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1. Introduction
Over the past years, the theory of fractional calculus has received increasing attention from
researchers and has become one of the most active areas of research due to its significant
importance and wide applications on many subjects. The importance of this theory lies in its
ability to contribute to mathematical modeling in various fields such as technical sciences, physics,
engineering, biophysics and biomathematics. For more details, see [9-11, 13, 16].

At the beginning of the twentieth century, Jackson was the first to develop quantum calculus, also
known as g-difference calculus, by introducing the concept of the g- integral along with several
other fundamental notions in this theory. For further details on this topic, see references [8, 12].

In the late 1960s, a new branch known as fractional g-difference calculus emerged as a
generalization of the g-difference calculus. This development is attributed to Al-Salam [6] and
Agarwal [2]. This branch has received considerable attention in the academic community due to
its wide range of applications in modeling mathematical phenomena across various scientific
fields.

Recently, Several researchers have studied the fractional g-difference equations in- volving the
Caputo fractional g-derivative by using all kinds of fixed point theorems and obtained many
interesting results , for example, by Abbas et al [1], Ahmad and al. [5].

In [3], N. Allouch et al studied the existence of solutions to the following fractional
g-difference equations with nonlinear integral conditions:

Deu®) = f(t,u®), tel=[0T], 1<a<2,

T

u(0) —u'(0) = f g(s,u(s))ds,
0
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T
u(T) +u'(T) = f h(s,u(s))ds,
0
where T > 0, q €]0,1], CDC‘I" denotes the Caputo fractional g-difference derivative of order
l1<a<2,and f,g,heCl xX,X).

In [4], N. Allouch et al applied some standard fixed point theorems and investigated the
existence of solutions of fractional g-difference equations of the type:

Deu®) = f(t,u®), tel=[0T], 1<a<l,
au(0) + bu(T) =,

where T > 0, q €]0,1[, “D§ denotes the Caputo fractional g-difference derivative of order
a, feCUxX,X) and a+ b # 0.

In this paper, we establish the existence of solutions to the fractional g-difference equations
of the type:

‘Dau() = A() + f(u@®), te]=][01], (1.1)
u(0) = afolu(s)dqs + b, (1.2)

where 0 < a <1, f € C(J X X,X), and A(t) is a bounded linear operator on a Banach space X.
The operator ‘D denotes the Caputo fractional g-difference derivative of order . The existence
result is based on the fixed point theorem and the Schaefer fixed point theorem.

The paper is structured as follows. In Section 2, we present the notations and definitions required
for the study, and we review essential preliminaries from fractional g-calculus. Section 3 contains
the principal results: the first derived from the Banach fixed point theorem, and the second from
Schaefer’s fixed point theorem. Section 4 is devoted to an illustrative example highlighting the
applicability of these results.

2. Preliminaries

This section is concerned with presenting basic definitions together with auxiliary results required
in the later parts of this paper.

Assume that X is a Banach space. Define J: = [0,1] and let C(J, X) denote the Banach space
of continuous functions u from J into X with the norm

lullow = supeeylult)|.
Now, we introduce the essential definitions and relevant properties of the fractional
g-calculus. For more details, see [8, 12].

We assume that ¢ €]0,1[. For every a € R, we define

a

1-q
[dq—l_q-

https://internationalpubls.com 3427



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 10s (2025)

Let a,b € R. The g-analogue of (a — b)™ is given by:
1 ifn=0

(a—bn)® =17 .
l_[(a “bg)) ifneEN
i=0

For f € R, we have

a— bq
(a—b)P = aﬁl_[<a_bql+ﬁ) a,b €R,

Note that, if b = 0, then a®) = gh.

Definition 1 [12] The g-gamma function is defined as follows:

(1—q)#~V

Observe that the q-gamma function verifies I';; (8 + 1) = [B] 4T, (B).

I(B) = g > 0.

