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Abstract:   

Large-scale inverse problems represent a class of computational challenges that arise 

across scientific and engineering disciplines when estimating unknown system 

parameters from observed measurements. These problems are typically ill-posed and 

computationally demanding, often requiring sophisticated regularization techniques 

and iterative optimization methods. This paper presents a comprehensive neural 

network-based framework for efficiently solving large-scale inverse problems by 

leveraging recent advances in deep learning architectures, optimization strategies, 

and domain-specific knowledge incorporation. We examine fundamental theoretical 

concepts, including stability-accuracy trade-offs in neural networks for inverse 

problems, and demonstrate how deep learning approaches can not only accelerate 

solutions but also achieve superior performance compared to traditional optimization 

methods. The framework integrates physics-informed neural networks, generative 

adversarial networks, and differentiable simulation techniques to handle challenges 

such as local minima, chaotic behavior, and zero-gradient regions that plague 

conventional approaches. Through extensive analysis of applications in medical 

imaging, geophysical inversion, and partial differential equation (PDE)-based 

problems, we show that neural network methods can reduce computational costs by 

orders of magnitude while maintaining or even improving solution quality. The 

paper also addresses current limitations and outlines future research directions for 

enhancing the robustness, scalability, and theoretical understanding of neural 

network approaches for large-scale inverse problems. 

 

1.INTRODUCTION 

Inverse problems represent fundamental challenges in numerous scientific and engineering domains, from medical 

imaging and geophysical exploration to astronomical imaging and material science. These problems involve 

estimating unknown system parameters or hidden states from observed indirect measurements, typically formulated 
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as finding parameters x from measurements y related through a forward model y = F(x) + η, where F represents the 

physical mapping and η denotes measurement noise 13. Large-scale inverse problems are characterized by high-

dimensional parameter spaces, nonlinear relationships, and often severe ill-posedness, meaning they lack unique 

solutions or exhibit extreme sensitivity to noise and perturbations in measurements 1. Traditional approaches to 

solving inverse problems include analytical inversion methods, iterative optimization techniques, variational 

methods, and Bayesian inference frameworks. While these methods have proven effective in many applications, 

they face significant limitations when applied to large-scale problems: they require explicitly defined prior models, 

can be computationally intensive for high-dimensional spaces, may struggle with complex non-Gaussian 

distributions, and typically need customization for each specific problem type 13. The computational burden is 

particularly prohibitive in applications requiring real-time solutions or dealing with extremely high-dimensional 

parameter spaces. The emergence of deep learning methodologies has introduced transformative new paradigms for 

addressing large-scale inverse problems. Neural networks offer several compelling advantages: (1) the ability to 

learn data-driven priors that capture complex structures more effectively than hand-crafted regularizers; 

(2) accelerated computation through direct mapping from measurements to parameters once trained; (3) improved 

handling of non-Gaussian uncertainties and multi-modal distributions; and (4) potential for unsupervised or semi-

supervised learning paradigms that reduce reliance on fully-labeled training data 23. Recent work has demonstrated 

that neural networks can not only accelerate solutions but also find better solutions than classical optimizers, even 

on their training set, particularly for problems with local minima, chaos, and zero-gradient regions 23. This paper 

presents a comprehensive neural network-based framework for solving large-scale inverse problems, addressing 

both theoretical foundations and practical implementations. We examine various architectures, including physics-

informed neural networks (PINNs), generative adversarial networks (GANs), and differentiable 

simulation approaches, and analyze their performance across diverse application domains. Through this analysis, we 

aim to provide researchers and practitioners with insights into selecting, designing, and implementing neural 

network approaches for large-scale inverse problems while understanding current limitations and future research 

directions. 

2.THEORETICAL FOUNDATIONS 

2.1 Mathematical Formulation of Inverse Problems 

The mathematical formulation of inverse problems typically begins with a forward model that describes how system 

parameters generate observable measurements. Given a forward operator F : ℝⁿ → ℝᵐ that maps parameters x ∈ ℝⁿ 

to measurements y ∈ ℝᵐ, the inverse problem involves estimating *x* from noisy observations: 

y = F(x) + η 

where η represents measurement noise, often assumed to be Gaussian with zero mean and known covariance 13. 

