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1. Introduction

In the field of fixed point theory, Banach contraction principle [1] is one of the fundamental tools to
explain existence of fixed point in complete metric spaces. After this principle, many researchers
have suggested different generalizations of contraction principle and their applications to solve many
mathematical problems such as solution of differential equations, integral equations and non-linear
analysis.

Among the generalizations of Banach contraction principle, we discuss a — ¢ contraction here. It
was initiated by Samet et al. [2] in which they introduced a — ¢ contraction type mappings and
proved fixed point theorems in complete metric spaces. This concept was further improved and
modified by B. Samet [3] alone. After the paper of Samet et al. the a — ¢ contraction is used by
many researchers in different metric spaces. Karapinar et al. [4] used this contraction in b-metric
space with a-orbital admissible condition. Li. and Guan [5] introduced ag» and p — agr admissible
condition in b-metric space. Likewise, Hussain et al. [6] introduced a —admissible mapping with
respect ton . Zoto et al. [7] introduced a,s» admissible mapping and prove the fixed point theorem
in b-metric space. Almost researchers in this direction have used a-admissible condition. For
example see [8],[9],[10], [11],[12],[13],[14],[15].

As we motivated and inspired by the papers [2],[3], [4], [5] and [7], our aim is to introduce az-1 —
admissible mapping to prove some fixed point theorems by using a — ¢ contraction in complete
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metric spaces in this paper. Additionally, we introduce u — ag-:1admissible mappings to prove the
common fixed point theorem by using (4 — «, ¢)-contraction in complete metric space.

2. Preliminaries

In this section, we present some basic concepts and notations related to a« — ¢ contractions and « -
admissible conditions.

Definition 2.1: [16] A mapping ¢: [0, ) — [0, o) is called comparison function if satisfy following
assumptions:

a) ¢ is non-decreasing.

b) ¢(p) <p Vp>0.
c) o™(p) > 0asm > o0 Vp>0

d) ¢(0)=0
The set of all comparison functions is denoted by @.

Definition 2.2: [2] Let X be a non-empty set. The mapping u: X — X is called a-admissible, if there
exists a function a: X X X — [0, o) such that a(a,b) > 1 = a(u(a), u(b)) = 1fora,b € X.

Definition 2.3: [2] Let u be a self-map on a metric space (X, d). We say u is a — ¢ contraction if
there exist a: X X X — [0, o) and a comparison function ¢: [0, %) — [0, o) such that,

a(a, b)d(,u(a),u(b)) < <p(d(a, b)) V ab €X
Definition 2.4: [3] For a given ¢ € @, Let us define aset R, = {y € [0,):y¢p € @}
The main theorem in [2] is re stated here.

Theorem 2.1: Let (X, d) be complete metric space and p be a given continuous self- map. Suppose
that there exist two functions a: X X X — [0,) and ¢ € @ such that,

a) uis a — ¢ contraction.

b) wis a-admissible.

c) There exists a; € X such that a(ay, u(ay) =1

d) u iscontinuous or

e) For every {a,} c X such that a, = a€X and a(a, a,s;) =1 forn € N, we have
a(ay,a) =1forneN.

Then p has a fixed point. Moreover, if in addition we suppose that for every pair u,v € X there
exists w € X such that a(u,w) = 1 and a(v,w) = 1, we have a unique fixed point.

Following are the main results; we obtained in Samt [3]

Theorem 2.2: Let (X, d) be complete metric space and u be a given continuous self- map. Suppose
that there exist two functions a: X x X — [0,00) and ¢ € @ such that u is « — ¢ contraction. Also
let there exist y € R, and a finite sequence {7;} ¢ X,i = 1,2.....p such that

To = Xo, Tp = u(x), a(W™(x), 1™ (ti41)) =y L VREN,i=12..p—1.......... (2.1)

Then there exist a fixed point of u.
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The uniqueness of fixed point is guaranteed by following conditions

Theorem 2.3: Let (X,d) be complete metric space and p be a given self- map. Suppose that there
exist two functions a: X X X — [0,0) and ¢ € @ such that u is a — ¢ contraction. Suppose also
that

a) The fixed point set Fix(u) is not empty.

b) Forall u,v € Fix(u) with u # v,if a(u, v) < 1 then there exist y € R, and for some g € N
There is a finite sequence {§;}cX,i=12...q such that &, =u,d;=
v,a(u”(&i),u”(&-ﬂ)) >yl vneNandi=0,12..q— 1.

