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we consider each equation as a separate problem. The most
effective technique for building multi-soliton solutions of
an integrable nonlinear PDE is the Hirota direct method
from the several methods used to explore nonlinear PDEs
to obtain solitons, lumps, rogue waves, breathers, and kink
waves. To derive the multi-solitons of the non-linear PDEs,
this method requires first transforming the equation into
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goal of the research study. This work investigated several
well-known nonlinear PDEs, including the KdV Equation,
Boussinesq Equation, GS Equation, KP equation, and other
equations in order to comprehend and apply the concept. We
design the algorithm using symbolic software Mathematica.
These equations are widely recognized for multi-solitons and
their integrability, which having applications in diverse fileds
oceanography, fluid dynamics, plasma physics, mechanics,
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1 Introduction

In mathematics and science, a partial differential equation that has nonlinear components is called a nonlinear
evolution equation or partial differential equation (PDE). They describe distinct physical systems from water
dynamics to gravity, and have been used in mathematics to solve important problems such as the Poincaré
and Calabi conjectures. They are challenging to analyze since there aren’t many general techniques that
work for all of these equations, and usually, each one needs to be looked at separately. The Hirota method,
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which Ryogo Hirota introduced in 1971 [1-5], is a popular and powerful mathematical tool for identifying
soliton solutions after changing the PDE to bilinear form. In several disciplines, such as oceanography, fluid
dynamics, optics, plasma physics, and engineering sciences, soliton is a highly regular solution that has
wave-like properties. Therefore bilinearization of nonlinear PDEs is the most necessary step.

In physics and mathematics, a soliton is a confined wave packet that is extremely stable, nonlinear, and
self-reinforcing. After colliding with other localized wave packets, it maintains its form even when moving
freely at a constant speed. Its exceptional stability results from the medium’s dispersive and nonlinear
effects being balancedly cancelled. Weakly nonlinear dispersive PDEs have wide group to describe nonlinear
systems was eventually demonstrated to have stable solutions in soliton theory [6].

For integrable non-linear PDEs, precise N-soliton or multisoliton solutions may be found using Hirota’s
bilinear approach. However, Hirota asserts that converting a non-linear PDE into its bilinear form is the most
crucial step in this process. Even when the correct transformation of the dependant variable is known, the
process of converting a nonlinear evolution equation into a bilinear equation becomes time-consuming. As a
result, creating a method to determine a nonlinear PDE’s bilinear form is crucial. To do these calculations,
system software like Maple Matlab, and Mathematica, are useful. Hirota first applied this method to the
KdV equation

Xt + GXXZ‘ + Xazz = O’
converting it into the bilinear form

(D% 4+ D.Dy)h-h =0,

by using the transformation y = 2(In h),,, which resulted in a simple soliton solution development [3]. Many
scholars have been interested in the nonlinearity of PDEs and have used a number of systematic techniques
to obtain multiple lump, breather, and soliton solutions. There are several different methods that are to be
used such as Bécklund transformation [7},§], Darboux transformation [9H12], Lie symmetry analysis [13}/14],
simplified Hirota method [15,/16], Pfaffian technique [17,(18], and other methods.

In this work, we investigate how several nonlinear PDEs, including the Korteweg-de Vries (KdV) [4],
Kadomtsev—Petviashvili (KP) equations [5], and other equations that are transformed into Hirota bilinear
form. The most effective technique for building multi-soliton solutions of an integrable nonlinear PDE is the
Hirota direct approach. Solitons are crucial to the analysis of shallow water waves because they are created
when the nonlinearity and dispersion effect are ignored. Moreover, they are found in a number of disciplines,
including fluid dynamics, dusty plasma, oceanography, marine engineering, and plasma physics.

The following section [2| explores the general structure of the bilinear form in D-operator for a general
nonlinear PDE. It describe the Cole-Hopf transformation, Hirota’s D-operator and algorithm for bilinear
form. In section [3] we show the application of algorithm to several well-known equations to obtain the
bilinear forms. Section [4] discusses the results of the bilinear form for the studied equations, and the ending
section concludes the research work.

2 Hirota Bilinear Form of a nonlinear PDE

The algorithm for obtaining the Hirota Bilinear Form and its application to differential equation solving
will be the main topics of the next part. Hirota provided an algebraic method for finding precise soliton
solutions, provided that the nonlinear PDE could be transformed into bilinear form. Initially, dependent
variable transformation was used to convert the PDE to a bilinear equation for an auxiliary function [1]. As
we will see, the concept is based on the properties of a certain bilinear differential operator known as the
Hirota bilinear operator (D-operator) [19].
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2.1 Cole—Hopf transformations

A mathematical method for investigating partial differential equations (PDEs), especially nonlinear PDEs,
is the Cole—Hopf transformation. Cole and Hopf [20,21] created the transformation in the 1950s to simplify
and sometimes linearize certain types of nonlinear PDEs.The Cole-Hopf transformation has been found to be
a great mathematical tool to explore solitons and the integrable equations. It helps scientists to investigate
the wave structures of nonlinear equations to explore the existence of solitary waves, lump solutions, and
several others that can persist in specific nonlinear systems. We have Cole-Hopf transformation

u= K (logh),,,

where p is the order of partial derivative in x based on the balance between the PDE’s higher-order and
nonlinear terms. The phase variable must be used to obtain the dispersion in order to create the mentioned
transformation |22, which we’ll discuss through examples in a further section.

