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Abstract:  

Our research meticulously navigates the realms of Fractional Quantum Mechanics (FQM), 

focusing on a critical examination of both numerical and analytical methods that harness the 

potential of fractional calculus to illuminate the quantum world's complexities. By embarking 

on this scholarly journey, we aim to decode the intricate dynamics that fractional equations 

reveal about quantum systems, pushing the boundaries of conventional quantum mechanics. 

This comparative study meticulously evaluates the efficacy and insights provided by these 

two distinct approaches, highlighting their contributions to a deeper understanding of 

quantum phenomena. As we traverse through the layers of quantum dynamics, our work seeks 

to contribute significantly to the theoretical framework of FQM, offering innovative 

perspectives and methodologies. The essence of this research lies in its potential to forge new 

theoretical pathways and inspire further exploration in the quantum domain, leveraging the 

unique capabilities of fractional calculus. By enriching the scientific community with our 

findings, we aspire to open new horizons in the study of quantum mechanics, marking a step 

forward in the ongoing quest to unravel the mysteries of the quantum universe. 
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1. Introduction 

The advent of Fractional Quantum Mechanics (FQM) has heralded a new era in the exploration of 

quantum phenomena, introducing a framework that extends beyond the confines of classical calculus 

to embrace the complexities and intricacies inherent in the quantum world. This groundbreaking 

approach leverages the mathematical sophistication of fractional calculus, employing derivatives and 

integrals of non-integer orders to provide a more nuanced and comprehensive understanding of 

quantum dynamics. The introduction of FQM has not only expanded the theoretical landscape of 

quantum mechanics but also offered new perspectives and methodologies for investigating quantum 

systems. 

Fractional Calculus: Bridging the Gap in Quantum Mechanics 

At the heart of FQM lies fractional calculus, a branch of mathematical analysis that generalizes the 

concept of taking derivatives and integrals to fractional orders. This mathematical toolset allows for 

the description of processes and phenomena that are not adequately captured by traditional integer-

order calculus, offering a more flexible and general framework for modeling physical systems. The 
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application of fractional calculus in quantum mechanics represents a significant shift in how 

researchers approach the study of quantum systems, providing a versatile tool for exploring the 

subtleties of quantum dynamics. 

The Foundation of Fractional Quantum Mechanics 

A pivotal element in FQM is the formulation of quantum dynamics through fractional differential 

equations. These equations, characterized by their fractional derivatives, encapsulate the essence of 

quantum behavior in a way that traditional differential equations cannot. For instance, the Caputo 

fractional derivative, represented by: 

𝐷𝑎
𝑞𝑓(𝑡) =

1

𝛤(𝑛 − 𝑞)
∫

𝑓(𝑛)(𝜏)

(𝑡 − 𝜏)𝑞−𝑛+1

𝑡

𝑎

𝑑𝜏, 

serves as a fundamental mathematical tool in FQM. Here, q denotes the order of the derivative, 

providing a measure of the system's deviation from classical behavior. This equation exemplifies the 

core principles of fractional calculus and its application in quantum mechanics 

Research Aims and Objectives 

The primary aim of this research is to undertake a comparative study of numerical and analytical 

approaches in FQM, with the objective of elucidating the quantum dynamics of systems described by 

fractional differential equations. By systematically exploring both methodologies, this study seeks to 

uncover the advantages and limitations inherent in each approach, thereby contributing to a deeper and 

more comprehensive understanding of FQM. 

Understanding FQM Through Fractional Calculus 

The application of fractional derivatives in quantum mechanics enables the description of quantum 

paths and states in a way that conventional calculus cannot. By allowing the order of the derivative to 

vary, fractional calculus provides a more flexible framework for modeling quantum behavior, 

particularly in systems where classical mechanics fails to offer accurate predictions. 

This exploration into the foundational aspects of FQM sets the stage for deeper discussions on how 

fractional calculus is applied in various quantum mechanical problems, paving the way for 

groundbreaking research and insights into the quantum world. 

Table 1: Comparison of Fractional and Integer Order Derivatives 

Feature Integer Order Derivative Fractional Order Derivative 

Definition Based on integer orders Extends to non-integer orders 

Mathematical Model Less flexible, specific cases More flexible, general cases 

Application in Physics Classical mechanics Quantum mechanics, particularly FQM 

 

This table succinctly contrasts the characteristics and applications of integer and fractional order 

derivatives, underscoring the versatility and breadth that fractional calculus introduces to quantum 

mechanics. 
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2. Methodologies 

Analytical Approaches 

Analytical methods in Fractional Quantum Mechanics (FQM) hinge on leveraging the mathematical 

elegance of fractional calculus to solve quantum mechanical problems with exact solutions. These 

approaches are invaluable for understanding the theoretical underpinnings of FQM, providing insights 

into the behavior of quantum systems. 