Then p has a unique fixed point.

Definition 2.5: [17] Let u and p be two self-mappings of a complete metric space (X, d).We say
they are weakly compatible if they commute at their coincident point. That is if u(s) = p(s) for
some s € X implies pu(s) = up(s)

Here, we restate the proposition by M.Abbas and G.Jungck [17]

Proposition 2.1: Let (X,d) be a complete metric space and u,p are weakly compatible self-
mappings on X.If there is unique coincident point u(z) = p(z) = u then u is the unique common
fixed point of u and p.

The definition 2.2 was generalized by H.Aydi[18] as follows.

Definition 2.6: Let uand p be two self-mappings on a non-empty set X.We say the pair of
mappings (u, p)is a-admissible if there exist a mapping a: X x X — [0, o0) such that

a(a,b) = 1= a(u(a),p(b)) =1 and a(p(b),u(a)) = 1.

Here, it is noted that there is no any mathematical support to find the finite sequence satisfying
(2.1).Actually we feel, it is most serious task to get such sequence. Similarly the hypothesis (b) in
theorem 2.3 is not suitable for the aim of paper [3]. Because of these reasons we introduce general
cases to extend and improve theorems 2.1, 2.2 and 2.3 without using condition defined in definition
2.2.

3. Main Results

In this section we present some new concepts, fixed point theorems and common fixed point
theorems.

From definition2.4, let us take the set R ,+ = {A € R, : ¢(p) <Ap(p) <p Vp>0}......... 3.1

It is clear that this set (3.1) non-empty because ¢(p) < p V p > 0 and by properties of real numbers
there are infinite real numbers between ¢ (p)and p. Now we can take maximum value from (3.1), say

B = max.{A € R,+}.0Obviously, g > 1 and it is maximum value for which o € @ .Thus 7" < 1
is minimum value for which a(a,b) > p~* fora, b € X.

Now we can define a-admissible mapping on the basis of £ as follows:
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Definition 3.1: Let (X,d) be a metric space and x4 be a given self- map. We say p is ag-1 -
admissible, if there exist a: X x X - [0, ) such that, a(a,b) > B~ = a(u(a), u(b)) > =1 for
a b€ X.

Now we prove following fixed point theorems as our main findings.

Theorem 3.1: Let (X, d) be a complete metric space. Let g is maximum of all member of R ,+. If a
self -mapping u satisfies following conditions,

a) u is a — ¢ contraction on X.

b) wis ag-1- admissible

c) There exist x, € X such that a(x,, u(xo)) > 71
d) w iscontinuous in X

Then there exist a fixed point of u in X.

Proof: -.Let there exist x, € X such thata(xo,u(xo)) > (71, Being u is a -1 - admissible, so by
induction we can get,

a(p™(x), ™ (x0)) > BTLYNEN. oo, (3.2)

Now we have from condition (a),
Bd (o) 12 (xo) < at (%o p(x0) ) d(ux0), 12 (x)) < (d (o (xo)))

= d(u(xo), 12 (%0) < Bep((d(xo,u(x0)))

Let Bp = o € 0, then

d(u(x), 12 (x0) < a(d(xo,p(x0))) wvvvveeannn. (3.3)