Definition 2 [12] Let f: ] = R. The g-derivative of order n € N is given by:

f@) —f(qt)

(DeF)®) = F@®, (D)D) = —a o

and

(DRf)(@®) = (DADE-1f) (), n €N~

Definition 3 [12] Let J, = {tq™: n € N}U{0}. The g-integral of a function f: J; - R is
defined by:

o

(If)(®) = j f(s)dys = Z t(1 —q)q™f(tq™),
0

n=0

under the assumption that the series converges.
Note that (Dqlq f ) (t) = f(t), Furthermore, if f is continuous at 0, then

(1,04 f)(®) = £ (£) — f(0).

Definition 4 [2] Let f: ] — R. the Riemann-Liouville fractional g-integral of order a >
0 is defined as:

f@® if a =0,

a — Lt — (a-1)
0 q

Observe that when a = 1, we have (I,}f) () = (qu) (v).
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Lemma S [15] Forall ¢ = 0 and § €] — 1, +oo[, we have

r,(B+1)
2t-—a)®)t) =—1"——_(t—a)@PB, Oo<a<t<l.
(18t — )P (D) lﬂq(aJFﬁJrl)( a) a
In particular,
(121)(t) = _1 t(@,
a [(a+1)

Definition 6 [14] The Riemann-Liouville fractional g-derivative of order « = 0 for a
function f: ] — R is defined as follows:

(W =f®) and  (DgF)® = (DI *F) @), tey,

where [a] is the integer part of a.

Definition 7 [14] Consider a function f:] — R and let « = 0. The Caputo fractional g-
derivative of order « is defined as follows:

(D)) =f@®) and  (°DEf)(®) = (IC[I“]"“D(E“] f) t), tej,

where [a] is the integer part of a.

Lemma 8 [14] Suppose that a,f = 0, and let f: ] — R be a given function. Then, the
following identities hold:

@ (gihr)o=(15"r)o,
@ (pff)® = F®.

Lemma 9 [14] Assume a = 0, and let f be a function defined on the interval J. The
following identity holds

[a]—-1 tk

(1& °DEf)@®) = f(@©) — IZ; m(pgf)m).

If « €]0,1[, we have

(1¢ “DEf)(®) = f(@©) — £(0).

Theorem 10 (Banach contraction principle) [7] Suppose that C is a non-empty closed
subset of a Banach space X. If H: C — C is a contraction, then H admits a unique fixed
point in C.

Theorem 11 (Schaefer) [17] Let X be a Banach space and let H: X — X be a completely
continuous operator. Assume that the set

E={ueX|lu=AHw), 1€]0,1[}

is bounded. Then H admits a fixed point in X.
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3. Existence

In this section, we investigate the existence of solutions for the fractional qqq-difference problem
given by (1.1)-(1.2).

Definition 12 A function u € C([0,1], X) is called a solution of the fractional q-difference
problem (1.1)-(1.2) if u satisfies the equation “Dfu(t) = Au(t) + f(t,u(t)) on | =

[0,1], and the condition u(0) = a fol u(s)dgs + b.

To establish the existence of solutions for the fractional problem (1.1)-(1.2), we require
the following lemma:

Lemma 13 Let ¢ €]0,1[ and let h: [0,1] X X — X be continuous function. The solution of
the fractional g-difference problem

‘Dau(t) = A®) + f(tu@®), te]=I[01],

u(0) = afol u(s)dgs + b,

is given by
1 1 t
u(t) = aJO u(s)dgs +b + T (a)JO (t — )@V f(s,uls))dys
1 t
— (a-1)
+ Fq(oc)JO (t — gs) " PAu(s)ds.

The first result is obtained by applying the Banach fixed point theorem.
Theorem 14 Suppose that:
(H,) There exist k > 0 such that

vte], Vvu,veX, |f(t,u)— f(t,v)]| < klu—vl.
If

k+ 1Al cx

T(at 1) < 1. (3.1)

la| +

Then, the fractional g-difference problem (1.1)-(1.2) admits a unique solution on [0,1].

Proof 15 The fractional g-difference problem (1.1)-(1.2) can be reformulated in terms of a fixed
point problem. For this purpose, we define the operator

F:C([0,1],X) - C([0,1],X),

where
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F©) = [ 1 =| (9@ f(5,u()d (3.2)
u =a . L@ Jo qs f(s,uls))dgys .
1 (¢ ~
+I‘q(a)j; (t — gs)( 1)Au(s)dqs.