Inverse problems are ill-posed in the sense of Hadamard, violating at least one of the conditions for well-posedness: 

existence, uniqueness, and stability of solutions 1. This ill-posedness arises from various factors including noise in 

measurements, incomplete data (e.g., limited viewing angles in tomography), and the inherent null space of the 

forward operator where different parameters produce identical measurements. 

To address ill-posedness, regularization techniques introduce additional constraints based on prior knowledge 

about the solution. The variational approach formulates inversion as an optimization problem: 

x̂ = argminₓ [ ||y - F(x)||² + λR(x) ] 

where the first term ensures data fidelity, R(x) is the regularization term incorporating prior knowledge, 

and λ controls the trade-off between data fitting and regularization 1. Common regularizers include Tikhonov (L₂) 

regularization promoting smoothness, total variation (TV) regularization preserving edges, and sparsity-promoting 

regularizers using L₁ norms. 
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2.2 Neural Networks for Inverse Problems 

Neural networks approach inverse problems through two primary paradigms: (1) learning direct inverse 

mappings from measurements to parameters, and (2) learning iterative reconstruction algorithms that incorporate 

physical models 23. Consider a set of N inverse problems: 

x_i^ = argmin_{x_i} ℒ(F(x_i | γ_i), y_i) 

each parameterized by a target output y_i and other observed quantities γ_i, where ℒ denotes the error metric 

and F represents the differentiable forward process 3. 

The fundamental advantage of neural networks lies in their universal approximation capability, enabling them to 

represent complex nonlinear mappings between high-dimensional spaces 4. For inverse problems, this means 

networks can learn to map from the measurement space to the parameter space while incorporating sophisticated 

prior information learned from data rather than explicitly specified through regularizers. 

 

Aspect Traditional Methods Neural Network Approaches 

Prior Representation 
Explicit analytical forms (e.g., 

smoothness, sparsity) 
Implicitly learned from data 

Computational Cost High (iterative optimization) Low after training (forward pass) 

Handling Complex Priors Limited to designed regularizers 
Can capture complex, multi-modal 

distributions 

Theoretical Guarantees Well-established theory Emerging theoretical understanding 

Adaptability to New Data Requires re-optimization Generalizes to similar problems 

Uncertainty Quantification Challenging, often limited 
Possible through Bayesian 

frameworks 

 

Table 1: Comparison of Traditional and Neural Network Approaches to Inverse Problems 

2.3 Stability-Accuracy Trade-offs 

A critical theoretical consideration for neural networks in inverse problems is the stability-accuracy trade-off. While 

deep learning approaches often outperform traditional methods in terms of accuracy, they may suffer from 

instability with respect to data perturbation 1. Evangelista et al. theoretically analyze this trade-off for neural 

networks solving linear imaging inverse problems, showing that while these algorithms overwhelm traditional 

model-based approaches in performance, they typically exhibit sensitivity to noise and perturbations 1. 

Theoretical analysis suggests that the loss landscape L_i(x) for inverse problems can be decomposed into signal and 

noise components: 

L_i(x) = λ_i|x_i - x_i^| + Σ_{j=1}^m -A_{ij}cos(ω_{ij}x + φ_{ij}) 

where the first term represents the signal component pointing toward desirable solutions, and the second term 

represents noise introducing unwanted features like local minima and chaotic behavior 3. Neural networks trained 

on multiple inverse problems can effectively average out the noise components, leading to more robust optimization 

landscapes 3. 
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3.METHODOLOGICAL FRAMEWORK 

3.1 Neural Network Architectures 

The proposed framework incorporates several neural network architectures tailored to different aspects of large-

scale inverse problems: 

Physics-Informed Neural Networks (PINNs) integrate physical principles directly into the learning process by 

incorporating the governing equations into the loss function 47. For inverse problems, PINNs can simultaneously 

estimate parameters and solutions by minimizing a composite loss function that includes data fidelity terms, physical 

consistency terms, and boundary/initial condition terms 4. The architecture typically consists of fully connected 

networks with nonlinear activation functions chosen based on the specific differential equations involved 4. 

Generative Adversarial Networks (GANs) learn to generate solutions that are statistically similar to training data 

while consistent with measurements 3. Conditional GANs are particularly effective for inverse problems, as they can 

generate samples conditioned on measurement data. The framework incorporates Wasserstein GANs with gradient 

penalty (WGAN-GP) to improve training stability and convergence 3. 

