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Tracking network dynamics using graph distances

Here in a graph a node is assigned to each entity (or) player and interactions are modelled by
edges. Graphs have endless encapsulating structural information in data sets. It may become
paradigm of indispensable here the education about every separate node marked as interactable (or)
irrelevant. Intended recording each individual neuron’s activity. The neurons are modelled by brain
activity from brain data.

Raw data can be transferred as a group of graphs. input is taken as treatable. In the identify
notes some set of aligned notes are very important, ever though distances constitutes a mile stone to
any analysis of statistics simultaneously comparisons, variance (or) cluster (or) even the definition of
median (or) mean. Once the distance has been selected, the crucial is the analysis graph data. The
distance between two unlabelled graph are very important and it must be well studied. But our focus
is different nodes are marked as identity. The relevant information must discard by permutation
invariant distances. the node’s leverage function is defined by nodes of the intensity of key node
locations. with the distance sensitivity but of the self-graph, properties of distanced by exhibit
distinct capture various types of structure Shifts correct scale for comparing graph is needed to
identify decisive parameter.

If we want to do the local structural changes at an atomic level structural similarities must be
studied the node communities of the level notation of the heart is the scale which is used to find out
different distance similarities between graph. The distances may be local, global and meso scale.
Template are used to select the data

Local - structural change

Global — spectral distance change
There are two categories to capture in between the two meso scale is in between the local and global
a fresh group of graph distances depends on spectral heat kernels and argue that should be optimum
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and must combine both local and global the different performance is around on both synthetic, fMRI
data and microbiome are controlled experiments

\ertice = ~

Edges=E

N=|~| count of nodes

|E|= count of edges

J—1 neighbour nodes

D = Degree of matrix

Aij={ 1ifi~jand 0 otherwise

D =diagram (dj)=1=1,....,N

Such that,

N
di = Z .4,:_;.
i=I

A matric in symmetric
AT=A
L=-A+D
(Laplacian’s)
Laplacian is symmetric and its true eign value decomposition
L=uUrUT
U = Unitary Matrix
A = diag(Ai) is the diagonal matrix of the eign values
D=Ag <A <- <Ay
Quantifying structural distances via local changes
Distances between graph are only mutually exclusive (or) structural version. Spectral
distances in local changes the graph structure at each node is different but it induces local changes.
Example Different bonds in different molecules are having different properties. But in brain
network these distances can be noted as (ROI) Individual region of Interest. The other is identified
by graph structure change in the Laplacian eign values (or) its adjacent matrix, distance marks the
graph properties how nodes are functioning with nodes (or) globally organized and interact. In brain
networks change in connectivity is assured globally with spectral distance.
The hamming distance
The count of edge insertions and deletions necessary to transfer in between two

graphs. let G and G are 2 graphs on nodes N. There adjacent metrices are A and A" Hanning
distance is defined by
o .|r‘11|'I|'—.d_|,i_|i| _ 1
(G, 6) _g N(N—1) N(N-1)
bounded Distance between 1 and O in over all graph of sizes ‘N’
Analysis of frame work in General
The frame work and graph are related one. pairwire dissimilarities among the graph in the
MatricH is n by n dimensional matrix H
Where,

1A — All;.
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Dimensional matrix, Hij =d(Gi ,G;j)
N = number of graphs
N =21 micro biome
N =29 fMRI data set
H can be analysed in various ways
Every distance is used for the analysis of (c) the graph variability from time to time is
mentioned by various distance between next to next graphs
H between graphs [fig 1(A) ,E ] and their low dimensional projections. It shows how much
relationship it captures between connectivity and count of years only that subject under time passed
cocacine relativity.
Application
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Fig [1] mention the result of microbiome on both bacterial using hamming distance as well as
fMRI data.

