)+Z [v—v—2,'[, g Flo-1q(¥5m)+

v=0 jyrd
2
(1 —n)Q—qu—3FT ( ) (2) 1 _ 1 VU 2 rT, ( ) "
D) Ty 1 (w57 pW T,
—I—; [2 — V]! [v]g! aFTo—1,q(¥31 +Z 1_1/q [V]q! g To—1,4(¥5m)

+ (qvilJFTO,q(n) - q“d)) Fly—1,q(¢; 77) +rToqlq;n) =

3222
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Proof. Let qp — 1 in (1.5), we have

q@ZFTvq Q¢ 77)

1—n 1—n
= ¢q(qp¥)Dg,p <6q(( )+eq(( _ an,weq(QSm/J)

]- L—n)¢)—n 1—n)g)
B QOU 9] v v o (,OU
Zq FTU ,q ¢ 7]) [’U q' <Q¢ - Z (Z (I/) (1 - 77) FTU#}(U)) [U}q'>
v=0 v=0 \vr=0 q
[eS) v 0 v 0 va
v+1 O—v v—0
= ( 0 =5 (5) (1) 0= T Tunatoin ) 5
v=0 0=0v=0 q q
(2.8)
Do T o(qn) 2 = S [olug® )2
q,cpZ]F v,q(qun) - Z[U]qq ¢FTu—1,q(¢777)7—
[v]g! [v]g!
v=0 v=0
v—1 6 0 SOU
Sl (330 ("5 ) (1) = e e Tam i) | 5
v=0 6=0 v=0 q [v]g!
(2.9)
On the other hand, we have
> sDv e (Pv
¢Dgp Y 5Ty q(qu;n) Wl > [WlgrTo q(q;m) TRE (2.10)
v=0 q v=0 a°
By (2.9) and (2.10), we have
v—1 6
v—1 0 C o—B—
ZZ( ) ( ) (1 =) " 6T g () Tu—p-1.4(¥;7)
6=0 v=0 q v q
= q"YrTo—1,4(¥;n) — 5 Tuq(qsn). (211)
In Theorem 2.1 (i), we get
T (1h;m) = MD(W T (i n) (2.12)
Flv—v—1,4q n) = [’U— l]q' qvwF v—1,q 5n)- .
v—1
v—1 0 Y v—f—
S5 (751 () @t e i)
6=0 v=0 q v q
SN =) T, () )
= D,y wTo—1,4(1h;m). (2.13)
;Z [0 — v, [V],! T
Therefore, we acquire at the desired result.
O
Corollary 2.3. As ¢ approaches 1 in Theorem 2.4, we derive
v—1
(1_77)1171/71@]1*”( )d(u 1) )’U u72FT ( )d(uf2) .
> b—v— 1] dp- TFTu—1(¢5m +Z U—V—Z] ol dwv_QFval(?/%ﬂ)Jr

v=0

- 2 v 0—v
+Z - 2—1/ ]FTl( z (fp?FT“ (%57 +Z ) ]IHEPVH]‘|( )dcf/}FTv—l(zp;n)

(IFTO( ) 1/’) ]F'val(wa )+FTU(1/}’ ) =0.
Theorem 2.5. Let v > 0. Then

Z_: ([2_79_3&[ ](W)D(U VeTomrq(in +Z yv_ %HTQ](')D(U DTy ,q (Wi m)+ -
v=0 a° '

https:.//international publs.com 3223
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2 11 3H ( ) @) v 2H ( ) )
+Z 2 — 1, ]q, Dy yETo1,4 (b5 m) Z 1 — 1, ]q! Dy yFTo- 1q(¥5m)

+ (¢7"Ho,g — %) ¢"FTo—1,4(¢; n) + 7 Toq(q;n) = 0.
Proof. Using (1.5), we have

= @
Dy Y 5Ty q(qwsn) .

_Zq 7 To,q (Y37 [W _ (qi/f > (1 =) Hy 4(n) wv_ (1—n)" [:j]v!>

- Z ( VL e T, o (45 7) ize:( ) ( )q —n)eq““’Hu,q(n)mTue,q(w;n)> [f]qy

v=0 =0 v=0
Therefore, we have

2

v—1 6

- —H,
ZZ c ] ol )D(Q)FTU 0,¢(0; M) —q " YrTy_0,4(¥;n)+5Tw ¢ (q0;n) = 0,
q!

6=0 v=0 [V]

(2.14)
which is the desired result. O

Corollary 2.4. As q approaches 1 in Theorem 2.5, we derive

v 1H ( ) o 1_ v 2H ( ) o
Z’U—V——I]D( 1)IFTU 1 ¢a +Z W‘be Q)FTufl(d];n)'F

+Z Qﬂ )D”mlw, Z ,, “Hrvl(wm

(HO - 1/)) ]Fvaa(wa ) + FTU(¢a ) =
Theorem 2.6. Let v > 0. Then
]FTU—I,q(l - 77)
[v— 1!

v—1 qFTU—Q, (1 - 77) v—2
D((“p JeTy1,6(15m) + [U_—(E]!Df“p S T1,9(15m) +

qU74IFT3,q (]-
[3]4!