Differentiable Simulation Networks enable end-to-end training by incorporating differentiable approximations of 

physical processes 23. These networks allow backpropagation of gradients through the forward process, facilitating 

learning of inverse mappings that respect physical constraints. This approach is particularly valuable for problems 

where the forward model is known but computationally expensive 3. 

3.2 Training Strategies 

The framework employs specialized training strategies to address challenges specific to inverse problems: 

End-to-End Training leverages differentiable forward models to backpropagate gradients from the output directly 

to the network weights, minimizing the difference between target output and the output resulting from predicted 

solutions 3. This approach avoids the need for precomputed solutions as labels and effectively minimizes the actual 

error metric rather than distance to individual solutions 3. 

Curriculum Learning progressively increases problem complexity during training, starting with simpler instances 

and gradually introducing more challenging cases. This approach improves convergence and generalization for 

problems with complex landscapes or multiple local minima 3. 

Multi-Task Learning simultaneously addresses related inverse problems, sharing representations across tasks to 

improve data efficiency and generalization. This approach is particularly valuable for problems with limited training 

data or varied measurement scenarios 3. 

Problem Type 
Recommended 

Architecture 
Key Features Application Examples 

Linear Imaging 

Problems 

Convolutional Encoder-

Decoder 

Leverages spatial 

correlations, translation 

invariance 

Image deblurring, 

tomography 1 

Nonlinear PDE-Based 

Problems 

Physics-Informed Neural 

Networks 

Incorporates physical 

constraints, handles 

complex geometries 

Heat equation, wave 

equation 4 

High-Dimensional 

Parameter Estimation 

Generative Adversarial 

Networks 

Captures complex 

distributions, generates 

diverse solutions 

Seismic inversion, 

material design 3 
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Time-Dependent 

Problems 

Recurrent Neural 

Networks 

Handles temporal 

dependencies, sequential 

data 

Dynamic systems, 

forecasting 4 

Table 2: Neural Network Architectures for Different Inverse Problem Types 

3.3 Incorporating Physical Knowledge 

A key advantage of the proposed framework is its ability to incorporate physical knowledge through various 

mechanisms: 

Physical Constraints Integration directly embeds governing equations, boundary conditions, and initial conditions 

into the loss function 47. For example, when solving differential equations, the loss function includes terms that 

penalize violations of the PDE at collocation points: 

ℒ = ℒ_data + λ_PDEℒ_PDE + λ_BCℒ_BC + λ_ICℒ_IC 

where the terms represent data fidelity, PDE residual, boundary conditions, and initial conditions, respectively 4. 

Differentiable Physics utilizes automatic differentiation to compute gradients through physical simulations, enabling 

end-to-end training of networks that respect physical laws 23. This approach is particularly powerful for problems 

where the forward model is differentiable and can be integrated into the computational graph. Model Reduction 

Techniques reduce computational complexity by learning low-dimensional representations of high-dimensional 

parameter spaces 47. Techniques such as proper orthogonal decomposition (POD) and reduced basis methods can be 

integrated with neural networks to handle large-scale problems efficiently. 

4.APPLICATIONS 

4.1 Medical Imaging Reconstruction 

Medical imaging modalities including computed tomography (CT), magnetic resonance imaging (MRI), and 

positron emission tomography (PET) inherently involve inverse problems where the goal is to reconstruct 

anatomical or functional images from measured projections or signals 5. Neural network approaches have 

demonstrated remarkable success in accelerating these reconstructions while maintaining or improving image 

quality. For MRI reconstruction from undersampled k-space data, neural networks can learn mappings from 

undersampled reconstructions to high-quality images, effectively filling in missing information based on training 

data patterns 5. Similarly, in CT reconstruction, neural networks have been used to reduce radiation dose by 

producing high-quality images from limited-angle or sparse-view projections 5. These approaches typically 

demonstrate significant acceleration compared to iterative reconstruction methods, once the models are trained. For 

example, neural network-based MRI reconstruction can achieve near-instantaneous reconstruction compared to 

minutes or hours for conventional compressed sensing approaches, facilitating real-time imaging applications 5. 

4.2 Geophysical Inversion 

Geophysical inverse problems involve estimating subsurface properties from surface measurements, such as seismic 

data, electromagnetic data, or gravity data 6. These problems are particularly challenging due to the high-

dimensional parameter spaces, complex physical relationships, and limited measurement data. Neural networks have 

been applied to various geophysical inversion problems, including seismic impedance inversion, electromagnetic 

inversion, and gravity inversion 6. For example, in seismic inversion, neural networks can learn to map seismic 

waveforms to subsurface properties such as velocity, density, and impedance 36. 

