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Abstract:

A distance pair antimagic labeling of a graph G with p vertices is a bijection
f:V(G) — P

il,iZ,---,ig, if pis even

where P = such that the induced weight

0,+1,42,-+, 2=, if p is odd

function w:V(G) — W defined by w(v) = Xyenw) f (1) = k;is one-one, where

N(v) = {u € V:uv € E} is the open neighborhood of v and the set of all weights W

is either of the form {t+kq, tk,, tks, -, tkp} or {0, +kq, tk,, ks, -, tkp-1}
2 2

according as p is even or odd. In this paper, we explored the result on distance pair
antimagic labeling of cycle related graphs. Also we investigated the closed distance
magic labeling of circulant graph and its complement.

Keywords: Graph labeling, distance antimagic, pair sum labeling, distance pair
antimagic labeling.
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1. Introduction

A magic square of order n is an n X n array whose entries are an arrangement of the integers 1,2,3, ..., n?

in which all elements in any row, any column, the main diagonal or the main back diagonal add to the same
sum r. Vilfred [9] in his doctoral thesis introduced the concept of X-labeling. Following this, Miller et al. [5]
and B.D. Acharya et al [1] studied the concepts under the name of neighborhood magic graphs. Further, Sugeng
et al. [7] used the term distance magic labeling for the same concept. A distance magic labeling of a graph

G = (V,E) oforder nis abijection f:V(G) = {1,2, ...,n} such that Zf(u) =k forall v € V. The constant
ueN(v)

k is called the magic constant of the labeling f. A graph which admits a distance magic labeling is called a

distance magic graph. In 2013, Kamatchi and Arumugam [3] introduced the concept of a distance antimagic

graph. Motivated by these works and pair sum labeling [6] we introduced the concept of distance pair antimagic

labeling [4]. In this paper, we present several results of distance pair antimagic labeling on cycle related graphs

and complement of circulant graph.

2. Preliminaries

Definition 2.1 A graph G is said to be distance antimagic if there is a bijection f:V(G) = {1,2,...,p} such
that for every pair of distinct vertices x and y applies w(x) # w(y).
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Definition 2.2 A injective map f:V(G) = {£1,%2,-,+p} is said to be pair sum labeling if the induced
edge function f,: E(G) = Z\{0} defined by f,(uv) = f(u) + f (v) is one-one and f,(E(G)) is either of the
form {tkq,tk,, tk3, -, tka} or {xkq, Lk, Tk3, -+, Lkq-1} U {tkq+1} according as q is even or odd.

2 2 2

Definition 2.3 Let G be a (p, q) graph. Let f:V(G) — P be a bijection where

+1,+2,---,+ if pis even

B
P = 2’
0,+1,42,-+,+ 22, if pis odd

Then f is called a distance pair antimagic (DPAM) labeling if the induced weight function w:V(G) — W

defined by w(v) = Xyuenw) f(v) = k; is one-one, where N(v) = {u € V:uv € E} is the open neighborhood

of v and the set of all weights W is either of the form {+k4, +k,, +k3, -, tkp}or {0, +k{, tky, tks, -, Lkp-1}
2 2

according as p is even or odd. A graph which admits distance pair antimagic labeling is called a distance pair
antimagic graph.

Definition 2.4 A function f is called closed distance pair antimagic labeling, if we take closed neighborhood
n[v] instead of open neighborhood N (V) in the previous definition.

Definition 2.5 The n-sunlet graph C, O K; is the graph on 2n vertices obtained by attaching a pendant edge
to each vertices of a cycle C,, and it is denoted by S,,.

Definition 2.6 The helm graph H,, is the graph obtained from an wheel graph Wy, by adjoining a pendant edge
at each vertex of the cycle.

Definition 2.7 The triangular snake T, is obtained from a path P, by replacing each edge of the path by a
triangle Cs3.

Definition 2.8 The Gear graph G, is formed by adding a vertex between each pair of adjacent vertices of a
wheel graph W,,.

Definition 2.9 The n-book graph is defined as the graph Cartesian product B, = Sp1 X Py, where Syy1 is a
star graph and P, is the path graph on two vertices.

Definition 2.10 The friendship graph is defined as the graph F,, which consisting of n triangles with a common
vertex.

Definition 2.11 The Prism graph C, X K, is constructed by the Cartesian product of a cycle of length n = 3
and an edge.

Definition 2.12 Resty [8] defined the following graph. For n = 4, the n-crossed prism graph obtained by taking
two disjoint cycle graphs namely C} and C2, where V(CL) = {vq,v,,..., v} and V(C?) = {uq, uy, ..., u,}, and
adding edges ugvsyq for s € {1,3,...,n — 1} and uv;_q for t € {2,4,...,n}. The n-crossed prism graph
denoted by CP,.