Result
The fig (1) shows the bacterial community graph in which hamming distance is completed

throughout the treatment course.
In fig 1[c] the distance between 2 consecutive graphs just often antibiotic courses ¢

Fig [1] B shows the treatment gradient
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A - hamming distance between the bacterial graphs tops rows and brain graph located at
bottom

bacterial graph — A

B — MDS projections of the first two principal component

Colour — phaser

Shape — different subject
In the graph c plot the next to next distance in between bacterial graph [c]

G — distance between minimum spanning tree G hamming distance

F — friedman — refsky test for significance for the diff data set

E — cluster map of the fMRI graph

G — minimum spanning tree between brain connections induced G
The Jaccard distance

It is union graph with respect to volume in normalization

IGUG|—|GNG|
IGUG|
_ Z.‘._,l' |A|'.|' — fi,:_li|
EH. max(A4; ;, A;;)

aceard (7. f_}]' =

A=Al
A+ Al

where ||.|| * mentions the Matrix of nuclear form. The above notation denotes the sharp
distance between the graphs.
According to steinhus transform

§(x, y) = Jl.r.:-|+%:'jll_-;:-nrl|-=!¢.1-.ry
Produces ¢ matric
D = hamming distance
C = empty graph
2|4 — All;

5G.G) =

NAlL+ Al + 1A — Alls
B 20IGUG|— |G NG|
a 21G U G|

= dlaccard (7, 'i}'

A - distances between bacterial graphs and Kendall-correlation by Jaccard
B - consecutive distances in between two bacterial group
C — bacterial’s MDS projection
D - Minimum Spanning Tree between bacterial graphs
Edge-importance
disconnected components should be penalized more.

https://internationalpubls.com 116



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 31 No. 4s (2024)

Initial graph G
Edge-submodularity
In a same nodes edge get charged

‘\‘ ®
— ‘\‘L\‘ //
G)/\\.
\

Perturbation of G; four edge insertions

Weight awareness
It denotes weight of modified

Perturbation of G1:2 edge insertions,2 deletions

Focus awareness
random changes in not important not even happened Jaccard and humming distance treatall

edges uniformly.

Comparing graph structures
Spectral distances are global = eign values of either (or) adjacency matrix

L=D-A
L = Laplacian
D =diagonal matrix
A = adjacency matrix

Normalized Laplacian,
I_": 1 - D—1/2A D—l/2

Lp distances on the eigen values
N-1
d(G.G)" =" |n —&il".
]
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A=k =---=dy_

N-1 N-1
di(G,G) =Y |fhi+e) — FO)|7 = | ()7 eil”
=0 = Eqn 3.1

Applications

Dataset and Labels FR pvalues | Analysis-ol-variance

(D) (et agraph ) Test
Relman- Mierobiome D640 0.306

[IEH (K

[N 029

(cortinuous ncy)
)

I> = distance by two different functions such as combinatorial Laplaéiéh éign spectrum
eqn (3.1)

£ (1) = e % top row Microbiome

£ (1) = e '* bottom row fMRI

p = 0.025 confirmed the MDS projections

I, = eign spectra using two function of spectral distances as in eq no 3.1

top row = Microbiome

bottom row = fMRI

E = brain connectomes

C = first two principal axes with graphs
D = low-pass filter f(1) =~ 1.2
B = MDS projection of the bacterial
A = distances between bacterial graphs

Spanning tree dissimilarities

N-

| |
T = Ji'lll'rEi.Fnalm:u|'1§;_l:n:n: of G = E Ai.

i=1
G and G -graphs
L=D-A
dsT(G, ©) =|log(Tc) ~log(Ta)|
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taking network changes
A = bacterial graphs based on Kendall-correlation
B = bacterial graphs based on MDS projection on the first two principal axes
Colour — phaser
Shape — different subject
C = metagraph
D =fMRI data for Clustermap
E = brain connectomes MDS projections on the 1% two principal components(E)
i, A=A+ =

TG =Nspanning tree of G

|
=7}:X[1+Z—+Z_:]lmj+ j|
= veeee.Eqn (3.3)
Combining (3.3) and (3.2) yields
_ N-1, N1 .
dst(G.G) = log(1-|- >+ i._-,:;"' )‘
i=1 " =1

General framework
For Gaussiankernel, distribution

I.JI'—A- i'
3 ':.’*:I = 222,
pe IZ,[:} E:rrcr
Pseudo graph,
d(G,G) =f|pc:£.t]| — pG'(x)| dx.