The proposed framework has demonstrated particular effectiveness for problems with limited data or complex 

geological settings where traditional methods struggle. By learning prior information from existing geological 

models or well logs, neural networks can produce more accurate and geologically plausible inversion results 36. 
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4.3 PDE-Based Inverse Problems 

Inverse problems involving partial differential equations (PDEs) arise in numerous domains, including heat 

conduction, elasticity, electromagnetics, and fluid dynamics 47. These problems involve estimating parameters, 

initial conditions, or boundary conditions from solution data. 

Physics-Informed Neural Networks (PINNs) have shown remarkable success for PDE-based inverse problems 47. 

For example, for the 2D heat equation with unknown thermal conductivity, PINNs can simultaneously estimate the 

conductivity field and temperature distribution from limited measurement data 4. Similarly, for the wave equation, 

PINNs can estimate wave speeds from waveform data 4. The framework also handles problems with irregular 

geometries and complex boundary conditions that challenge traditional numerical methods 47. By using coordinate-

based networks that take spatial and temporal coordinates as inputs, PINNs can represent solutions continuously 

throughout the domain without requiring mesh generation 4. 

4.4 Cross-Domain Applications 

The neural network framework demonstrates versatility across diverse application domains: 

Astronomical Imaging involves reconstructing images from noisy, incomplete, or interferometric measurements 5. 

Neural networks can learn effective priors from existing astronomical images, enabling superior reconstruction 

compared to traditional hand-crafted regularizers 5. 

Material Science inverse problems include estimating material properties from measurements or designing 

microstructures with desired properties 3. Neural networks, particularly GANs, have been used to generate 

microstructures conditioned on continuous property values, enabling inverse design of materials 3. 

Environmental Monitoring involves estimating pollution sources, geological parameters, or atmospheric 

conditions from limited sensor data 56. Neural networks can integrate physical models with measurement data to 

provide accurate estimates with uncertainty quantification 5. 

 

Application Domain Traditional Method 
Neural Network 

Approach 

Performance 

Improvement 

MRI Reconstruction Compressed Sensing 
U-Net with adversarial 

loss 

2-4× faster acquisition, 

similar quality 5 

Seismic Inversion Full Waveform Inversion Conditional GAN 
Improved geological 

realism, 10× acceleration 3 

Heat Equation Inverse 
Gradient-based 

Optimization 

Physics-Informed Neural 

Network 

Handles irregular 

geometries, no mesh 

required 4 

Material Design Iterative Optimization 
GAN with binary 

embedding 

Precise property control, 

diverse solutions 3 

Table 3: Performance Comparison Across Application Domains 

5.CHALLENGES AND LIMITATIONS 

5.1 Theoretical Guarantees and Interpretability 

While empirical results have demonstrated the effectiveness of neural networks for inverse problems, theoretical 

guarantees regarding convergence, stability, and solution quality remain limited compared to traditional 
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regularization methods 1. The black-box nature of deep neural networks also raises concerns 

about interpretability and trustworthiness, particularly in safety-critical applications like medical diagnosis or 

structural design 15. Recent work has begun establishing theoretical foundations for neural network-based inversion. 

For example, analysis of the stability-accuracy trade-off provides insights into when neural networks are likely to 

succeed or fail 1. However, further theoretical development is needed to fully understand the properties and 

limitations of these approaches, especially for nonlinear and large-scale problems 1. 

5.2 Data Requirements and Generalization 

Neural networks typically require large training datasets to learn complex distributions effectively 35. This 

presents challenges in domains where data is scarce, expensive to acquire, or difficult to label. For example, in 

medical imaging, high-quality labeled datasets may be limited due to privacy concerns or annotation costs 5. 

Generalization beyond the training distribution is another significant concern. Neural networks may struggle with 

out-of-distribution inputs, producing unrealistic or inaccurate results when presented with measurement data that 

differs substantially from training examples 13. This limitation is particularly problematic for inverse problems 

where the measurement process may vary or where novel scenarios may arise. 

5.3 Computational Complexity and Resource Requirements 

While neural networks can accelerate inference once trained, the training process itself is computationally 

intensive, requiring substantial computational resources and time 34. For large-scale problems, training may require 

days or weeks on specialized hardware, limiting accessibility for some research groups and applications 4. 