2.2 The Hirota Bilinear Operator

Hirota gave the D-operator, a binary form that outputs a new function after receiving two functions as input.
It has numerous qualities that make it helpful for differential equation analysis. In particular, it enables us
to identify soliton solutions, which are analytic solutions to them. A pair of functions provide the operator’s
definition as (h, k) of a real variable a [19], is

Da(h, k) = lim (;a - ai,> h(a)k(d'). (1)

a’'—a

When the operator is applied repeatedly and to distinct variables (a and b in this case), but it is obviously
generalizable to any number of real variables, we expand the definition [4] to

0 O\ [0 2 \1?
D N4 — . _ _ /AN,
DaDy(h k) =, lim (aa aa/) (ab ab') ila, b)k(@',b)-

Below are some brief outcomes to help the D-operator get some intuition.
Dy(h - k) = hyk — hky,
Di(h k) = hagek — 4hagaka + 6. hupks — 4hokass + hhzzsa,
D2 (h.k) = hyyk + hkyy + 2hyk,

Actually, we may observe the following formula, which is created by applying binomial expansion to powers
of , for the expansion of the nth power of the operator.,

n

Y\ qn—
DI fo= (0 ) o ) (o) 2
k=0
2.3 Algorithm for bilinear Form
We begin with a nonlinear PDE of the form in (n + 1) dimensions as

P(u, gy, Ugy,...) =0, (3)

where the function u = u(x1,x2,...,x,,t) depends on the spatial variables x1,x2, ..., 2, and the temporal
variable ¢, and the operator P involves u together with its partial derivatives.
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Step 1: Analysis of the dispersion relation
We introduce the phase variable &; as

& = klifEl + kzixg + ]Cgixg + -+ knixn + w;t, (4)

where w; represents the dispersion relation and the coefficients ky, (1 < N < n) are constant wave
numbers. The above form of the phase variable is a standard choice, illustrating the adaptability of the
method to different classes of nonlinear PDEs. Depending on the structure of the PDE, however, this form
may vary. We substitute the trial solution u = €% in linear terms of Eq. and solve for dispersion w;.

Step 2: Determining the transformation constant R
We now apply the logarithmic transformation
K o Inh 5
u=K—(nh),
5 (5)

where 7 is chosen so that the order of the highest derivative in Eq. balances with the nonlinear terms.
For testing purposes, we consider h = 1 + €f!. Substituting this into Eq. provides different possible
values of the parameter K, from which a suitable one can be selected.

Step 3: Deriving a quadratic or quartic equation in P

Substituting the transformation into the original PDE and integrating in = (at least once) leads
to an algebraic relation in terms of h. By setting the integration constant to zero at the lowest admissible
order, we obtain either a quadratic or a quartic form,

Q(ha hmp h’CL‘Qa . ) = 07 (6)

where @) involves h together with its derivatives with respect to ¢ and the spatial variables x1, zo, ..., Ty.

Step 4: Reformulation into Hirota’s bilinear form
The quadratic structure obtained in Step 3 can be expressed in terms of Hirota’s bilinear operators. The
Hirota derivative is defined by

0 O\’ [0 9 \1?
P N4 _ . T T /AN
Daby(hk) = |, lm, | <aa am) <8b ab/> ha, b)k(a’, b).

Using this representation, Eq. @ can be rewritten in bilinear form, thereby yielding the Hirota bilinear
expression corresponding to the original nonlinear PDE .

3 Applications of Hirota Bilinear form

The process for obtaining Hirota bilinear forms is often illustrated using classical examples of integrable
equations, such as the KdV and the KP equation. These equations are essential to the theory of solitons
and provide excellent examples of how well Hirota’s approach works.

3.1 KdV equation in (1+41)-dimensions

The nonlinear KdV equation models the evolution of long, weak nonlinear waves in one spatial dimension [22].
Originally, it was described in hydro-dynamics to discuss the wave motion in shallow water. This equation
is

ug + 6uty + Uggr = 0, (7)
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where = denotes the spatial coordinate, ¢ represents time, and u as dependent variable for wave amplitude.

A remarkable property of Eq. is the existence of solitons. The persistence of solitons is a direct con-
sequence of the balance between the nonlinear and dispersive contributions in the equation. Because of this,
the KdV equation has become a central model in the study of nonlinear wave dynamics, with applications

ranging across oceanography, plasma physics, and optics.

