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1. INTRODUCTION

The area of research that has grown the fastest in recent years is differential equations in fractional
calculus. Although there are various fractional derivative notions, including Riemann-Liouville and
Caputo fractional derivatives, which are based on singular integrals and non-locality, they are
commonly utilized. In 2014, Khalil et al. [13] developed the conformable fractional derivative,
which was based on a limit concept similar to that of integer order derivatives.

The Conformable derivative of Khalil was quickly made general by Katugampola fractional
derivative or alpha fractional derivative [11, 12]. It has wide application in biophysics, quantum
mechanics, wave theory and polymers and it is a crucial tool for simulating a variety of physical
phenomena, including electromagnetic waves and viscoelastic systems [9, 14]. Numerous studies
have been done in the literature on the oscillation of conformable fractional differential equations [2,
4, 8, 17]. In mathematically oriented sciences like physics and engineering, conformable partial
differential equations are widely encountered [19, 20]. For instance, they form the basis of current
scientific understanding of diffusion, electrostatics, materials, dynamical theory, hydrodynamics,
electrodynamics, viscoelasticity and gquantum mechanics. Moreover, fractional partial differential
equations have gained popularity in recent years as a tool for mathematical modelling. The
oscillation of conformable partial differential equations has been researched by numerous authors,
see [5, 6].

The concept of elliptic equation has undergone an important growth over the last two centuries.
Together with electro statistics heat and mass diffusion, hydrodynamics and many other applications
it has become one of the most richly enhanced field of mathematics. Numerous authors have been
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motivated by the oscillation theory of elliptic equations in recent years [1, 7]. Over the past few
years, there has been a lot of attention paid to the issue of oscillation and non-oscillation of
differential equation solutions [10, 18].

A linear partial differential equation called the Schrodinger equation controls how a quantum
mechanical system behaves in terms of its wave function. The Schrodinger equation is the
cornerstone of quantum mechanics, the study of microscopic events. The Schrodinger equation,
created in 1926 by the Austrian scientist Erwin Schrodinger, is as essential to understanding quantum
mechanics as Newton's laws of motion are to understanding large-scale classical mechanics
occurrences. Later, Noussair [21] used the n-dimensional Emden-Fowler method to generate
solutions to the nonlinear Schrodinger equation in the outer domain Bn. E.Muller- Pfeiffer [22] also
obtained oscillation criteria for the Schrodinger equation in sobolev space and generalized the
derivative of order 2 summable on every compact subdomain of G. By using the Emden-Fowler
equation, Hirashi Onose [23] has explored some conclusions on the sublinear Schrodinger equation.
Swanson [24] used a modified sublinear hypothesis to build the article in an emden-Fowler type
sublinear equation. Zhang [25] has introduced unique standards for the absence of positive results by
using the Perturbed Schrodinger equation.

In this paper, we are concerned with conformable elliptic equations is of the type

..... n 0%%u
i=1 2a
ox;

(1.1)

where a € (0,1),x = (xy, X3, ... x5), A% is the conformable nabla operator and p(x) : R® - R is
potential function and each compact subset of Q.

Define the set

Q(a) ={x e R":a <1},
Q(a,b) ={x e R":a <r < b},
S(a)={x e R™:r =a},

u(x): Q = R is almost always absolutely continuous in a-fractional derivative of compact subsets
that fulfills equation (1.1) on Q is almost everywhere.

A constrained area G < Q is a nodal domain for (1.1) if there exists a nontrivial function u €
C%(G;R) n C(G; R) such that 1.1 is equal to zero and u = 0 on 9G. If for each r > 0 equation (1.1)
has a nodal domain contained and enclosed in Q, = Q n {x € R™: |x| > r}, then equation (1.1) is
called nodally oscillatory. If the function f(x) has zero outside of arbitrary ball in R™ that is centered
in the origin, is said to be oscillatory; if not, it is said non-oscillatory. We get the function P(t) form
the Hartman-Winter Theorem

1 -
P() =] Joum 7P dexd,r (1.2)
We distinguish two cases,
(i) There is a finite limit

lim P(r) = P, (1.3

T—00
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(ii) The (1.3) condition is fails to hold and lim inf,._,,, P(r) > —oo.