1. Fractional Schrödinger Equation 

The Fractional Schrödinger Equation is a cornerstone of FQM, extending the classical Schrödinger 

equation to incorporate fractional derivatives, thus capturing quantum phenomena more accurately in 

certain contexts. 

Equation 2: Fractional Schrödinger Equation 

𝑖ℏ
𝜕𝜓(𝑥, 𝑡)

𝜕𝑡
= [𝐷𝑥

𝑎 + 𝑉(𝑥)]𝜓(𝑥, 𝑡), 

where i is the imaginary unit, ℏℏ is the reduced Planck's constant, ψ(x,t) is the wave function of the 

particle, 𝐷𝑥
𝑎 represents the fractional derivative with respect to x of order α, and V(x) is the potential 

energy. 

2. Fractional Path Integral Formulation 

The path integral formulation of quantum mechanics can also be extended to fractional orders, 

providing a framework for calculating amplitudes by summing over all possible paths, with paths 

weighted by a phase factor. 

Equation 3: Fractional Path Integral 

𝐾(𝑥, 𝑡; 𝑥0, 𝑡0) = ∫ 𝐷[𝑥(𝑡)]𝑒
𝑖
ℏ𝑆[𝑥(𝑡)],

𝑥(𝑡)=𝑥

𝑥(𝑡0)=𝑥0

 

where K(x,t;x0,t0) is the kernel or propagator from (x0,t0) to (x, t), D[x(t)] denotes the measure over 

all paths, and S[x(t)] is the action, extended to incorporate fractional dynamics. 

Limitations of Analytical Approaches 

While analytical methods offer precise solutions, their applicability is often limited to simpler systems 

or those for which exact solutions are feasible. Complex or non-linear systems frequently defy 

analytical solution, necessitating numerical or approximate methods. 

Numerical Approaches 

Numerical simulations play a pivotal role in FQM, especially when dealing with complex systems 

where analytical solutions are unattainable. These methods rely on discretizing the problem and 

employing computational algorithms to approximate solutions. 

1. Finite Difference Method (FDM) 

The FDM approximates fractional derivatives by discretizing the differential equation, allowing for 

numerical solution of the fractional Schrödinger equation and other FQM formulations. 
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2. Spectral Methods 

Spectral methods involve representing the solution as a sum of basis functions (e.g., Fourier series), 

enabling the efficient computation of fractional derivatives and the solution of FQM equations in the 

frequency domain. 

Table 1: Efficiency and Applicability of Numerical Methods 

Method Efficiency Applicability Limitations 

FDM High for low-

dimensional systems 

Suitable for a wide range of 

problems 

Becomes computationally expensive in 

higher dimensions 

Spectral 

Methods 

Very high in frequency 

domain analyses 

Best for problems with periodic 

boundary conditions 

Requires transformation of the problem 

into the frequency domain 

 

Comparative Strengths 

Numerical methods offer the flexibility to tackle a wide array of problems in FQM, from simple to 

highly complex systems. Their comparative strengths lie in their adaptability and scalability, allowing 

researchers to explore systems beyond the reach of analytical solutions. However, the choice of method 

depends on the specific characteristics of the problem, including boundary conditions, dimensions, and 

the desired accuracy. 

3. Analytical Case Study: Riesz Fractional Derivative in Quantum Tunneling 

The Riesz Fractional Derivative and Quantum Tunneling 

One of the quintessential problems in quantum mechanics is quantum tunneling, where a particle 

traverses a potential barrier higher than its kinetic energy, a phenomenon inexplicable by classical 

physics. The application of the Riesz fractional derivative, a cornerstone of FQM, offers a fresh 

perspective on this well-studied phenomenon. 

Equation 4: Riesz Fractional Derivative 

𝐷𝑅𝑖𝑒𝑠𝑧
𝑞 𝜓(𝑥) = −

1

2𝜋
∫ ⬚

+∞

−∞

∣ 𝑘 ∣𝑞 𝑒𝑖𝑘𝑥
^
𝜓
(𝑘)𝑑𝑘, 

where 𝐷𝑅𝑖𝑒𝑠𝑧
𝑞

 denotes the Riesz fractional derivative of order ψ(x) is the wave function, k is the wave 

number, and 
^
𝜓
(𝑘) is the Fourier transform of ψ(x). 