To explore the dispersion relation in the KdV equation , we introduce the phase variable

& = wix + dit,

where u; (1 = 1,2,...) are constants and d; is the dispersion parameter. Substituting the trial solution

u = €% into the linear part of Eq. gives
u = 6&, up = d;€,  Uppy = ,u?efi.
Thus, from the relation
Ut + Ugge = 0,

we obtain
dieb 4 peti = ebi (,ui3 +d;) =0,
which implies
di = —ps.

Hence, the phase variable becomes
& = piw — pit.

Next, we construct solutions of Eq. using the Cole-Hopf transformation, which introduces a logarithmic

representation of the dependent variable:

u= K(logh)yz,
where h = h(z,t). It may be written as

U= Wyy, with w = K(logh).
To determine the value of K, we choose the auxiliary function in the Cole-Hopf transformation as
h(a,t) =1+ €5 =1 4 ematdit =1 4 gmomnit
Substituting Eq. into Eq. and get the K as
K=2.

Therefore, the logarithmic transformation reduces to

u=2(log K)zz.

Now, from @D, we have
Ut = Wyxt, Ux = Wgzx and Ugzx = Wrrzre

putting the above expressions into Eq.@, we get

Waat + 6 WrgWrre + Wegrzr = 0
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on integrating w.r.t. x

Wyt + 6 / Wz Ware OT + Wegre = 0. (13)
We compute integral term in equation with constant of integration as zero
1 1,
substituting the value of I in equation , we get
Wey + 3w, + Wezee = 0. (15)
As we have w = 2(log f), we can get the followings:
h
Wy = 2%,
hhxt - h:r:ht
Wgt = 2T7
hhgy — h2
Wyr = 2%)
S 22hi — 3hhghey + R hape
Trxr — h3 I
T 2—6h§ +12hh2hyy — 3h2h2, — 4hyh®hys
TXXT — h4 )

putting all the above values in equation , we get a quadratic equation in h as

hah hy h2 hohaze | o Pazas
Lo p6-2 -8 +2 — 0,

-2
h? h h? h? h

or
hhxt - hwht + 3h32m - 4hxhzma: + hhx:ﬂ:c;t = 0; (16)

Since Hirota bilinear operator is defined as

) 0 O\ [0 9\

a’—a, b’ —b

let p=1and g=1, then
Dth(hk‘) = haytk — hiky — hoke + Rk,

D, Di(h.h) =2 (hhy — hyhy)
let p=4and g =0, then

DA(h.k) = hypeak — 4. hazrky + 6.hagkes — 4 hekeee + Rzzzs

Dj(h.h) =2 (3h2, — 4hyhgze + hhogas)
Equation can be rewritten in terms of the Hirota D operator as

(DyD; + DHh.h =0 (17)

This equation is called the Hirota bilinear form for KDV equation .
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3.2 Boussinesq Equation in (141)-dimensions
The integrable Boussinesq equation [23] is structured as
urt — 3(u?)ze — Uzw — Unaz = 0. (18)
To investigate the dispersion relation for Eq. , we introduce the phase variable
& = pix + dit, (19)

where p; (1 = 1,2,...) are constants and d; is the dispersion parameter. Substituting the trial solution
u = €% into the linear part of Eq. , namely

Upp — Uz — Ugze = 0,

di = \/ i} + pif-
i = iz + /i + pit.

Next, we apply a logarithmic-type transformation of the dependent variable:

leads to the relation

Thus, the phase variable becomes

u=K(nh)z, (20)
which may be equivalently expressed as
U= Wyz, where w= K(Inh). (21)

Choosing the function h as

h=1+¢%, with & = ww +\/p2 + pit,

and substituting into Eq. , we obtain K = 2.
Hence, the transformation simplifies to

u(z,t) = 2(Inh)yy.

Now, from , we have

Utt = Wyxtt, Ugx = Wrzarx and Ugry = Wrrrze

putting the above expressions into Eq., we get

Waztt + Wrzze — 3 (w?gx):cm — Wygzzx = 0 (22)
on integrating w.r.t. x
Wett + Weze — 3 (wix)x — Wezger = 0 (23)
on again integrating w.r.t. x
Wit + Weg — 3 (w:%x) — Wgze =0 (24)
As we have w = 2(log h), we can get the followings:
h
Wy = 2%,
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hhagg — h?
Ve = 2
2h3 — 3hhghes + h2has
Wyzx = 2 3 )
hhy — h?
Wy = 27tthQ ! )

which changes Eq. into a bilinear equation in h as
hhgt — h? — hhgy + h2 — hhagee + 4hehgge — 302, =0 (25)

Since Hirota bilinear operator is defined as
0 O\’ [0 0 \?
D q — . o _ / /
DaDy(h, k) a’—)ltfll;l’—w <(9a 8a’> <8b 8b’> fla, b)k(a’, b).

let p=0and g =2, then
D2(h.k) = hyk — 2hiky + hky,

D}(h.h) = 2 (hhy — hy)

let p=2and ¢g =0, then
D2(h.k) = hypk — 2hoky 4 hkyy,

DZ(h.h) = 2 (hhgyy — h2)
let p=4and ¢ =0, then

Dj(h.h) =2 (3.h2, — d.hghyey + hhayges)
Equation can be written in terms of the operator D as

(D} — D2 —DHh.h=0 (26)

This equation is called the Hirota bilinear form for Boussinesq equation .