Again

B (P (xo), 13 (x0) < a(f (x0), w2 (x0))d (U2 (x0), 13(x0)) < @(d(u(x0), U2 (%))
= d(u*(x0), 1 (x0) < a(d(u(xo), 1*(x0))) , from (3.3)

d (2 (x0), 13 (x0) < 02 (d (0, 1(%0)))

Continuing this process, we have

d (U™ (x), W™ (x0) < 0™(d (o 1t (%0))) vvvne (3.4)

Now for m,n € N withm < n,

d(ﬂm(xo): u”(xo))
< d(#m(xo):.umﬂ(xo )) + d(ﬂmﬂ(xo)'#m” (xo)) + o d (™ (), 1 (X))
From (3.4)

A (o), 1" () < 0™ (d (0 10x0)) ) + 0™ (d (0 2Cx0)) ) + -+ e+ 0™ (A Cr 1Cx0)
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Taking m — oo and by property of comparison mapping,

o™ (d (xo,,u(xo))) =0.
Thus we have,
d(u™(x0), 1™ (%)) = 0
This implies {u™(x,)} is Cauchy sequence in (X,d) .Since (X,d) is complete, there exist x, € X
such that lim u™(x,) = x,,.
n—-oo
The continuity of u implies that,
lim u™*1(x0) = p(x,) . The uniqueness of limiting value, gives u(x,) = x,. O
n—-oo
It is clear that our suggested hypothesis, “there exist x, € X such that a(xo, ,u(xo)) > B~1” is more
general than the hypothesis given in theorem 2.1 in preliminaries section.
Next we show the continuity assumption of u does not require to exist a fixed point of u.

Theorem 3.2: Let (X, d) be a complete metric space. Let g is maximum of all member of R ,+. If
the self -mapping u satisfies following conditions,

a) uis a — ¢ contraction on X.
b) wis ag-1 -admissible.
c) There exist x, € X such that a(x,, u(xo)) > 71
d) If a(u™(x0), 0™ (xe)) > B, ¥Yn €N and 111_1)1010 d(u™(xg),z) = 0 implies a(u™(x,),z) >
f~LYneEN
Then there exist a fixed point of u in X.
Proof: From theorem 3.1 the sequence {u™(x,)} is Cauchy sequence in (X,d) .Since (X,d) is
complete, there exist x, € X such thatnli_)rg U (xy) = xu-ThUS,}Lrg d(u™(x0),x,) = 0.
Now from given hypothesis (d) and from (3.2), we can get,

a(u™(x0), %) > B LYNEN ..o, (3.5)

Now,

B H™ (o), () < @ (o), YA (), () < @(d (™ (o), %))
= d( " (o), 1) < B (AU (o), %))

= d(u" (%), u(x,) < o(d(u™(x0), %)) < d(p™(xo),x,)

Takingn — oo , we have

d( %y, u(x,) < d(x,,x,)

= d(x,, f(x,) =0
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‘u(x#) =x, O
The uniqueness of fixed point is given by following theorem.

Theorem 3.3: By adding the condition: “if for every pair u,v € X there exist w € X such that
a(u,w) > Bt and a(v,w) > 71" in the theorem 3.1 and 3.2, then there exist unique fixed point
of u.

Proof: If possible suppose there are two fixed points x; and y, . By our hypothesis there exist w €
X such that a(x,, w) > g~ and a(y,, w) > B~

Being  is a-admissible, a(x,, w) > B~* implies a(x,, u"(w)) > .

Now we have,

B (3, u™(W)) = Bk (), k(W) < @, 1 (W) d (), 1 (W)) <
o(d(x,u" (W)

= d(x,, 1" W) < a(d(x,u™ 1 (w)).

Since o is non-decreasing, then by induction we can have,

d(xu,,u"(w)) < a”(d(xﬂlw)).

But

lim o™(d(x,w)) = 0.Hence, lim d(x, u"(w)) =0

n—>oo

Similarly we can show that rlll_{lgo d(yﬂ,u"(w)) =0.