To my knowledge, aware, there is no literature exists on the oscillation of the conformable elliptic
equation. Inspired by Robert Marik [16] and Lomtatidze [3, 15] we investigating the following
conformable elliptic equation of the form

Mr)=r <aP0 — fﬂ( | rl_””p(x)dax) (1.4),
1,r
1
N(r) = - fn(m r3 "y (x)dx. (1.5)

2. PRELIMINARIES

In order to make our method clear, We provide certain fundamental definitions, properties and
lemmas

Definition 2.1. Given u: [0, c0) = R. Conformable fractional derivative of u of order « is given by

Culxt+ext ™) —ux) .., ..
T,(w)(x) = hrré p ..iVx > 0,i.ia € (0,1).
€

If u can be a-differentiable in some (0,a),a > 0 and lim,._,,+u*(x) exists, then we define

u®(0) = x]ir})l+ u®(x).

4D gy, where the integral is the standard Riemann

xl-a

Definition 2.2. 12(w)(x) = If (x* (W) = [
improper integral and a € (0,1).

Properties 2.1. Let a € (0,1] and at some point x > 0.uand v will eventually be « differentiable.
Then,

(5) T, (E) _ VTa(W)-uTa()

p2

(6) If u is differential, then T, (u(x)) = x*~¢ _d?zix)'

Proof . Refer [13]

Definition 2.3. Let u be a function with m variable x4, ......, x,,, and the conformable partial
derivative of u of order 0 < a < 1 in x; is defined as follows

0% Coulxg, .o xim, X F exXTY v X)) — U(X, ey X))
u(xyg, .. .. , X)) = lim

ox¥ e—0 €

Lemma 2.1. If f = X] +y, + z and r = [¥| then grad, f(r) = r'"%grad f(r).
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Proof. If f is differentiable then by using the properties of 2.1 we get
grad, f(r) =rl"%grad f(r).
Hence the proof is complete.

First we introduce the Riccati method. There exists a Q,, = {x € R™: || x [I= r} and a solution u of

(1.1) that is non negative on Q,. Let W= %d““ be the vector function representing the solution to
the Riccati equation defined on the set Q..
divy, W +p)+Il W 2= 0 (2.1)

The operator div, is typical divergent operator, i.e. for W= (W, ....,W,) where the common
Euclidean norm in R™ is represented by |I.II.

Lemma 2.2. Let equation (1.1) be non-oscillatory, i.e, (1.1) has a positive solution on Q, for some
a < 1. The below statements are equivalent:

i) Its

fn(a ) rim A W% dyx < oo (2.2)

ii) There's a finite limit

lim P(r) = Py (2.3)

iii) Its holds

limTchfOP(r) > —o0 (2.4)

Proof. Let equation (1.1) be non-oscillatory. There is a number a € R*and a solution u of (1.1) that
is non negative on Q,. Let W = gradT“u be the vector function representing the solution of Riccati

equation defined on Q, and using the Gauss divergence theorem and the identity

] r@ AW e;)dS — J r@ AW e;)dS
S(r) S(a)

+ J @+ p(x)dx + j remHA W% dx
Q(a,r) Q(a,r)

— f (a —n+ Dr ™AW, e)dx. (2.5)
Q(a,r)

1) = ii) If (2.2) holds. then the Cauchy inequality gives

1 1

2 2
f r—n+)l Wil dx< (f ra—n+/1 w ”2 dx> <f r—a—n+ldx>
Q(a,r) Q(a,r) Q(a,r)

1

3 r
= (f ra A w2 dx) <a)nf r“+1‘3dr> :
Q(a,r) a

N R
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7

. . 211
here, w,, is represented as the measure of the sphere in R™ and w,, = —,

rz

[S)

fQ(a’oo) r W, e;)dx < (2.6)

not diverges. Evaluate of (2.5) and (2.6) gives
P - fQ(lr) r@ iy (x)dx = fS(r) re MW, e;)dS

2.7
+fﬂ(r‘oo) (a —n+Dr™XW, e;))dx — Jq re& A W2 dx, 7

(r,0)

where

P= f r@ AW e;)dS + j (a —n+ Dr ™AW, e;)dx
S(a) Q(a,»)

_l_f ra—n+lp(x)dx _f r(x—n+l " w "2 dx'
Q(1,a) Q(a,»)

is a finite number. We will show that
P =ap,. (2.8)

Then it follows that P actually does not always depend on the choice of the number for a. Using
(2.7) and the inequality

|b+c+d|?> < 4]|b|? + 4|c|* + 4|d|>.
Taking integration from a — R and multiply by Ria on both side

1fR 2 4 R
— drz—f
R* J, @ R* ),

2

2

f r@ AW, e))dS| d,r (2.9)
s(r)

p— f remAp(x)dx
Q@,r)

2 rR
+4((XR++/1)] j r MW, e;)dx| dgr (2.10)
a Q(r,00)
4 (R 2
+—f f r@ AW 1? dx| dgr = 0. (2.11)
R® a Q(r,0)

