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1. Introduction

Let A denote the class of analytic functions f defined on the unit disk U = {z:|z| < 1} with

normalization f(0) = 0 and f'(0) = 1. Such a function has the Taylor series expansion about the
origin in the form

f(2)=z+ Z a,z" (1.1),

denoted by S, the subclass of A consisting of functions that are univalent in U.

For f € A given by (1.1) and g(z) given by
g2)=z+ Z b, z" (1.2)
n=2
their convolution (or Hadamard product), denoted by (f * g), is defined as
FrD@ =72+ ) anbyz" = (g =)@ eV (13)
n=2

Note that f * g € A.

A function f € A is said to be in US(p), the class of uniformly starlike functions of order g,0 < o <
1, if satisfies the condition
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? {Zf (Z)} i (2)

f(2) f(2)
and a function f € A is said to be in UC (), the class of uniformly convex functions of order g,0 <
o < 1, if satisfies the condition

— 1‘ + o, (1.4)

81{1 +Zf"(Z)} @

f'@) f'(2)
Uniformly starlike and uniformly convex functions were first introduced by Goodman [8] and then
studied by various authors.

+ 0. (1.5)

In, Sakaguchi [11] defined the class S, of starlike functions with respect to symmetric points as
follows:

Let f € A. Then f is said to be starlike with respect to symmetric points in U if and only if
2 !
an{ zf'(2)
f(2) = f(=2)
Recently, Owa et al. [10] defined the class S, (g, t) as follows:
(1- t)Zf’(Z)}
RI———F——(>¢, (z€U),
{f(z) By ) R

where 0 < ¢ < 1,|t] < 1,t # 1. Note that S,(0,—1) = S, and S;(g, —1) = S¢(c) is called Sakaguchi
function of order .

}>O, (z e U).

In, Darus and Faisal [5] introduced the following differential operator.

For a function f € A4,
DY(5 Wf (2) = f(2)
1 _(S—h-s
Dh(s M) = () 1) +

D2(5, W)f(2) =D (D (5 Wf(2))

h+ g ,
)2 @

DR (s Wf (2) = Dy (DR (6, Wf (2))
where ¢, h, 0 > 0,¢ # 0 and m € Ny = N U {0}.
If £ is given by (1.1) then from the definition of the operator D' (g, i) f it is easy to see that

DRI =2+ ) o (6,10, m)anz” (16)
n=2
where

Bn (s, 1 fo,m) = (S22 (17)
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By specializing the parameters of D' (g, i) f (z), we get the following differential operators. If we
substitute

(i) g=1land A = 0, we get D™f(z) = z + Yu,(1 + po(n — 1))m a,z™ oof differential operator
given by Al-Oboudi [1].

([i)¢c=1,A=0and o =1, weget D" f(z) = z + Y o-,(n)™ a,z™ of Salagean differential
operator[12].

Now, by making use of the differential operator D (g, 1) f, we define a new subclass of functions
belonging to the class A.

Definition 1. A function f € A is said to be in the class S (g, i, 0,0, t) if forall z € U

(-0z(DpGeRf@) || a-0z(DpGehf@)
Dp s Wf (2) — D (s Wf (e2) | = [DE (s Wf (2) — D (5, f (¢2)

1| + o,

forp=>0 mt| <1, t#10<po<1.

Furthermore, we say that a function f € US™(g, h, £, o, t) is in the subclass ST (g, h, §, o, t) if
f(2) is of the following form

f(z)=Z—ZanZ”, a,=>0,neN, zeU. (1.8)

n=2
The aim of the present paper is to study the coefficient bounds, partial sums and certain
neighborhood results of the class OS™ (g, h, §, 0, t).

Firstly, we shall need the following lemmas.