3.3 KP equation in (2+1)-dimensions

The KP equation extends the KdV model, which was originally formulated in two dimensions [24]. Its
mathematical form is
(u + 6uLy + Upgs), — Uyy = 0, (27)

where z and y and t are spatial and temporal variable, and u represents the wave amplitude.

The KP equation is a fundamental model in the theory of solitons and integrable systems, as it admits solu-
tions that describe nonlinear wave interactions in two dimensions. Similar to the KdV equation, it supports
soliton solutions; however, owing to its higher dimensionality, it captures more intricate behaviors, such as
two-soliton interactions with nontrivial structures. Applications of the KP equation arise in diverse areas,
including oceanography, plasma physics, and fluid mechanics, where it provides insight into multidimensional
nonlinear wave dynamics.

For the KP equation , we define the phase variable as

& = pir + vy — dit, (28)
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where p;,v; (i = 1,2,...) are constants. and d; denotes the dispersion parameter.

the El

trial solution u = €& in linear part of Eq. (27), we ob;fiain tQhe dispersion as
d = Ky — 5
T — .
i

Next, we introduce the transformation
’LL(337 Y, t) = K(ln h)mc,

which may also be written as
U= Wye, with w= K(Inh).

Choosing the function h as

4 _ 2
h=1+¢, where glzﬂlq;_g_vly_(M)t’
H1

and substituting into Eq. , the value of K is determined to be K = 2.
Thus, the logarithmic transformation reduces to

u=2(Inh)y.
Now, from , we have
Ut = Wagt, Uzp = Wrgz, Uzzer = Wegzze and Uyy = Wrzyy
putting the above expressions into Eq., we get
(wxwt + 6 WyaWayze + wxw:pxm)m — Waryy = 0

on integrating w.r.t. «
Wagt + OWraWeze + Wegzer — Wyyy = 0.

on again integrating w.r.t. x
Wyt + 6 / WeaWeze OT + Wegze — Wyy = 0.
We compute integral term in equation (35)) with constant of integration as zero
1 1,
I = | WppWppe O = 3 QWppWape O = §wm,

substituting the value of I in equation , we get
Wyt + 3fw§x + Wazgr — Wyy = 0.

As we have w = 2(log h), we can get the followings:

w — E
Tr h ?
hhgy — hoehy
Wat = ZT;
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hhge — h2

Wey = 2 ma;LQ -,

Wrre = 73 )
—6h% + 12hh2hyy — 3h2h2, — 4hyph? sy
Wrgze = 2 ha ’

hhy,y — hg

Wyy = Rz

which converts Eq. into a bilinear equation in h as
hhat — hahy + 303, — 4hghags + hhazea — hhyy + bl = 0. (38)

Since Hirota bilinear operator is defined as

DPDI{D{(h,k) = o g/igb’ e (;a — 88@/)” (gb — ;bl)q (880 — 88c’> h(a,b,c)k(a’, b, ).
letp=1g=0and r=1, then
D, Dy(h.k) = hgtk — hiky — hyky + hkgy,
Dy Di(h.h) = 2 (hhyt — haht)
let p=4,g=0and r=0, then
D3 (hk) = hasaak — Ahagakis + Ohashine — Ahykumy + PR
Dj(h.h) =2 (3h2, — 4hyhyzs + hhogas)
let p=0,¢q=2and r=0, then
D (h.k) = hyyk + hkyy + 2hyk,
D (h.h) = 2 (hhy, — h)
Therefore, using bilinear differentials D, the bilinear Eq. can be expressed in Hirota’s bilinear form as
[D2Dy+ Dy — D2l h.h =0 (39)

This equation is called the Hirota bilinear form for KP equation (127]).

3.4 KP equation with variable coefficients in (2+1)-dimensions

The nonlinear KP equation with a variable coefficient represents a generalization of the standard KP equation
[25]. Its mathematical form is

(ug + Uty + Ugze)y, + (1) Uy + Uy, = 0, (40)

where u denotes the wave and x,y,t are spatial and temporal coordinates, and g(t) is a time-dependent
coefficient that modulates the coupling between the x and y directions.
To determine the dispersion relation, we introduce the phase variable

& = i + vy — di(t), (41)
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where p;,v; (i = 1,2,...) are constants and d;(t) is the time-dependent dispersion
function.
Substituting

u = €% into the linear terms of Eq. (40) yields
(Ut + Ugzz )z + 9()Uzy + Buyy = 0.
The relevant partial derivatives are

U = —dé(t)egi,

Uy = Mie&a Ugzr = My eﬁza
_ 2%

Uyy = V5 €™,

Ugy = uivieg".
Substituting these expressions(intigfi (ct}}@ﬂinre%ﬁgé(a eq*ugiijg)éfigj'y%t) Mﬂfi@gi =0,
xX

which simplifies to
(—=dl(t) + p)pi + 307 4 g(t)psv; = 0.