The terms (2.10) and (2.11) tends to zero for r — oo, according to the L'Hospital rule, (2.2) and (2.6).
If follows from the Cauchy inequality

1 R
— j J re W, e;)dS
R a S()

1 R
<— j < J re A W2 dS) <wn J r“”-ldS) d,r.
R% J, S(r) S(r)

and the term (2.9) tends to zero by using (2.2). Hence

1 (R |5 :
I [P~ fﬂ(l’r) i for iR — o0 (2.12)

2
dgr
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Therefore
1
1

R |a _ 2 2
Rlaf (P fﬂ(lr) ré- "”p(x)dx)d r| (R“ fa |P—fQ(1‘r)r“ "+’1p(x)dx| dar> and from
(2.12) it follows that (2.3),

P = aP,i’i holds.
i) = iii) is trivial. iii) = 1) If the (2.4) holds and equation (2.2) does not hold.

Denoting

T
x(r):= f f r@ A W2 dxd,r
a JQ(ar)

this function satisfies

lim 22 - 607 for Iir — oo (2.13)
j ra—n+)L | w "2 dx = oo.
Q(a,»)
From (2.5) we integrate from a — R and multiply by ia we get
1
| —)((R) - —f f (@ —n+ Dr ™AW, e;)dxd,r
Q(a,r)

1 ra-= -n+i ra- -n+1
+ﬁ] j (W, e)dSd, TI—I—P(R)+—f J (W, e;)dSd,r |
s s(a)

If iii) holds, lim,_,., infP(r) > —oo hold.
Less than 4R%Z)((R) and the right-hand side is bounded from above if (2.4) is valid. Hence

3x(R)
4R“

1 R
< ‘—af f (a —n+ Dr ™AW, e;)dxd,r| +
R Q(a,r)

1 R
—aJ j r@ AW e)dSd,r|.
R a Ys(r)

(2.14)

By the Cauchy inequality,

1

1 R N 1 wan+2a 2
_ a-n+ ) < >
Ra-fa -fs(r) r (W,e)dSd,r < (Tox(R))? <(/1 +a)(A+ 2a)>

1 R
—af f (@ —n+ Dr ™AW, e;)dxd,r
R Q(a,r)

1

2R\
< ((Z —-—n+ A)(}((R)) <m>
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From (2.13) it follows that

2O < _on (2.15)

42(a-n+2A)2R* — A(1-a)

for R large enough, therefore
Riaff fﬂ(a,r) (a —n+ Dr W, e)dxd,r = @ (2.16)

Combining the above computations above for R large enough, we obtain

x*(R) -

n A+2a
r SO+ 0 2a) PR

and from here we get

T.x(R) - A+a)(1+ 2a)
Wn )(Z(R) = RA+2a

for R large enough.

Integration from r; — oo gives a divergent integral on the right-hand side and convergent integral on
the left-hand side. This contradicts our proof.

Introducing this function p(r) is defined

p(r) = [y TETHW, €)dS (2.17)
Lemma: 2.3. Let (2.3) holds. Let the equation (1.1) have a non-oscillatory solution. Then,
M ((a —-—n+A) N 1) N ri=(a+d) g2 <0
*) a I ota)
and
a—n+Nrd-o 2pra-1
r Y (rN(@) = 1eN(ze) — t2p(te)) — G <( ) L@ 1)
2—a o
rl—(a’+7L)GZ
<0.
+wn(2—a—/1) =90
are solvable.

Proof. Let W represent the solution of (2.1), which is based on W, for each a € R.
Cauchy inequality gives us

P2(r) = e [ e W |2 dS (2.18)

Introducing the Notation
Obviously, to any 0 < € < min{g, 1 — G} there exists 7. > ry and . > 7. such that

g—€E<rp(r)<G+e (2.19)
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From (2.7), (2.8) we easily find that
ro(r) =M@) — (a—n+ Dr froo p(s)s™%ds + wLnf:o p?(s)st~A*+ads (2.20)
Taking the new account and the above argument, we get

(a—n+21) ri-@t (g —€)?
g—eZM(r)—T(g—e)+ o A+ )

Taking differentiation, Multiply by r2 and integrating from 7 — R we get

R
Rp(R) =R"1(z%p(t) — RN(R) + 12N (7)) + R‘lf 25%p(s)ds +

R R ¢(3-1-) 52 (¢

R7! f (a —n+2A)s?> *p(s)ds —R™?! f —p()ds
T T (‘)Tl

here substituting R = rand t = t,

rp(r) =r Y(z2p(xr.) —rN(r) + t2N(z.)) + rt jr 25%p(s)ds +

r S(3—/1—a)p2(s) p
—das

™ (2.21)