Lemma?2. Letw = u + iv. ThenR (w) = f ifandonlyif [w — (1 +8)| < |w+ (1 —9)|.
Lemma 3. Letw = u + iv and g, g be real numbers. Then R (w) > Blw — 1| +

o ifand only if R{w(1+ Be®) — e’} > o

2 Coefficient bounds

Theorem 4. The function £ defined by (1.8) is in the class OS™(s, A, 0, o, t) if and only if
21010=2¢n (g:h;p:m)lzn_un(l'i'g)lan S 1_QP (21)
where o >0, mk=>0,|t| <L, t#10<po<landu,=1+t+-+t"1

. . . _ _ 1-¢ n
The result is sharp for the function f(z) given by f(z) = z s hpmzn a2

Proof. By Definition 1, we get

(1 - 0z(Dp G Wf (@)’ (1 - 0)z(Dp s Wf (@)’

M DP G @ - DR R | = [DI G () — DI Df ()

1| + o.
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Then by Lemma 3, we have

{ (1 -0z(DR G Wf (D)’

i0Y) _ ,if .
Dszn(g»h)f(z)—Dgron(g;h)f(tz)(l+e )—e }ZQ, nT<O<m

or equivalently

N (1-0z (Dgl(c. hf (z)) (1+e)  e®[DB(s, Mf (2) — DR (s, Wf (t2)] N
Dg (s, h)f(z) — Dg (s, h) f (tz) Dg (s h)f(z) —Dg (s h)f(tz) | —

(2.2)

Let F(z) = (1 - )z (DR (s f(2))'(1 + €%) — e[ DR (g, W) f (2) — D (s, W) (t2)]

and E(z) = D3 (5, h)f (2) — D (5, R)f (¢2).
By Lemma 2, (2.2) is equivalent to

|[F(z) + (1 —-)E@2)| =2 |F(z) —(1+0E(2)|, for0<p< 1.
But

F(z2) +(1-E@)|= [A-{2-0z~- z ¢n (5 1. m)(n+u,(1 - ©)ayz"
= > u (6 10, (1 — u)an2")
n=2
> 1= @ = 0lzl = ) du (S mIn+un(l = Dlanl”
n=2

= u (6, = gl |27}
n=2

Also

F@) =+ QE@I = (1= 0{=0z= ) ¢ (s hm)(n = un(1 + 0))anz"
n=2
=% > G (5 10, m) (1 — 1) an2")
< = tlfelzl+ ) b (6o, — n(1+ lanlz"

£ Gu (5 10,0 = wylagl2)
n=2
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So
|F(z) + (1 - E(2)| — |F(2) —(1+ E(2)]

v

1= 2O =1z = ) ¢n (6 h@mIn+un(1 = Q1 + 1 = un(L + Q)] + 211 = | Janl2" )
n=2

> 20-lzl = ) 2u(s ko, mI20 (1 + Qlaylz"| 2 0
n=2

or

D> bn (6o, m) 20—y (1 + Qlan < 10

n=2

Conversely, suppose that (2.1) holds. Then we must show

% (1-1t)z (D}Zf(c, h)f(z)) '(1+e%) — e [DZ(s, W) f(2) — DI (s, W) f (t2)] >
DG (s, 1) f(z) — DG (s, h)f (tz) > o.

Upon choosing the values of z on the positive real axis where 0 < |z| = r < 1, the above inequality
reduces to

> 0.

1- ;.;)=2 (anL (gl h, £, m)unanzn—l

Since R(—e'?) > —|e®®| = —1, the above inequality reduces to

R (1-0) —2p=2¢n (5 10, m)[2n —u, (1 + Q]anrn_l =0
1- 2%0:2 d)n (Q. h, £, m)unanr”‘l -

Letting r — 17, we have desired conclusion.

1-0
)2n—up(1+0)|

Corollary 5. If f(z) € S (g, h, ,0,t) then a,, < S where o = 0, m, |t| <

Lt#10<g<landu,=1+t+ - +t" L
3 Neighborhood property

Following the earlier investigations (based upon the familiar concept of neighborhoods of analytic
functions) by Goodman [7], Srinivas et al [16] , Altintas et al [2, 3]. and others including Srivastava
etal.[15], Orhan [9], Deniz et al. [6], Catas [4].