Definition 2.13 The circulant graph C(n; D), where D E{l,Z,...,EJ} is the graph with vertex set

{v1,v2, ..., U}, where v; and vj are adjacent if and only if there is a number d € D such thati + d = j(mod n)
orj+d =i(modn).

3. Main Results
Theorem 3.1 The sunlet graph S,, is a distance pair antimagic graph if n = 4,6,8, ...
Proof- Let V(S,) = {v;,u;: 1 < i < n} be the vertex set and
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ESy) ={viupl<i<n}u{vvq:1<i<n-—1}U{v;v,} be the edge set of S,,.

Define f:V(S,) — {£1,£2,---,n} by

(-1, if 1<si<Z
F@) =1 (=Dim+1-0), if Z<isn
Dt (2+1), if 1<i<?®
N = i1 (3 . . .
f(ui) (—1)‘+1(7n+1—1), if %<l£n
Then the induced vertex weight labeling are as follows.
(5+4 if i=1
i+1 (N . . . n
(—D+ (E+ 31), if 1<i<3
—1)i+1 _ . ._nn
w(v;) = (D" 2n -1, if 1—2,2+1
—D*2n+3(3+1-10), if i=2+22+3..,n-1
-(3+4), if i=n
\
( i s . . _n
(D), if 1<i< >
Y = , n
W) =Y i r1-0), if S<i<n

Hence S, is a distance pair antimagic graph if n = 4,6,8, ...
Corollary 3.2 The Helm graph H,, is a distance pair antimagic graph if n = 4,6,8, ...

By using Theorem 2.10 [4], If G is a distance pair antimagic graph with even number of vertices, then
the join graph G + K is a distance pair antimagic graph.

Theorem 3.3 The triangular snake graph Ty, is a distance pair antimagic graph for alln = 2.

Proof- LetV(T,) = {vi:1<i<n}U{u;:1<i<n-—1}bethevertex setand E(T,) = {v;v;41: 1 <i <n—
1} U {u;v;, u;v;44: 1 < i < n— 1} be the edge set of T,.

Consider following two cases.

Case(i): n =is odd

Figure 3.1 DPAM Labeling of T3. ( The vertex labels are in usual font and weights are in bold font)

https://internationalpubls.com 1157



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 31 No. 8s (2024)
Clearly from figure 3.1 T; is a distance pair antimagic graph.
Forn =5,7,9,... define f:V(T;,) — {0,+1,+2,---,4+n — 1} by
fw)=m+1)—-2i,ifi =123,...,n
fu) =n-2i,ifi=123,....n—1

Then the induced vertex weight labeling are as follows.

2n —5, if i=1
N_)Adn—=3)-8(—-2), if i=234,...,n-1
W) =9 _an —5), if i=n
wu;)) =2n-2)ifi=123,....,.n—1
Case(ii): n is even
0
| 1

Figure 3.2 DPAM Labeling of T, and Ty.
Clearly from figure 3.2 T, and T, are distance pair antimagic graphs.
Forn = 6,8,10,... define f: V(T,,)) — {0,+1,+2,---,+n — 1} by
f(w) =n—-1=—f(vy)
and remaining vertices has following labeling

n-2(-1), if 1<i<3

f) =1n-2i if S<i<n

n—1-2i if i=123,...,2-1
f(u) =10, if i=-

n—1-2(Gi-1) if i=§+L§+2,,n—1

Then the induced vertex weight labeling are as follows.

v; w(v;)
i=1 2n—75
i=2 3+ 4(n—4)

n .
i =345,..,5—1 4(n+1-2i)
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. n 3
)
n
-3
=-+1
‘=2
i:£+2,2+3, n—2 4(Tl+1—21)
2 2
i=n-—1 -3 +4(n—4))
L=n —(2n-5)
U w(u;)
i=1 2n—3
i=2,3,4,...,%—1 2(n+ 1) — 4i
i=21 0
2
“+1L42,.,n-2 2(n—1)—4i
i=n—1 —(2n—3)

Hence T, is a distance pair antimagic graph for all n > 2.

Theorem 3.4 The n-gear graph G,, is a distance pair antimagic graph, ifn = 4,6,8,...