Solving for d;(t) leads to
2

3v?
di(t) = i + /Tl + g(t)vi,

(1

and integrating over time gives the dispersion relation

d;(t) = / (;@ gt + 2% > dt. (42)

223

To construct solutions, we apply the transformation
u(z,y,t) = K(Inh)es, (43)
which can equivalently be expressed as
U = Wgy, where w= K(Inh). (44)
Choosing the function h as

i 31)2
h=1+¢%, with & =ma+uvy— / </‘? +g(t)or + p,1> dt,
1

and substituting into Eq. , we find that K = 12. Therefore, the transformation reduces to
u=12(Inh)yy. (45)
Now, from , we have
Ut = Wyat, Uy = Wgzz, Uzze = Wezzze, Uy = Weayy  ANd Ugy = Wegay
putting the above expressions into Eq., we get

(wa:xt + WrrWgzr + 'wzxxaxc)w + 3wxxyy + g(t)wwzxy =0 (46)
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on integrating w.r.t. x
Wyrpt T WrpWrry + Wrrrrr + wayy + g(t)wxxy = 0.

on again integrating w.r.t. x
Wat + /wmwmm 0T + Wegaz + 3Wyy + g(t)way = 0.

We compute integral term in equation (48) with constant of integration as zero

1

1
I = /wmwmx or = 3 /mewxm Ox = Qwim,

substituting the value of I in equation , we get
w2
Wyt + % + Wogaa + 3Wyy + g(t)wey = 0.

As we have w = 12(log h), we can get the followings:
h

x = 12i7
v h
hha:t - hxht
Wyt = 12Ta
hhgy — h?L,
Wy = 12T,
Werr — 12 h3 )
—6ht + 12hh2hyy — 3h2R2, — 4hyeh®hys
Wreze = 12
h4
hhy, — h2
Wyy = 12 yiLQ ,

hhay — hoh
Wey = 12— 24 3 Y

which converts Eq. into a bilinear equation in h as

hhat — hahy + 3h%, — 4hghags + hheags + 3hhyy — 3N

Since Hirota bilinear operator is defined as

0 O\ [0 O\ [0 a\"
PNINHT — im . = _ oyl
DanDc (h’ k) o’ —a, 11’1—>b, c—c (8@ 8@’) <8b 8(),) <8C 80’) h(a, b, C)k(a bie )

let p=1,g=0and r=1, then
D, Di(h.k) = hgtk — hiky — hyky + hkyy,

DyDy(h.h) = 2 (hhy — hyhy)
let p=4,q=0and r=0, then
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Dj(h.h) =2 (3h2, — 4hyhges + hhogas)

let p=0,¢q=2and r=0, then

D (h.k) = hyyk + hkyy + 2hyk,

D;(h.h) =2 (hhy, — h)
let p=1,g=1and r=0, then
DyDy(h.k) = hyyk — hyky — haky + hkgy,

DyDy(h.h) = 2 (hhgy — hyhy)

Therefore, using bilinear differentials D, the Eq. gives the Hirota’s bilinear form as
[D2D¢ + Dy + 3D + g(t) Dy Dy] h.h =0 (52)

This equation is called the Hirota bilinear form for KP equation with variable coefficient .

3.5 Graphene-Sheets Equation in (2+1)-dimensions

Let us consider a variable-coefficient equation that models the thermophoretic waves in graphene sheets |26].
The equation is expressed as

Ugt + (uux + Uggr + (a(t) + B)um)x +7(t)uyy =0, (53)

where u = u(x,y,t) represents the thermophoretic displacement, x and y are the longitudinal and lateral
coordinates, ¢ is time, «(t) and 8 denote coefficient of thermal conductivity and ~(¢) as lateral dispersion
coeflicient.

We take the phase variable as

§i = pir + viy — di(t), (54)

where p;,v; (i = 1,2,...) are constants and d;(¢) is a time-dependent dispersion function. Substituting
u = €% into the linear part of Eq. gives

Ugt + Ugzzr T (@(t) + B)U;m; + V(t)uyy =0.

The relevant derivatives are

/
up = —d;(t)u,

_ 4

Ugrxx = W; U,
2

Ugyx = WU,
2

Uyy = VS U

Substituting these into the linearized equation leads to
4 2 2
—di(t)u+ ptu + (a(t) + B)pu+ y(t)vPu = 0,

which simplifies to
—d;(t) + i} + piet) + pi B+ y(t)v} = 0.