It is evident that the fixed points of the operator F correspond to solutions of the fractional g-
difference problem (1.1)-(1.2). We shall use the Banach contraction mapping principle to
demonstrate that F defined by (3.2) has a fixed point. We shall demonstrate that F is a
contraction.

Letu,v € C([0,1], X) and t € [0,1], we obtain
|F(u)(@) — F(w)(®)|
1 1 t
<|al f lu(s) — v(s)ldgys + m] (t—gs) @ V|f(s,uls)) - f(s,v(s))|dqs

g = Pl s
—v(s)|dgs

k t
< lalsupsejo,ajluls) — v()| + <=7 supsefo1)luls) — v(s)| j (t—qs)@Vd,s
Iy () 0

“A”L(X) sup lu(s) — v(s)] ft(t _ qs)(a—l)d S
Fq(d) se[0,1] . q
k
< lalsupseo,7luls) —v(s)| + msupse[o,ﬂlu(ﬂ —v(s)]
1Al ccxy
msupse[o,l] lu(s) — v(s)|
k + [All ccx
= (l | m Supseqo1]luls) — v(s)l.
Hence,
1P = F@)ll < |lal + A0y
I,(a+1)

According to (3.2), the operator F satisfies the contraction condition. Hence, by the Banach fixed

point theorem, F admits a fixed point, representing the solution of the fractional g-difference
problem (1.1)-(1.2).

Theorem 16 Suppose that:
(H,) The function f:[0,1] X X — X is continuous.
(H3)AM >0, Vte ], Vvu e X, |[f(t,u)| < M.

Hence, the fractional q-difference problem (1.1)-(1.2) admits at least one solution on [0,1].
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Proof 17 We apply Schaefer’s fixed point theorem to verify that the operator F, defined in (3.2),
admits a fixed point. The proof is organized in four steps.

Step 1: F is continuous operator.
Consider a sequence {u,,} such that u,, - u in C([0,1], X). Then for all t € [0,1]:
|F (u)(©) = F(w) (0] )

< |al j lun(s) —uls)ldys

F( )j (t —gs)(@ 1)|f(s un(s)) f(s u(s))|d s

+ @ jo (t — g9) @ DAl g0 |t (s) — u(s)ldgs

< |alsupsefo)lun(s) — u(s)|

1 t
+ msu}%e[o,ﬂ'f(& un(s)) - f(S,u(s))| .[0 (t —gs)@D dgs

+ ”;?l(—gf)suz?se[o,ﬂ lun (s) — u(s)| J t(t —qs) @ Vd,s

< lalsupeeo a9 ~ 4] + gy SWpieton (51 9) (5, u)
%Sume[m [up (s) — u(s)|

= (|a| + %) SuPsefo, ) tn(s) — us)|

+ e el (5 1©) - (5 u®)]

Since the function f is a continuous, we have
I1F (up) — FWle
IAll 1
< <|a| + mq—‘f%) ) = 2Ol + 5 1) = £CuO),

Step 2: F maps bounded sets into bounded sets in € ([0,1], X).

Indeed, it is enough to prove that for every n* > 0, there exists a constant £ > 0 such that for all
u € By = {u € C([0,1],R): |lull < 17}, we have [[F(W)]le < 2.

By (H3) we have for every t € [0,1]:
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1 t
Fq(a)j;) (t - qS)(a’—l) |f(S,u(S))|qu

t
f (¢ — 49)@D Al oo lu()ldq s

L1
Iy(a) Jo
M t ||A||L(X)77

(t— )@ g s+ .f( g5)@ Vg s
rq<a)fo a T (@) q

||A||L(X)7I*

< *+|b .
< laln” + |+rq(a+1) I,(a+1)

Hence

Al ccxom” —p

Flle < laln* +1b -
IF @Ol < laln® + b1+ ¢ oy ¥ T+ 1)

Step 3: The operator F maps bounded sets into equicontinuous sets of C([0,1], X).