Proof. Let V(G,) = {ug,u;,vi:i = 1,2,3,...,n} and E(G,) = {wv;, vju;41:i = 1,2,3,...,n — 1} U {vu U

{uou;:i = 1,2,3,...,n} be vertex set and edge set of Gy,.
Define f:V(G,) — {0, £1, 12, -+, £n} by the following two cases

Case: (i) n = 2 mod 4

U f(u;)
i=20 0
i=1za¢m§—1 i
=21 n
2
i=2+12+2,...,n—-1 2
2 2 2
i=n -n
%] f (i)
. n n .
l—1,2,3,4,...,; E+(l_1)
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Then the induced vertex weight labeling are as follows.

Case : (i) n = 0 mod 4

. n n (i _
l—;+1,;+2,...,n (l 1)
U w(u;)
i=1 _(r_
(G-1)
=234, m—1)+2@(—-1)
i==-+1 L
2
i=2+42243,...,n 3—2i
2 2
Vi w(v;)
i=1,2,3,...,§—2 2i +1
_rn_ 3n
L= 1 ?_1
2
i=2+1,242...,n-2 n—1-2i
2 2
i=n-—1 _ (3" _
(F-1)
L=n —-(n—-1)
Ui f(w)
i=0 0
i=1,2,3,4,...,§ 2i —1
— n h . n
l—4+1,4+2, i 2(1_2)
i=2+12+42,...,%2 n+1-2i
2 2 4
i=2+1,242,....n ;2
4 4 2
v fw)
i=123,...,- n—2@G-1)
i=§+1,§+2,...,2 20— 1) +1
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i=24+1242,...,2 —2(n+1-1)
2 2 4
i=24+1,242,...n n+1-2i
4 4
Then the induced vertex weight labeling are as follows.
U w(u;)
i=0 0
i=1 1
i=23, ,g 2(n+1)—4@(—-1)
4
i=2+2,543,...,° 4(i—-1)
4 4
i=-+1 -1
2
i=242243..,2 —(4(n—0) +6)
2 2 4
l=%n+1 —(n+3)
_3n 3n . n
L= 4 +254 +31 !n —(4'(1_5_1))

2] w(v;)
i=123,...,-—1 4i
i== -+1

4
=1 n n_ n
i=s+17+2...,5-1 4@_Z)+2
i==< Z-1
2 2
. n n 3n n i
i=-+1-+2...,7-1 4(5_0
3n n
_3n 3n . 3n
i=-+1L-+2,...,n-1 —(4(1—T)+2)
i=n —(2_
(G-1)

Hence the n-gear graph G, is a distance pair antimagic graph, if n = 4,6,8, ...
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Theorem 3.5 The book graph B,, = Sy41 X P, is a distance pair antimagic graph if n > 2.

Proof. Let the vertex set of book graph V(B,) be {u;, v;:i = 0,1,2,3,...,n} and
the edge set be {ugu;, vov;:i = 1,2,3,...,n} U {y;v;:i = 0,1,2,3,...,n}.
Define f:V(Spy1 X Py) — {£1,12,--,+n + 1} by

flue) =1; f(vo) = —1;

fw)=i+1, if i=123,...,n

fw)=—-0(+1),if i=123,....,n
Then the induced vertex weight labeling are as follows.

_ (n+DH(n+2)
- 2

1

wu;))=—i, if i=123,...,n

_ (n+1)(n+2)
2

w;) =i, if i=123,...,n

w(vy) =1

Hence B, is a distance pair antimagic graph if n > 2.

Theorem 3.6 The friendship graph E, is a distance pair antimagic graph.
Proof. Let the vertex set of friendship graph V (E,) be {vy, v1, V5, ..., V2, } and
the edge set be {v;v;,1:i = 1,3,...,2n — 1} U {ygv;:i = 1,2,3,...,2n}.

Define f:V(F,) — {0,+1,%2,---,+n} by

0, if i=0
=, if i is odd
fw) =

i P
—(—), if i is even

2

Then the induced vertex weight labeling are as follows.
0, if i=0

i+1 e
—\—), if i is odd
w(v;) = ( 2 )
, if i is even

N |~

Hence F,, is a distance pair antimagic graph.
Theorem 3.7 The prism graph C, X K, is a distance pair antimagic graph.

Proof. Let V(C,, X K;) = {v;,u;: 1 < i < n} be the vertex set and

E(Cy X K3) = {vjvipq, uiltip1, vy 1 < i< n— 1} U {u,uq, vy vq, v, Uy, } be the edge set of €, X K.
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Define f:V(C, X K;) — {£1,£2,---,+n} by f(v;) =i, ifi =

1;

if
if

_n’
fa)={_g_p,
Then the induced vertex weight labeling are as follows.
w)=i+1, if i=123,...,n—
—-(n—-1),
-n,
wlu) =93 _/ _ 2),

Hence C,, X K5 is a distance pair antimagic graph.

if

1,2,3,...