Solving for d}(t) gives
di(t) = i + pfa(t) + pi B + ()],
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and integrating over time yields the dispersion relation

0i(t) = / pi + pia(t) :'Y(t)v? + B, (55)

To construct solutions, we employ thetransformation
w(z,y,t) = K(Inh)gy, (56)
which can equivalently be written as
U = Wyy, where w= K(Inh). (57)
Choosing the auxiliary function

ui + pda(t) + ()} + 4
M1

h(z,y,t) =1+ ¢, with glzmwrvly_/ B4

and substituting into Eq. , we find K = 12. Therefore, the transformation reduces to
u=12(Inh)ys. (58)
Now, from , we have
Upt = Wezat, Uz = Wrzzs Uzzr = Wezzar AN Uyy = Wrgyy
putting the above expressions into Eq., we get
Wagat + (WeaWeze + Wezrze + (Q(t) + B)Weaz ) +Y(E)Wazyy = 0 (59)
on integrating w.r.t. x
Wagt + WerWezs + Wazzar + () + B)Wazz 4+ 7(H)Wayy = 0 (60)

on again integrating w.r.t. x
Wyt + /wmwxm dr + Wazze + ((t) + B)wze + Y()wyy = 0. (61)

We compute integral term in equation (61)) with constant of integration as zero

1

1
I = /wmwmz Or = B /mea,wmm Or = 511)32”, (62)

substituting the value of I in equation , we get
w2
Wyt + % + Waaza + ((t) + B)wes + y(t)wyy = 0. (63)

As we have w = 12(log h), we can get the followings:

e
T = 1277
v h
hhgt — hyh
Wt = 12 th? L
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hhge — h2
Wyy = 12T7
o 2h3 = Bhhaher + W2 hags
Wagr = 12 e )
—6hd + 12hh2hyy — 3h2h2, — 4hyh®hyes
Wargze = 12 )
h4
hhy, — h?
wyy = 1272/22 y,

which converts Eq. into a bilinear equation in h as
(hhat — hahe) + (B + (t)) (hhag + B2) + y(t) (hhyy — h2) + (Phoass — Ahagahe + 3h35,) = 0. (64)

Since Hirota bilinear operator is defined as

0 O\l /o o\ /0 o\
P N4 DT — : - - _ YA
DaDy De(h, k) a/%,%bmb,d%<aa aa'> ((% ab’) <3c ad) ila, b, Ok(a, b, €).

let p=7r =1 and ¢ = 0 then
D:EDt(hk}) = hatk — hiky — hoke + Rk,

DyDy(h.h) = 2 (hhay — hahy)

let p =2 and ¢ = r = Othen
D2(h.k) = hygk + hkpe + 2h ks,

D2(h.h) =2 (hhgyy — h2)

let p=r =0 and g =2 then
D (h.k) = hyyk + hkyy + 2hyk,

D;(h.h) =2 (hhy, — h)
let p=4 and ¢ =7 =0 then

D3 (h.h) = 2 (hhygys — 4.hohege + 3.12,)
Therefore, using bilinear differentials D, the bilinear Eq. can be expressed in Hirota’s bilinear form as

[D2Dy + (B + (1)) D2 + ~(t) D} + Dy] h.h =0 (65)

This equation is called the Hirota bilinear form for Graphene sheets equation .
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3.6 Bogoyavlenskii-Kadomtsev—Petviashvili (BKP) Equation in (3+1)-dimensions
The integrable BKP equation is given by [27]

Uyt + 3Ugz — BUplgy — SUgally — Uggey = 0, (66)

where x,y, z,t are spatial and temporal coordinates, and u represents the wave amplitude.
To analyze the dispersion properties, we define the phase variable

§i = i + vy + wiz — dit, (67)

where p;,vi, w; (i = 1,2,...) are constants, and d; is the dispersion coefficient. Substituting u = €& into the
linear terms of Eq. , namely

Uyt + 3ug, — Uzzzy = 0,
yields the dispersion relation
_ 3w + 13 vi

d; 68
= R (63)
Next, we employ the transformation
u(w,y,z,t) = K(lnh)zv (69)
and select the h function as
-3 3
hzl—l—e&, with & =z + vy +wiz — ( lel—i_'ulvl)t.
U1
Substituting into Eq. and simplifying gives K = 2. Therefore, the transformation reduces to
u=2(Inh),. (70)

Now, from , we have

hagh — h2 hayh — hahy,
a2 ). (Mgt

hyzh — hyh, hath — hyh
Y (R P ()

The higher-order derivatives become

(hayth + Payht — Buthy — Bohyi)h® — 2hhy (hayh — hohy)
Iz ’

(hgwzh + hoghy — 2hghe,)h? — 2hh, (heeh — h2)
h# ’
(haayh + haghy — 2hahay)h? — 2hhy (hygh — h2)
h4 ’ h4 ’
hxmxy hx:ﬂ:pxhy h:):a:xhxy hxmzhmhy
Ugazy = 27 — 2T — BEELEE — BSEEOI 416
hxxhxxy hixhy hmhmyhxw h;%ha:xy
52 +12 13 + 36 13 +18 %
hashy . hihay | hihy
16 16

uyt:2

Upy = 2

hozah® — 3hgphgeh? + 2R3 H

Ugy = 2 u$y22

—12

2
- 54hx
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Substituting these expressions into Eq. , we get
hhys — hyhy + 3 (hhgy — hyhy) — hggpyh + 3hazyhe — 3hayhas + hyhges = 0. (71)