By triangular property of metric

d(x#,yu) <d (xu, ,u”(w)) + d(y#,,u”(w)). Now, takingn — o
d(x,,y,) = 0. Hence fixed point is unique. o

Next, we introduce some new types of a-admissible mappings and contraction conditions to prove
common fixed point theorem.

First of all let us denote the set of all coincident points of pair of mappings (u, p) by C(u, p).

Definition 3.2: Let (X, d) be a complete metric space and u, p are self- mappings on X with p(X) c
u(X). We say p is u — a, ¢ -contraction if there exist a: X x X — [0, o) and a comparison function
@:[0,0) — [0, o) such that,

a(u(@), u(b))d(p(a), p(b)) < @(d(u(a), u(b))) V a,b € X.

Definition3.3: Let (X, d) be a metric space and u, p self- mappings on X with p(X) c u(X).We say
p is u — ag-1 -admissible if there exists a function a: X X X — [0, o) such that,

a(p(@),ud)) > g = a(p(a),p(b)) > 1For abeX
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Now we apply above results to prove the common fixed point in complete metric spaces.

Theorem 3.4: Let (X, d) be a complete metric space and p, p are weakly compatible self- mappings
on X with p(X) < u(X).Also let u(X) is closed subset of X.There exist a: X X X — [0,0), @ €0
and g is maximum of all member of R ,+ such that u and p satisfy following conditions:

a) pisu — a, @ contraction.

b) pisp — ag-1 admissible.

c) There exist x, € X such that a(u(x,), p(xo)) > 71

d) If for a sequence {x,} in X, the sequence u(x,) converges to u(x) and a(u(x,), u(xpsq) >
B~ then there exist sub-sequence u(xy, ) of u(x,) such that a(u(xy, ), u(x)) > 1.

e) Forall p,q € C(u, p)the condition a(u(p), u(q)) > B~ or a(u(q), u(p)) > B~* exist.
Then u and p have a unique point of coincident. Further this point is uniqgue common fixed
point.

Proof: Since p(X) c u(X), for x, € X there exist x; € X such that p(x,) = u(x;). In general we
can write s,, = p(x,) = u(xp41).1f s, = sp,41 forsome n € N, thens,, = p(x,4+1) = U(Xp41).-This
implies there is a point of coincident. Thus let s,, # s,,,; ¥n € N . By condition (c), there exist x, €
X such that

a(p(x0), p(x0)) > B~

= a(u(xo), u(x)) > B~

Since g is u — a admissible, so

a(u(xo), u(x1) > B = a(p(xo), p(x1)) > B*
= a(u(x), ulx)) > g~
= a(p(x1),p(x2)) > B~
= a(u(x) ulxz)) > g

Continuing this process we have,

a(pu(xn), u(xns1)) > B~ (3.6)

From condition (a)

Brd(p(x0), p(x1) < a(u(xo), 1(x1))d(p (%), p(x1) < p(d((x0), 1(x1))

= d(p(x0), p(x1) < B (d((x0), u(x1)) [ By =0€0]
= d(p(xg),p(x1) < a(du(xg), u(x1))eevevvnnen... (3.7)
= d(u(x), 1u(x) < o(dW(x), (x1))eeeiniiiiannnnn. (3.8)

Similarly we can show

d(u(xz), p(x3) < o(d(p(xy), ulxz))
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From (3.8) and non-decreasing property of o, we have
d(u(xz), u(xs) < o?(d(ux), u(x1))

Continuing this process we have,

d(u(xn), u(xne1) < 0™ (d(u(xo), u(x1))........ 3.9)

Now for any m,n € N withm < n,

d(u(xm), u(xn) < dW(xp), u(Xme1) + AW Xpa1), Wxny2) + 0o+ d(Ulxn—1), u(xp)
From (3.9)

d (), 1 () < 0™ (d(uxo), (1)) + o™ (d(u(xo), u(x1)) + oo +0™1(d (1(x0), 1 (x1))
Using the property ™ (t) =0V t > 0 form - o
d(uen), u(xy) =0 ... (3.10)