1) p@® o bFLo—1,4(¥3m) + el q,(l n)qu]FTv 1,q(¥51)

" 2],

+0° 25T, (L=0) D) 5T o 1,0 () + (a7 ¥ T0,0(1 = 1) — ) ¢"F To1,q(¥3 m)+5T0 (g1 7) = 0

Proof. By using (1.5), (1.8) and (2.8), we have

Dq,gp Z FTu,q(Q¢; 77) d

|
v=0 U]q'

= Z ( 1)+1¢FT’U q ’L/), ) Z (Z) qv_yFqu(l - W)FTv—u,q(z/)H?)) [;p] I (215)

v=0
On multiplying ¢ in the above equation, we get

= @
‘qu,go Z FTU,q(Q¢§ 77) v

2 l,!

v

v

v

=D [0lga"¥rTo-1q(a $im) f

v=0 [ ]Q‘

https.//international publs.com 3224
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v

- Z[U]q i (U - 1) q“_”_lFTV,q<1 - U)FTU—V—I,Q('(/}; 77) ? 1 (216)
v=0 v=0 v q [U]Q'

By (2.15) and (2.16), we attain

v—1 v—1
> ( ) ¢" " T (1 = m)ETompo1,q(1;n)
q

1%
v=0

= qvaFval,q(q_lib; 77) - qU'I/J]FTUfl,q(w; 77) - ]FTv,q(qw; 77) (217)
Applying a relation between Dy ,rTy 4(1;n) and 5T, q(1;n) in the left-hand side

of (2.17), we obtain

v—1
v—1 e
Z ( ) qU 1FTD,q(1 - n)FTU—u—l,q(¢; T])
q

1%
v=0

vl —v—1

q° FT,.q(1—1n)

B Z [V] 'q Df(lﬂzi]FT“*LQ(w; 7). (2.18)
vr=0 q:

Hence, complete the proof.

Corollary 2.5. As q approaches 1 in Theorem 2.6, we derive

Flo—1(1 = 1) (- sTo—a(l = 1) o
T O e+ S DY T i) 4
T3 (1 — To(l —
U DO, (o) + E20 = D@, i)

3]!
+5T1(1 =)D Tomr (¥31) + (5To(1 — 1) — %) #To1 (¥51) + 5T (;7) = 0.
Theorem 2.7. Let v > 0. Then
IFTV,q(bilc; 77) bil]Fval,q(bilc; 77)
[v]g! [v—1],!
18Ty g (071G )DL 5T (™ 51) + b7 0,4 (b~ ¢ m)e T g (a4 )

FTyq(a™1¢m) (v) 1 a pTy_1,4(a™1¢m)
=———""D 5T, ,(b ; :
R A TN
+a' 5T (a1 m) DY) 5T g (b~ 5 m) + a5 To (a1 m)e T (b~ s 7).
Proof. Let

D((zt}iFTu,q(aillD; n) + Défﬁljl)FTU,q(ailw;n) +

D((;w_l)IFTU,q(bilw; 77)*' o

(1 —=n)?eq(ab(y +n)yp)

A = .
() = ol = maw) = m(eq (L — o) =)

Using the definition (1.5) and Cauchy products, then

v

5
Alp)=) (Z (Z) a“”b”FTu,q(blCm)FTU_u,q(a11/);77)> [f] o (219

v=0 \r=0

Similarly, we have

Alp) =" (Z Z) b”_”a"w'ﬂ'y,q(a_lC;n)FTvy,q(b_lw;n)> [‘p . (2.20)
v=0 \r=0 q ’

By (2.19) and (2.20), we have

> <“) a" " Ty, g (b G )Ty g (@™ ;1)
q

v

https://international publs.com
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LENyey
- ~1p, —1y).
= E (y) b7 a Ty (6™ ¢ n)ETyu—u,q (b7 93 7). (2.21)
=0 q

Applying a relation between Déﬁim’ﬂ‘v,q(d); n) and §T, ¢(¢; 1) in (2.21), we have
b VrTyq (b1 ¢ m)

[V]g!
_ a7k Ty(a” Gim)

[V]g!

D) Ty gl s)

D((IZLFTU—u,q (bilqzb; 77)'

Hence, complete the proof.

Corollary 2.6. Letting a = 1 in Theorem 2.7, we have
FTu,q(bﬂC;??) bilFTU—Lq(bilgﬂl)
[v]g! [v —1]g!
+b Ty g (67 )DL 5T g (03 m) + b7 8 To g (67 ¢ )5 T, (157)
_ #Tuq(G5m) a”'Tu-1,4(¢;m)
[v]4! [v—1]g!

1 - _
+8T1,4(Cm) DY) E T g (673 m) + 5To,(C; M) To.g (6745 m).
Corollary 2.7. As q approaches 1 in Theorem 2.7, we derive

IFTV(b_lc;n) b_llFTU—l(b_lc;n) (v—1) —1.
BT Dy )+
+b' T (071G U)DS)FTU(QAUJ; 1) + b7 s To(b™ ¢ mrTo(a™ sn)

_ v Ty (a1¢m) a 'gTy—1(a"1¢m)
o] o1

+al"UE Ty (a™ ¢ ) DY 5 To (b~ 05 m) + a~ s To(a™ ¢ m)sTou(b™ 05 7).

v v—1
DMFTU,(;(#}; n) + wa Ve (im) + - -

Dy (b im) + DYy VeT o (6™ i) + -

DT, (o~ i) +

DT, (b ) + Dy (6™ i) + -

3. CONCLUSION

We have constructed the g-analogue of Frobenius-tangent polynomials and num-
bers, and derived several differential equations with these polynomials as solutions.
Additionally, we identified differential equations that combine g-Frobenius and g¢-
tangent polynomials. Several properties of the g-analogue of Frobenius-tangent poly-
nomials and numbers were also established. The results obtained in this paper are
broadly general and may lead to potential applications in the theory of special func-
tions. Moreover, the main findings are significant, as they allow us to deduce im-
portant integral formulas for specific parameter values, which could be particularly
useful in laser technology.
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