Since the Hirota bilinear operator is defined as

o oN’[o 0\
DPDIDTD? = li Y-y o T o
a™~pc d(h’ k) a/_nl’b/_)é,nél/_m’d’_)d <aa 8@’) <6b 817/)

I

9 _ 9N (o0 _0Y o
8 <ac 80’) (ad 6d’> h(a,b,c,d)k(a’, V', ¢, d),

we evaluate the following cases:
DyDy(h.h) =2 (hhy — hyhy),  DeD.(h.h) =2 (hhy, — hah.),
(D2Dy)(h.h) = 2 (hagayh — 3haayhe + 3hayhes — hyhass) -
Thus, Eq. gives Hirota bilinear form as
(DyDy +3DyD, — D3Dy) h-h = 0. (72)

This equation is called the Hirota bilinear form for the BKP equation .

3.7 Boiti-Leon-Manna—Pempinelli equation in (3+1)-dimensions
The integrable BLMP equation is expressed as [2§]
Uyt + Uzt + Ugazy T Uzzzz — 3uxu:ry — 3ugUyy — 3u:mvuy — Buggu, =0, (73)

where x,y, z,t are spatial and temporal coordinates, and u represents the wave amplitude.
To determine the dispersion relation, we introduce the phase variable

& = iz + vy + wiz — dit, (74)

where j1;,v;,w; (i = 1,2,...) are constants and d; is the dispersion coefficient. Substituting u = €% into the
linear part of Eq. , namely

Uyt + Uzt + Upzay + Uzzzs = 0,
the relevant derivatives are
Uyt = vi(—di)eg",
Uz = wi(—d;)e,
Ugzzy = N?Uie&;
Ugpgzxz = ,U/:@ngegz
Substituting these expressions into the linearized equation yields

— (v + wi)d; + 4 (vi + w;) = 0,

which leads to the dispersion relation

di = 3. (75)
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Next, we employ the transformation
u(z,y,2,t) = K(Inh),, (76)

and take h function as
h=1+¢€%, with & =mz+ vy +wiz— ,u“;’t.

Substituting into Eq. and simplifying, we find K = —2. Therefore, the transformation reduces to
u=—2(Inh),. (77)

9 [ hy hazh — h2
2%(h)—2(h2 )

Now, from , we have

<
8
Il

u =00 (M _y (hath — hahy
A h2

2(hxyth + hayyht — hythy — hyhye)h? — 2hhy(hyyh — hyhy)

uyt = h4
(hgzzh + hggh, — 2hihy,)h? — 2hh, (hygh — h2)
Ug, = 2 A
haweh® — 3hahesh?® + 213N
Ugy = 2
h4
o Uaah haahy = 2hoh, )b = 2By (hash — 12)
Ty — A
hmxzxy hx:}cathy h:}c:mcyhm ha:mchxy hmthzhy
Ungzy = —2-22Y 4 QUL | gletyte | g lenrley g goents
hzahazy h%xhy hahgyhes h%hmzy h%hxxhy
1oy gty ggrelinlar qglooe | 5yte
h3h, hih
+16— 7+ — 16—+
Upgps = —27IHIEE  pReBie | gRarely | gRarses _ qglents
FlpEems  gpiels _ ggRatesler  jgrlees y pylete
h3hg. hih,
16725 — 1672

putting the above expressions into Eq., we get

hhys—hyhi+hhog—hohi+hhggey —3ha hagy+3hayhog — by hage +hhgge. —3hahpg +3hyhas —hohgze = 0 (78)
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Since Hirota bilinear operator is defined as

Let p=0,gq=1r=0and s=1, then
DyDy(h.k) = hytk — hiky — hyky + hky,
DyDy(h.h) = 2 (hhys — hyhy)
let p=0,gq=0,r=1and s=1, then
D.Dy(h.k) = hotk — hik, — h ki + hky.,
D.D¢(h.h) =2 (hhy — hyhy)
letp=3,g=1r=0and s=0, then
(D2Dy)(hk) = hpwayk — 3-hawyke + 3-hayker — hykewe — huzaoky + 3-hawkey — 3 Pukawy + hkppey
(D2Dy)(hh) = 2 (hagayh — 3.hazyhs + 3.hayhas — hyhess)
let p=3,gq=0r=1and s=0, then
(DED:)(hk) = hagask = 3-hawske + 3-hazkus = hakowe — hugoks + 3-hasks — 3koes + hkooes
(D2D.)(hh) = 2 (hazweh — 3.hawshe + 3haahay — hohygs)
Equation makes D-operator form as
(DyD; + D.D; + D2D, + D3D,)h.h = 0 (79)
This equation is called the Hirota bilinear form for BLMP equation (|73]).