This yield { u(x,)} is Chauchy sequence in X. Being (X, d) is complete metric space, there exist u €
X such that lim u(x,) = u. Here p(x,) = u(x,41), implies lim p(x,) = u.
n—-oo n—oo

As our hypothesis u(X) is closed sub-set of X, so u € u(X) and there exist z € X such that u(z) = u
thus limd(u(x,) —u(z)) =0.......... (3.11)
n—-oo

Now by hypothesis (d), from (3.6) and (3.11); there exist sub-sequence u(xy,,) of u(x,) such
that (u(xnk),u(z)) >p 1 VkeEN

Now by (3.7) we have,
B~ rd(p(xn, ) p(2) < (u(xnk),u(z)) d(p(xn,), p(2) < o(d(u(xy,), 1(2)))

d(p(%xn, ), p(2)) < 0(d((xn,), 1(2)))
Taking k — oo

d(u,p(2)) < o(d(u(2), u(2))

= d(u,p(z)) =0

wp(z) =u=pu2)

Therefore z is a coincident of u and p.

We show z is unique coincident point. If possible suppose w is another coincident point then by
hypothesis (e)

a(u(z),u(w) >p ... (3.12)

Applying condition (a) and from (3.7) and (3.12) we have,

B~d(p(2), p(wW)) < a(u(2), p(w))d(p(2), p(W) < @(d(u(2), n(w)) )
= d(p(2),p(W)) < o(d(u(2), u(w)) < d(u(z), n(w))
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= d(p(2),p(w)) < d(p(2), p(W))

= d(p(2),p(w)) = 0

= p(z) = p(w)

= p(2) = u(z) = p(w) = pu(w)

Hence z is unique coincident point and w is unique point of coincident. From proposition 2.1, it is
clear that u is unique common fixed point of x and p O

Example 1: Let X = [0, 1] and metric on itis d(x,y) = |x — y].Take the mapping u: X — X defined
by u(x) = ’;—3+17—6 At is clear that u is continuous but not Banach contraction at x =1 and y =

L and
x2+xy+y?2

0.9.Actualy it is @ — ¢ contraction. Where, a: X X X — [0, ) defined by a(x,y) =
@: X XX - [0,00) defined by ¢(t) =§. Take B =1.999 ... so that B¢ is again a comparison
function. There exist x, = 0.1 such that a(x,, u(x,)) > p~1.By calculation we can easily find that u
Is a g-1-admissible. More over for every pair u,v € X there exist w € X such that a(u,w) > p1
and a(v,w) > B~1.Here u satisfy all condition of theorem 3.1 and 3.3.Hence there exist unique

fixed point x = %

Example 2: Let X = [0,1] and metric on it is d(x,y) = |x — y].Take two self-mappings defined
by u(x) = xz—g + % and p(x) = ? + E . It is clear that u and p are continuous but neither of them
are Banach contraction at x =1 and y = 0.9.Actualy they satisfy f — a, @ contraction. Where,
@: X X X = [0,00) defined by a(x,y) = =2 and ¢: X x X — [0, ) defined by ¢(t) =

? Take B = 1.499 .... so that B¢ is again a comparison function. There exist x, = 0.1 such that
a(u(xo), p(xo)) > B~.By calculation we can easily find that p is 4 — a -1-admissible. More over
for every pair u,v € C(u, p) such that a(u(w), u(v)) > B~ or a(u(v), u(u)) > p~1.Here uand p
commute at only coincident point .Hence there exist uniqgue common fixed point x = %

4. Remarks
a) If B =1 then the theorem 3.1 becomes theorem 2.1.
b) For g = 1 the mapping u becomes a-admissible.
c) If wisidentity map and 8 = 1 then the theorem 3.4 becomes theorem 2.1.
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