=1
=234,...,n

N
if i
if i

w(v,) =1
i=1

i=2
i=34,5...,n

Theorem 3.8 The crossed prism CP, is a distance pair antimagic graph if n = 0 (mod 4).

Proof. Let V(CB,) = {v;,u;: 1 < i < n} be the vertex set of CP, and edge sets as follows:

E(CR) = (viviy1, vy 1 <i<n—1} U {uuiq, uquy: 1 < i <n— 1} and adding edges ugvs,, for s €
{1,3,...,n—1}and usv;_4 fort € {2,4,...,n}, where v; , u; are inner and outer vertices of CB,.

Define f:V(CP,) — {*1,£2,---, £n} by

v fi) U f(u)
i=1 2 i=1 1
i=2 -2 i=2 -1
. n .
i=34,5...,= (-DH1Q2i—3)+1 i=345,.. '3 (D" (2i-3)
n n
l=5+1 n l=5+1 n—1
=2 2 __n+2 1
l—§+ -n b= (n—-1)
n n . _ n .
i=§+3,5+4,...,n (—D2(n —1) + 4] 1=5+3,§+4,...,n (- 2(n—1i)+3
Then the induced vertex weight labeling are as follows.
v w(v;) U w(u;)
i=1 7 i=1 6
i=2 -7 i=2 -6
n n
i=35,. ,5—1 —[6(i—1)+1] i =35, .,5—1 —[6(i — 1)]
n
i=4,6,...,5 6i—9 i=46,...,= 6i — 10
n
l=E+1 3-6(i—1) i=—+1 4—-6(i—1)
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=242
tT3

6(i—2)—3

=242
'T2

6(i—2)—4

2 2

n n
i==-+3,z+5,....n—-1

—[6(n—i+1)+3]

__n+3n+5 1
1—2 > )

—[6(n—i+1)+2]

=446
i=-+47+6...,n

6(n—i+2)+1

=S4 4-+6
i=Z5+45+6..,n

6(n—i+2)

Hence the crossed prism CP, is a distance pair antimagic graph if n = 0 (mod 4).

Theorem 3.9 The circulant graph C(2n; {d,, d,,n}) is a distance pair antimagic if n = d, + d,,d; < d, and

n> 3.

P}’OOf LetG = C(Zn, {dl,dz,n}) and V(G) = {ul,uZ,U,3,. .

Define f: V(G) — {£1,12,-:-,+n} by following two cases.

Case (i): nis odd

fw) =

Then the induced vertex weight labeling are

w(u;) =

Case (ii): n is even

fw) =

Then the induced vertex weight labeling are

w(u;) =

-»uZn}

—1i, if i=135,...,n
i if i=246,...,n—1
n—i, if i=n+2,n+4n+6,...2n—-1
i—-n, if i=n+1ln+3n+4,..52n

as follows.
i, if i=135,...,n
—1, if i=24,6,...,n—1
i—n, if i=n+2n+4n+6,...2n—-1
n—i, if i=n+1n+3,n+4,..2n
{—i, if i=135,...,n—-1
i, if i=246,...,n
i—-n, if i=n+1,n+3n+5..2n-1
n—i, if i=n+2,n+4n+6,....2n

as follows.
i, if i=135,...,n—1
—1, if i=246,...,n
n—i, if i=n+1n+3,n+5,...2n-1
i—-n, if i=n+2,n+4n+6,...,2n

Hence C(2n; {d,, d,, n}) is a distance pair antimagic if n = d; + d,, d; < d, andn > 3.

Corollary 3.10 The circulant graph C(2n;{d,,d,, n}) is a closed distance pair antimagic, if n = d; +

dz, d1 < dz andn> 3.

Corollary 3.11 The circulant graph C(2n;{d,,d5}) is a distance pair antimagic, ifn = d, + d5, d; < d,

andn > 3.
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Corollary 3.12 The circulant graph C(2n; D) is a distance pair antimagic, if n > 3 where D € D,, =
{(di; dj): di + dj = Tl} and di < dj .

4. Conclusion

The distance pair antimagic labeling on cycle related graphs is discussed in this paper. In

particular the distance pair antimagicness of prism and crossed prism is investigated for particular 7.
Also it is proved that the circulant graph C (2n; {d,, d,, n}) is a distance pair antimagic if n = d; + d,,
d; < d, and n > 3 while its complement is closed distance pair antimagic with the same #.
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