4 Results and Analysis

In above examples, each nonlinear equation was analyzed for Hirota’s bilinear equation and its bilinear form.
First, the original equation was transformed using a Cole-Hopf transformation that converts the equation
to a simplified bilinear equation. Thereafter, Hirota’s D-operators were applied to express the equation in
bilinear operator notation. This approach works for equations with multiple dimensions, variable coefficients,
or higher-order derivatives. The bilinear forms provide a convenient framework for obtaining exact solutions
with the symbolic computation.

4.1 KdV Equation

The equation in u(z,t) as
U + 6utly + Ugpr = 0.

Using the Cole-Hopf transformation, the solution is expressed as
u=2(Inh)y.
that gives a bilinear equation as
hhat — hahy + 3h%, — Ahghags + hhages =0,
which gives Hirota’s bilinear operator form as
(DzD; + DY) -h = 0.

https://internationalpubls.com
1230



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X

Vol 31 No. 8s (2024)

4.2 Boussinesq Equation

The Boussinesq equation is
2
Ut — Ugy — 3(“ )xw — Uggax = 0.

Using the Cole-Hopf transformation, the solution is expressed as
u=2(Inh),,
that gives a bilinear equation as
hhy — hi — hhgg + B2 — hhpgey + Ahghaes — 3h2, =0,
which gives Hirota’s bilinear operator form as
(D? — D2 — DHh-h =0.

4.3 KP Equation

The equation is
(up + 6uty + Ugay )z — Uyy = 0.

Using the Cole-Hopf transformation, the solution is expressed as
u=2(Inh)y,
that gives a bilinear equation as
hhat — hahy + 3h%, — 4hahags + hhagea — hhyy + b = 0.
which gives Hirota’s bilinear operator form as
(De Dy + Dy — D2)h - h = 0.

4.4 KP Equation with Variable Coefficient

The ve-KP equation is
(ur + vty + Ugaz)z + 9() Uy + 3uyy = 0.

Using the transformation, the solution is expressed as
u=12(Inh)zy,

that gives a bilinear equation as

hhat — hahy + 312, — 4hghas + hheaes + 3hhyy — 312 — g()hyhe + g(t)hhay

which gives Hirota’s bilinear operator form as

(DyDy + Dy + 3D; + g(t) Dz Dy)h - h = 0.
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4.5 Graphene-Sheets Equation
The Graphene-Sheets equation is

Ugt + (Ut + Ugge + ((t) + B)uz)e + ¥(E)uyy = 0.
Using the transformation, the solution is expressed as
u=12(Inh)ys,
that gives a bilinear equation as
(hhat — hahe) + (B + (b)) (hhae + h3) + 3(t) (Rhyy — hY) + (Mhagee — 4hohaes + 3h2,) =0,
which gives Hirota’s bilinear operator form as
(DaDy + (B+ a(t))Di +~(t)D; + Dy)h - h = 0.

4.6 BKP Equation

The BKP equation is
Uyt + 3y, — 3Uxuxy - 3uxxuy — Uggxy = 0.

Using the transformation, the solution is expressed as

u=2(Inh),,
that gives a bilinear equation as

hhys — hyhy + 3(hhyy — hah,) — hhygay + 3haayhe — 3hayhes + hyhaze =0,
which gives Hirota’s bilinear operator form as
(DyDy +3DyD, — D3Dy)h - h = 0.
4.7 BLMP Equation
The equation is
Uyt + Uzt + Ugzzy + Uzgzz — SUzplpy — SUglzz — SUzgly — 3Ugzty = 0.
Using the transformation, the solution is expressed as

u=—2(Inh),,
that gives a bilinear equation as
hhyt — hyhe + hhgy — ey + Bhggey — 3hahagy + 3hayhar — hyhaggs + hhage: — 3hohag: + 3hazhoe — hohyze = 0,
which gives Hirota’s bilinear operator form as

(DyDi + DDy + D3Dy + D2D,)h - h = 0.
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5

Conclusions

In this manuscript, we explored the symbolic algorithm for creating the Hirota’a bilinear form for nonlinear
PDEs in higher-dimensions. Algorithm found the Cole-Hopf transformation by balancing nonlinear and
higher order terms. It constructed the bilinear equations using the obtained transformations. Next, it con-
structed the Hirota’s D-operators so that it could convert the bilinear equation to bilinear D-operator form.
After converting nonlinear PDEs into bilinear forms,we can obtain exact solutions such as lumps, breathers,
and solitons. We successfully used the algorithm to obtain the Hirota bilinear form for several well-known
equations such as the KdV, Boussinesq, KP, and BLMP equations and other nonlinear equations. The
resulting bilinear forms serve as a basis for additional research, such as the development of multi-soliton
solutions and the investigation of interaction phenomena. The algorithm can be further streamlined and
made accessible for more complex systems by utilizing symbolic computation tools such as Maple or Matlab.
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