T
rt f (a —n+A)s? %p(s)ds —r~1 f
T T

G+e<r(t2p(re) —TN(r) + TN(ze)) +
2r@D (@ —n+Drt=% (G + e)rtt-Ho
(G +e) + -

2—a w,(2—a—21)
Hence
(a—n+2) ) ri-(@+d) g2
- — 2 <
M) ( a * wy(A+a) ™~ 0
and

a—n+Drd-o (ra-t
( oo )_1>
2—a a

T_I(T'N(T') - TEN(TE) - Tgp(fe)) -G (
ri-(a+d)g2

<
torz—a—n="

Hence it is proved.

The Hartman Winter theorem and newly discovered oscillation requirements for conformable elliptic
equations are covered in the following session.

3. MAIN RESULTS

In this section, the following results has been established. The below theorem is an oscillation
criterion of the Hartman Winter type.

Theorem 3.1. If—oo < lim infP(r) < lim supP(r) < o (3.1)
T—00 T—00
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oriflimP(r) = oo (3.2)
T—00

Then (1.1) is oscillatory

Proof. Assume 3.1 is true by contradiction and 3r there is a non negative solution of 1.1 on Q,
exists. It follows that the Riccati equations corresponding solution is defined on R. Lemma 2.1° s ( iii
) = ( ii) portion and the first inequality in 3.1 indicates the existence of a finite limit lim,._,,, P(7)
which is in opposition to 3.1. The same proof applies to 3.2

Theorem 3.2. Let equation (1.1) have oscillatory solution u. Then

(a —n+2)>2
4(a—2)

Wn A—a+1

M(r) >B+e+

and
N() > r 1 (12p(r) + 12N(1.)) —

w,r (@ —n+ D)2rA2e g A3a-2 0 f(q —n + D)reth
+ + —A+e
4 A—a+2 A+3a—2 a+ A

are oscillatory.
Moreover,
where A is the least non-negative root of equation and B is the largest root of equation.

Proof. Assume the contradiction. Let equation (1.1) have the non-oscillatory solution. From lemma
2.1, (2.5) and (2.7) there exists r. > r, such that

A—e<rp(r)<B+eforr >r,

Integrating from r — oo and taking into account of (2.5) and (2.7) we get that
(00} r co
00) = M) = @=n+ 2 [ ps)s~ds +— [ p(s)s M ds
r nJr

M) =rp(r)—r <wL Lm p?(s)st=HDds — (a —n + 1) er p(s)s"“ds)

n

(@—n+D’w, ;.04
M(r)<B+e+ Ha—1) T (3.3)
Similarly, from (2.5)
3—a—/1p2(s)

Te S
PN =t2p(c) + TN ) - | (
r n
N(T) <T_1(T62,0(T€) + TGZN(re)) -
w,r 1 ((a —n+)2ritea gptsa-z A —n+ l)r“”) st
- €

4 A—a+2 +A+3a—2 a+ A

—p()(@—n+A1)s?* + 25“)) ds —r2%p(r)
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which contradicts the theorem and it is proved.

Theorem 3.3. Let equation (1.1) have oscillatory solution u. Then

(@ —n+)rd=9 (4 +e)ri-Hao
a w,(1 + a)

M(r)>B+e+(A+e)(

and

r2-a a (B_l_e)rz—a—l

2r
(2—a) Tt wn(z—a—/l)) are

NT)>e—A+r Y (12p(r) +.N()) + (B + e)r™? ((a —n+ 1)
oscillatory.

Proof. Assume the contradiction. Let equation (1.1) have the non-oscillatory solution. By lemma 2.1,
(2.5) and (2.7)

M(r)=rp(r)+(a—n+ A)rfoo p(s)s~%ds — ijoo p(s)2s1- A+ D g

n
(a—n+)r3=9  (A+eri-Ato 34
a wp,(1 + a) o

M(r)<B+e+(A+6)<

Similarly, we obtain from (2.5)
—N(r) = tp(r) —r~'(z?p(z) + TN(7)) +
~ T S(3—)L—a)p(s)2 w o
r 1L (w—n— (a —n+ A)s? %p(s) — 2s p(s)) ds
Nr) <e—A+rt2p() + 1.N(1))
..... r2=®  2r¢ _(B+ e)rz-a-4

§...§+(B+e)r‘1<(a—n+/1)(2_a)+ - w(Z—a—A)) (3.5)

which contradicts the theorem and it is proved.
4. CONCLUSION

Using the traditional Riccati Substitution, this work presents some oscillation results for the class of
conformable Schrodinger equations. The result demonstrates that Hartman-Winter criteria may be
effectively applied in the theorem to derive oscillation criterion. Our newly obtained results in this
study have improved, extending and adopting a broad perspective of certain known results that are
already there in the literature.