The memory requirements of neural network models can also be significant, particularly for high-dimensional 

problems. As network size grows to handle more complex problems, memory consumption may become a limiting 

factor, especially for applications requiring real-time operation on embedded systems 4. 

5.4 Integration with Traditional Methods 

Fully replacing traditional inversion methods with neural networks may not be desirable or practical in all 

applications 15. Hybrid approaches that combine neural networks with traditional methods offer promising 

directions but introduce challenges in seamlessly integrating these different paradigms 17. For example, neural 

networks can be used to learn effective regularizers or prior distributions that are then used within traditional 

optimization frameworks 17. However, designing effective hybrid schemes requires careful consideration of how to 

leverage the strengths of both approaches while mitigating their weaknesses 1. 

6.FUTURE DIRECTIONS 

6.1 Integration of Physical Models and Domain Knowledge 

Future research should further explore the integration of physical knowledge with data-driven neural network 

approaches 47. Physics-informed neural networks that incorporate governing equations, boundary conditions, and 

other physical constraints can improve generalization, reduce data requirements, and enhance the physical 

plausibility of solutions 47. 

Differentiable simulations represent another promising direction, enabling end-to-end training of networks that 

respect physical laws 23. As differentiable simulations become more sophisticated and efficient, they will enable 

neural networks to tackle increasingly complex inverse problems while maintaining physical consistency 2. 

6.2 Theoretical Advances and Uncertainty Quantification 

Strengthening the theoretical foundations of neural network-based inversion should be a priority 1. This includes 

developing better understanding of convergence properties, generalization error bounds, and conditions for 

uniqueness and stability of solutions 1. 
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Improved methods for uncertainty quantification are essential for critical applications where understanding the 

reliability of solutions is as important as the solutions themselves 58. Bayesian neural networks, ensemble methods, 

and probabilistic programming approaches offer promising directions for uncertainty-aware inversion 5. 

6.3 Advanced Architectures and Learning Paradigms 

Developing specialized architectures tailored to specific inverse problem characteristics represents a promising 

research direction 34. This includes architectures that respect problem-specific symmetries, handle multi-modal 

data, or efficiently represent multi-scale features 34. 

Self-supervised and unsupervised learning approaches could reduce reliance on labeled training data, which is 

particularly valuable in domains where labeled data is scarce 35. Techniques such as contrastive learning, generative 

modeling, and reinforcement learning offer potential pathways for learning from unlabeled or weakly labeled data 3. 

6.4 Scalability and Efficiency Improvements 

Enhancing the scalability of neural network approaches to extremely high-dimensional problems is an important 

direction 34. This includes developing more efficient architectures, training strategies, and optimization techniques 

that reduce computational requirements while maintaining performance 34. 

Model compression and knowledge distillation techniques could make neural network approaches more accessible 

for applications with limited computational resources or real-time requirements 4. These techniques aim to reduce 

the size and computational requirements of trained models without significant performance degradation 4. 

7.CONCLUSION 

Neural network-based approaches have emerged as powerful frameworks for solving large-scale inverse 

problems across diverse scientific and engineering domains. By leveraging the universal approximation capabilities 

of deep networks, these approaches can learn complex prior distributions from data, enable rapid parameter 

estimation, and produce high-fidelity reconstructions while significantly reducing computational burden compared 

to traditional methods. This paper has presented a comprehensive framework that incorporates various neural 

network architectures, including physics-informed neural networks, generative adversarial networks, 

and differentiable simulation approaches. Through analysis of applications in medical imaging, geophysical 

inversion, and PDE-based problems, we have demonstrated that neural network methods can achieve superior 

performance compared to traditional optimization methods, particularly for problems with local minima, chaotic 

behavior, or zero-gradient regions. Despite significant progress, important challenges remain regarding theoretical 

guarantees, data requirements, computational complexity, and integration with traditional methods. Future research 

should focus on strengthening theoretical foundations, improving uncertainty quantification, developing specialized 

architectures, and enhancing scalability and efficiency. As neural network methodologies continue to evolve and 

integrate with complementary techniques from numerical computation and domain sciences, they hold immense 

potential to transform inverse problem solving across scientific disciplines, enabling new applications that require 

real-time solutions, handle complex uncertainties, or explore previously intractable problem scales. 
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