For ty,t, € [0,1] with t; < t,, and for u € B+, where B, is the bounded subset of €([0,1], X)
defined in step 2, we have

|F (W) (t2) — F(w)(t)l

1 (4
= T @ fo [(t2 — )@ — (t; — q) @ D] f (s, u(s))dgs
q

tq
[(t; — qs) @V — (¢, — qs)(“‘”]Au(S)dqs

+
Fq(a) 0
L e, — 49D £(s,u(s)) "ty - gs)@D
+—— t, —qs) P (s,u(s))dgs + ——= t, —qs)' Y Y Au(s)d,s
@), r(>tl ’ ‘
M [t
<y 1= 9900 = (=09 D (5009
q 0
Al gy (52 _ _
@ U [(t1 — g) @™V — (¢, — g5) @ V]dgs
M (b Al gy (2
t——| (t;—q)% Vds+——==| (t; —qs) @ Vds
L), 21 T T @ ), 2 a
M 77*”A||L(X)
< t, —t.)@ t(a) (a) £ — )@ t(a)_t(a)
—rq(a+1)[(2 A & ]+Fq(a+1)[(2 D@+ -5
M 1Al oo
- (@) 4 (a)
F(a+1)( )’ r( +1)(2 t)

2M 20" 1Al zcx

- M " 1Al ccx)
T gla+1)  T(a+1)

(a+1) T,(a+1)

l (t, — )@ + [ l (tp — ).
As t; = t,, the right-hand side of the preceding inequality tends to zero. As a consequence of
step 1 to 3 tougher with the Arzela-Ascoli theorem, we can conclude that the operator
F:C([0,1],X) — €([0,1], X) is continuous and completely continuous.
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Step 4: A priori bounds.

By Schauder’s fixed point theorem, it is sufficient to show that the set:
E={uec(01],X) |lu=2AF(u), A€]0,1[}

is bounded.

Let u € €. Then there exists 1 €]0,1[ such that u = AF (u). Hence, for every t € [0,1],

we have
1
u(t) =2 la f

t
), a9 ) dgs
f (t — gs) @ DAu(s)d sl

F (a)
Under hypothesis (Hs), it follows that for every t € [0,1]:

1 t
t Fq(a).]; (t - qs)(a—l) |f(S,u(S))|dq5
+ T za')j (- qs)(a_l) ”A”L(X)W(S)ldqs
q 0
e )f (= @) dgs

A
“F “(ﬁ(;() SUpse 01]|U(S)|f (t — qs)((x 1) d S

q

Al x)
La+1) " T(a+1)° Peelon]

< lal supsepoluls)| + [b] + lu(s)|.

Then, for every t € [0,1], we have

M Al zcx)
I(a+1) T(a+1)

IFWlleo < lal supsefoluls)l + 1b] + SuPsefo1)[uls)| = R.

This shows that the set € is bounded.

Consequently, by Schaefer fixed point theorem, we conclude that F admits a fixed point
which is a solution of the problem (1.1)-(1.2).

4. Application
In this section, we provide an illustrative example to demonstrate the applicability of our result.

Consider the following fractional g-difference problem with an integral boundary condition:

c =t v
u(0) = %folu(s)dls + % 4.2)
3
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Let
u
f(t,u) = m, (t,u) € [0,1] x]0, +oo[
and
A(t) = ﬁ.

For all u,v €]0,+[ and t € [0,1]. We have

f (6w — F(&v) < e < -l
(14 cos(u))(1 + cos(w))l ~ 4

k+]1All
Ig(a+1)

1

We see that the condition |a| + ~ 0.93 < 1 holds with ¢ = %,k = i, q=73 [1A]l = ~

and I G) ~ 0.9376. Consequently, by Theorem 14, the fractional g-difference problem (4.1)-
3

(4.2) admits a unique solution on the interval [0,1].
5. Conclusion

In this study, we establish the existence of solutions to Cauchy problems for fractional g-
difference equations with integral conditions in Banach spaces. The analysis is conducted
employing the Banach fixed point theorem and the Schaefer fixed point theorem. Furthermore,
an illustrative example is provided to demonstrate the applicability and effectiveness of the
obtained results.
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