Definition of the IM distance
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5
ﬂ '.l.',.'

Syt ) =0

j#i
The eign values of the squares of the vibrational frequencies which is inter- preted by
Laplacian matrix of the network as wi.

Ai = w?
AM=wo=0
N-1 y
plw, p)=K

o @—w)
v = common parameter

K =normalization constant defined such that
The spectral distance between 2 graphs A & B is defined by

oo
ep(A, B) = \.'I Il" [palw, y) — prlw, }'}]En’w.

Jurman,
f;-f'[EN. Fn)=1
{A, B} = {En. Fn)
En = empty graph on N Nodes
Fn = Complete graph on N Nodes
polynomial approach

P[l] =X+ ﬁ.fj + - +m7ﬁ'rx
P(A) =QWQ"

Where,
W=ﬂ.4+ﬁﬁj+---+mﬁ£

The distance between 2 graphs G1 & Gz
1
doot1 (G, G2) = N | P(A1) — P(A3)],.»
Where,

I
A T
My — Mz||22= (Z|Mr'l._; — M| )
i, j

. 1st Cp (B) aal
04 \' @ 15t wrc
@®dcp
@ 2nd wrC
Interim
' . . Post Cp
. ¢ Peco "
¢ ¢ (€)
o4 @ subject D
o8 . Subject E

PS & subjectF

PC2: 20
4
® e
&

-10 -08 0.0 02 0.4

dissimilarity 01‘f the microbiome bacterial graphs which is polynomial
3=K
09=a
A = Heatmap of the corresponding similarity
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8 =MDS projection

C = consecutive distances between graphs

The common network generally compare the dissimilarities between graphs next to next
points (Gt and Gi+1)

Ip
deenmality(Gr, Gey1) = (Z E D st p)

i=1 j=1
Gt, Gt+1 = Consecutive points
Siit = affinity of interaction between i with j in graph Gt

p
&=

C. Donnat and S. Holmes
d(Gt Gre1)
d(Gy.Griy) = — Z"]m u+|r||:
u& v
T
—_ ﬁ Z IE{,! ﬂ'ﬁ ﬂ.aa
aeV
1 -
= —Tr[a TA)
Application of fMRI study with mlcroblome
Dataset and Labels FR p-values
(5nn-graph)
Relman- Microbiome 0.000
(3 classes, one per subject)
Relman- Microbiome 0.887
(7 classes, one per state)
Kelly- fMRI dataset 0.021
(continuous labels, years of dependency)

results Of heat based distance with T =1.2
P value is below 0.05 threshold, 5-nn metagraph is obtained
Fig 9(B), (C), (D), (E) are the some one of the above the Annova gives the result a P
value below10™
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Synthetic experiments
the graph topology
the Erdes—Rényi model = 81nodes probability p = 0.1
Preferential Attachment (PA) = N = 81 nodes o = 1, a Stochastic Block Model with 3
sampled equally communities
0.4 0.1 0.001
C=1] 0.1 0.2 001
0.001 001 05
on the network analysis there topology is accessed by sets of network families in
different global and local to
Stochastic Block Model topology - results
Row Top = Smooth dynamics is compared with 0.05% edges rewired at every time step.
Row Bottom = detection experiment of Change point