Definition 6. Let >0, m|t|<1,t#10<e<1,¢>0 and u, =1+t+--+t""1 We
define the ¢ —neighborhood of a function f € A and denote by N.(f) consisting of all functions
g(2) =z—-3¥%,b,z" € S(b, = 0,n € N) satisfying

la, — by <1-—c.

i b (s, B, 0,m) |20 — 1, (1 + )|
= 1-¢
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Theorem 7. Let f(z) € 6S™(s, h, 0, 0, t) and for all real 8 we have g(e?® — 1) — 2e¥ # 0. For

f(2)+ez

any complex number e with |e| < ¢(¢ = 0), if f satisfies the following condition: ™

0S'(s, h, g0, 0,t) then Ne(f) < OSI* (s, h, 9, 0, t).

Proof. It is obvious that f € ST (g, h, 0, o, t) if and only if
(1 -0z (DP( Wf (@) (1 +e?) = (e +1+0) (DR (5 M) (2) - DR (5, M (12)
(1 - 0)z(DR Wf(2) (1 +et®) + (1 — e — o) (DR (5, W)f (2) — D (5, W)f (t2) )

(—-m< 08 <m),
for any complex number s with |s| = 1, we have

(1 -0z (DE(s Mf(@) (1 +e®) = (e + 1+ ) (DR (s F(2) — D (s, Wf (t2))
(1 - 0)z(DRGWF(2) (1 +et?) + (1 - e® — o) (D (5, W)f (2) — D (5, W)f (t2) )
In other words, we must have

1= -t)z (D}c»”(% fl)f(Z)) '(1+e?) - (e“" +14+0+s(-1+e?+ Q))

€

x (D (s Mf (@) = DR (s, M (t2)) # 0.

which is equivalent to

s (s, 1 0,m) (0= wn) (14 € = ske™®) = s(n +1p) = uno(1 - 5))
7 — zm # 0.
o(s—1)—2s

n=2

(*h)

However, f € OS™(g, h, 0, 0, t) if and only ——#0,zeU—-{0}, where h(z) =z — gy 2"

and

(g B, o, m) ((n —u)(1+e? —se®) —s(n+u,) —uzo(l — s))

“n o(s—1)—2s

we note that

¢Tl(gi h:@»m)lzn - un(l + Q)l

lcnl <

1-e
since f(fzfz € BS™(c, h, g, 0,t), therefore z 1 (f(ﬂfz * h(z)) + 0, which is equivalent to
(f*h)(z) €
#* 0. 3.1
(1+e)z 1+¢€ 3.1)
f*h)(z)

Now suppose that |(— < 6. Then by (3.1), we must have

zZ
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(f*h)(Z)+ € lel 1 |[Fxh(2)
(1+e)z 14+€l “|14+€l |1+¢€] z
lel =
> =0,
|1+ €]
this is a contradiction by |e| < ¢ and however, we have |@ >c¢lfgz)=2z—-Y7_, b, 2" €

N.(f), then

N@xm@| _|((f —g)*h)@)
5 VA Z

S ‘

(o]
< D lan = bulleallz"
n=2

3 i b (S 1, 0, m) |20 — uy (1 + Q)|
n=2 1=0

lan, — byl <.

4  Partial sums

In this section, applying methods used by Silverman [13] and Silvia [14] , we investigate the ratio of
a function of the form (1.8) to its sequence of partial sums f,,(z) = z + Y0 -, a, z™.