References

[1] W. Allegretto, On the equivalence of two type of oscillation for elliptic operators, Pacific. J. Math, 55 (1974),
319-328.

[2] A. Atangana, D. Baleanu, A. Alsaedi, New properties of Conformable derivatives, Open Mathematics, 7(2)
(2015), 889-898.

[3] T. Chantladze, N. Kandelaki, A. Lomtatide, Oscillation and Nonoscillation Criteria of a second order linear
equation, Georgian Math, 6(5) (1999), 401-414.

[4] G. E. Chatzarakis, M. Deepa, N. Nagajothi and V. Sadhasivam, Oscillatory properties of a certain class of mixed
fractional differential equations, Applied Mathematics and Information Sciences, 14(1) (2020), 109-117.

https://internationalpubls.com 295



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 31 No. 4s (2024)

[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]

[16]
[17]

[18]
[19]
[20]
[21]
[22]
[23]

[24]

[25]

https://internationalpubls.com

Chatzarakis, G.E. and Logaarasi, K., 2023. Forced oscillation of impulsive fractional partial differential
equations. Partial Differential Equations in Applied Mathematics, 7, p.100478.

G. E. Chatzarakis, K. Logaarasi, T. Raja, and V. Sadhasivam, On the oscillation of conformable impulsive
vector partial differential equations, Tatra Mt. math. Publ. (2019).

F.Fiedler, Oscillation criteria of Nehari-type for Sturm-Liouville operators and elliptic operators of second order
and lower spectrum, Proc. of Roy. Soc. of Edinb, 109A (1988) 127-144.

T. Gayathri, M. Deepa, M. S. Kumar and V. Sadhasivam, Hille and Nehari type oscillation criteria for
conformable fractional differential equation, Iragi Journal of science, (2021), 578-587.

H.Hilfer, Applications of Fractional Calculus in Physics, World Scientific Publishing Company, Singapore,
2000.

E. Hille, Non-oscillation Theorems, Trans. Amer. Math. Soc. 64 (1948), 234-252.

UN Katugampola, A new fractional derivative with classical properties, e-print arXiv:14140.6535, (2014).

UN Katugampola, A new approach to generalized fractional derivatives, Bull.Math. Anal. Appl., 6(4) (2014) 1-
15.

R. R. Khalil, M. Al. Horani, A. Yousef and M. Sababheh, A new definition of Fractional derivative, J. Com.
Appl. Math., 264 (2014), 65-70.

A.A Kilbas, H.M.Srivastava and J.J.Trujillo, Theory and Applications of Fractional Differential Equations,
Elsevier Science B.V., Amsterdam, The Netherlands, 204 (2006).

A. Lomtatidze, Oscillation and Non-oscillation criteria for second- order linear differential equations, Georgian
Mathematical Journal, 4(2) (1997), 129-138.

Robert Marik, Oscillation Criteria for the Schrodinger PDE,Adv. Math. Sci. Appl., 10 (2000), 491- 511.

V. Sadhasivam, M. Deepa and K. Saherabanu, On the Oscillation of Conformable fractional differential non-
linear differential equations, International Journal of Mathematical Archive, 9 (13) (2018), 189-193.

C. Swanson, Comparison and Oscillation theory of linear differential equations, Academic Press, New York,
(1968).

J. Wu, Theory and applications of partial functional differential equations, Springer, Newyork, (1996).

N. Yoshida, Oscillation theory of partial differential equations,World Scientific, Singapore, (2008).

Noussair, E., Swanson, C., Oscillation Theory for Semilinear SchrodingerEquations and Inequalities.
Proceedings of the Royal Society of Edinburgh Section A: Mathematics, 75(1) (1976), 67-81.

Muller-Pfeiffer, E. Oscillation criteria of Nehari-type for the Schrodinger equation, Mathematische Nachrichten,
96(1) (1980), 185-194.

Onose, Hiroshi, Oscillation criteria for the sub-linear Schrodinger equation, Proceedings of the American
Mathematical Society, 85(1) (1982), 69-72.

C. Swanson, Criteria for oscillatory sub-linear Schrodinger equations, Pacific Journal of Mathematics, 104(2)
(1983), 483-493.

Ming-Po Chen, B.G.Zhang, Oscillation criteria for a class of perturbed Schrodinger equations, Hiroshima
Mathematical Journal, 25(1) (1995), 207-214.

296