WHERE IS THE INFORMATION

CONTAINED?
- MEso-scALE Hicg-LEVEL
(Fine- P . (NEIGHBORHOOD LEVEL (GLOBAL INFORMATION)
INFORMATION 15 CONTAINED AT THE ATO* NEGHBORHOODS CONTAIN MORE RELEVANT *ORGANIZATIONAL STRUCTURE OF THE

INFORMATION THAN NODES (DUE TO NOISE,
UNCERTAINTY, ETC,

+E.G: BRAIN CONNECTOME, MICROBIOME GRAPH
INCERTAINTY IN THE TSP

NETWORK MATTERS MOST.

oE.G: FLOW CHART GRAPHS, ROAD
AIRLINE OR COMMUNICATION NETWORKS

MIC SCALE) NODES' CONNECTIVITY
'EG MOLECULES, PROTEINS...

HamMMING DISTANCE HeaT-wave DISTANCE

RAY EDGE MODIFICAT \(]NI’(IH\I

EIGENVALUE BASED DISTANCES
APH S EIGENY

Disrancs w\ |||\Nm 1l rlwlm:: AHEAT- (IPERATES ON THE G
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MOURT OF CHANGE Hnmn [‘?NEEE i
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LEMTLY L|T‘JE MIOENT OF THEIR L& SE\ISITI“ETD .llﬂ. PERTURBATIONS
LOCATIONSTATLE]
= SENETIVE TO) SMALL PERTURBATIONG
4 HIM Distance ) _[ IPSEN-MIKHAILOV DISTANCE
J D COMSINATION OF T=E Haminug Anm IM oistance | BASED ON THE DENSITY OF THE EIGENVALUES
ACCARD LIISTANCE Pfins: - INCORPORATES BOTH LOCAL AND GLOSAL Pras: - ROBUST AGAINST SMAL
. INFORMATION Crage
CONs: - RATIO COF THE GLOBAL/LOCAL INFORMATICN] -ONS: - L

HAS 0 BE DETERMINED
L EWPIRCALLY: DFFCUT TOSCALE, )

uty
| ENLENI CF THEIR LOCATICASTILS)
- SENSITE TO SWISLL PERTURAATOMS

(" POLYNOMIAL DISTANCES SPANNING TREE SIMILARITY
DISTANCE BASED ON COMPARISONS OF POLYNOMIAL BASED ON THE GRAPH'S CONNECTIVITY MEA-
o= | COF THE GRAPH'S ADJACENCY MATRIX, SURED BY THE NB OF SPANNING TREES
PROS: - INHERENTLY *QLOCAL', SINEE IT IS A FUNC- P
i ROS: - SIMILAR TO THE EIGENVALUE-BASED
\_ T e INEGHBOAAO0DS UP TO DISTANCES BUT NO HANDCRAFTING OF

THE DISTANCE
CoNs: - DES NOT TAKE INTD ACCOUINT IDEN-
TIFIABILITY OF NODES
- UUNSTABLE (EMPIRICALLY)

ONNECTIVITY=-BASED DISTANCES

DHSTANCE BASED ON AGGREAGATION OF NODES'
CONNECTIVITY SCORE (CENTRALITY, ETC.)

PROS: - CAPTURES "~ NEXGHBORHOOD” PROPERTIES
CONS: = DIFFICLILT TO INTERPRET
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(a) 3-nearest-neighbor proximity graph
between cuisines (Hamming distance) between cuisines (Jaccard distance)

(c) Pairwise distances between (d) Pairwise distances between
cuisines (Hamming distance) cuisines (Jaccard distance)

Conclusion

we have come acrossed so many graphs. For different node labels nodes never sets married.
Easily graph distance and graph identities are very important. We have exampled the statistics by
the use of metrics on graph objects.
In many sources distances are very essential to assess the variability in a dataset
latent clusters (or) gradients are detected by multidimensional scaling embeddings of graphs in
Euclidean space.
For instance, we have not used subgraphs and motif counts the same think which was
quantifying in the past already. Some times we have used graph kernels.
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