Theorem 8. If f of the form (1.1) satisfies the condition (2.1) then

f(2) }
R >1- 4.1
{fm(z) 6m+1 ( )
and
_ 1, ifn=23-m
571 a {6m+1: lfn =m + 1Im * 2; o (42)
Where 5, = Lnleh® ,m1|_2:—un(1+g)|. (4.3)
The result in (4.1) is sharp for every m, with the extremal function
Zm+1
f(z)=z+ S’ (4.4)
Proof. Define the function w, we may write
1+w(z) {f(z) 1 }
Lws) o D (i L) s
@ " @\ G *)

(143080 2" + S Dpems1 @ 2
B 1+3Y" ,a,z"1 '

Then, from (4.5), we can obtain

oo n—-1
6m+1 Zn=m+1 anz

m - (o] -
2+ 2211:2 an z" 1 + 6m+1 Zn=m+1 an z" 1

w(z) =
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and

w(z)| < Om+1 Dnem+1Qn
22— 22?:2 an — m+1 Zn -m+1@

Now |w(z)| < 1if

co m
26, .1 Z a, <2 —22%,
n=m+1 n=2
which is equivalent to
m [ee]
Z 4y + By Z a, < 1. (4.6)
n=2 n=m+1

It is suffices to show that the left hand side of (4.6) is bounded above by 7", &8, a,,, which is

equivalent to
Z( 1)an+z(s Ss1) n = 0,

n=m+1

To see that the function given by (4.4) gives the sharp result, we observe that for z = re™/™,

f 2"
fm(Z) = 6m+1 (4.7).
Taking z — 17, we have
f@ _ 1
fm(2) Sme1

This completes the proof of Theorem 8.

fm(2)
f(2)’

Theorem 9. If f of the form (1.1) satisfies the condition (2.1) then

fm(z) 8m+1
% { 't == o~ (4.8)

We next determine bounds for ===

The result is sharp with the function given by (4.4).
Proof. We may write

1+w(z)
1-—w(z)

fm(z) 5m+1
1+46 ){ —
TN F@ 1+ 64
1+ Zgzz an z" — 5m+1 Z?lozm+1 an z" 1
1+)Yy,a,z"1 ’
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where

(14 6ms1) Zremar @n 2™ 1
—2+2¥0,a, 2" — (1 = pt1) Zema1 An 2771

w(z) =

and

w(z)| < (1 + 6ms1) Xn=m+10n <1
T 2- 22;{1:2 an + (1 - 6m+1) Z$=m+1an -

This last inequality is equivalent to

m co
z R Z a, < 1. (4.9)
n=2 n=m+1

It is suffices to show that the left hand side of (4.9) is bounded above by Y.>°_, 6, a,,, which is
equivalent to

m e}
2(611 -Da, + z (6p — 6m+1) an = 0.
n=2

n=m+1
This completes the proof of Theorem .

We next turn to ratios involving derivatives.

Theorem 10. If f of the form (1.1) satisfies the condition (2.1) then

sn{ : ',((ZZ))} >1-50 (4.10)
fm,(z) Om+1
iR{f’(z)}z 1+m+ 641 (4-11)

where
1, ifn=23-m

6n = 6m+1
n

, ifn=m4+1m=2,---
m+1 f

and &, is defined by [4.3]. The estimates in (4.10) and (4.11) are sharp with the extremal function
given by(4.4).

Proof. Firstly, we will give proof of (4.10). We write
1+ w(2) f'(2) m+1
L) (O (1t

1-w(2) h fm'(2) Om+1
1+ X0, na,z" " + ,flm—ﬁZ,ﬁmﬂ nayz""!

1+Xm,a,z"1
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where
6m+1 Zoo +1na Zn—l
n=m n
2+ 23N nayzt Tt + SN i na,z" !
and
Omat1
Z?lo=m+1n an
w(z)| < mt1

) o '
2-2¥,nay + RN i nay

Now |w(z)| < 1 ifand only if

m [ee)

Sim+1
Z"an+mm+1 Z na, <1, (4.12)
n=2 n=m+1

since the left hand side of (4.12)is bounded above by };>_, &, ap.
The proof of (4.11) follows the pattern of that in Theorem 9.
This completes the proof of Theorem .
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