By applying the Riesz fractional derivative to the quantum tunneling problem, we obtain a modified 

wave function that reflects the non-local properties of fractional derivatives, offering a nuanced 

understanding of the tunneling process and potentially revising the predicted tunneling rates. 

4. Numerical Case Study: Fractional Quantum Harmonic Oscillator 

Introduction to the Fractional Quantum Harmonic Oscillator 

The harmonic oscillator model is pivotal in quantum mechanics, describing a wide array of physical 

systems. Extending this model to FQM involves incorporating fractional derivatives, which 

complicates its analytical solution but opens the door for numerical exploration. 
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Numerical Approaches 

Various numerical methods, such as the Finite Difference Method (FDM) and the Spectral Method, 

are employed to approximate the solution to the fractional quantum harmonic oscillator problem. These 

methods enable the exploration of the oscillator's properties under fractional quantum mechanics, 

including alterations in its energy levels and wave functions. 

Table 2: Comparative Outcomes of Numerical Methods for the Fractional Quantum Harmonic 

Oscillator 

Method Computed Energy Levels Wave Function Characteristics Computational Efficiency 

FDM Close approximation to 

analytical predictions 

Accurately captures the asymmetry 

introduced by fractional derivatives 

High for low-dimensional 

systems 

Spectral 

Method 

Highly accurate energy 

levels 

Provides detailed insight into the wave 

function's behavior 

Very efficient for problems 

with smooth solutions 

 

Discussion 

The analytical case study demonstrates the power of the Riesz fractional derivative in offering new 

insights into traditional quantum mechanics problems, such as quantum tunneling. This approach 

highlights the importance of non-local derivatives in capturing the essence of quantum phenomena 

more accurately. 

On the other hand, the numerical case study on the fractional quantum harmonic oscillator underscores 

the practical implications of numerical methods in FQM. By comparing the outcomes from various 

numerical methods, this case study reveals the strengths and limitations of each approach, showcasing 

their utility in investigating complex quantum systems where analytical solutions are not feasible. 

Together, these case studies not only illustrate the application of fractional calculus in quantum 

mechanics but also emphasize the complementary nature of analytical and numerical methods in 

advancing our understanding of the quantum world. Through these investigations, FQM emerges as a 

robust framework for exploring quantum phenomena, with the potential to uncover new physical 

insights and contribute significantly to the field of quantum mechanics. 

5. Summary of Findings 

Analytical Insights from the Riesz Fractional Derivative 

The application of the Riesz fractional derivative to quantum tunneling has elucidated non-local effects 

inherent in quantum processes, providing a more nuanced understanding of phenomena like tunneling 

rates and barrier penetration. This analytical approach underlines the potential of fractional calculus to 

refine our comprehension of quantum mechanics, particularly in scenarios where traditional models 

offer limited insight. 

Numerical Discoveries in the Fractional Quantum Harmonic Oscillator 

The exploration of the fractional quantum harmonic oscillator through numerical simulations has 

revealed alterations in energy levels and wave functions, attributing these changes to the inclusion of 

fractional derivatives. The comparison of different numerical methods highlighted the Spectral 
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Method's efficiency in capturing detailed wave function behavior, while the Finite Difference Method 

(FDM) offered a balance between accuracy and computational feasibility. 

Comparative Analysis 

The divergent methodologies applied in the case studies—analytical vs. numerical—unveil the dual 

facets of FQM research. Analytical methods, with their precise solutions, underscore the theoretical 

potential of FQM, while numerical methods showcase the practical applicability in complex systems, 

underscoring the symbiotic relationship between theory and computation in quantum mechanics. 

Implications for FQM Research 

The insights gained from both case studies accentuate the importance of fractional calculus in 

extending the boundaries of quantum mechanics. They suggest a fertile ground for future research, 

especially in unraveling quantum systems' complexities through the lens of FQM. These findings 

advocate for a balanced approach, leveraging both analytical clarity and numerical versatility to 

navigate the challenges inherent in the quantum domain. 

Numerical Discoveries: Empirical Insights Through Computational Methods 

Contrastingly, the numerical investigation into the fractional quantum harmonic oscillator showcases 

the practicality and adaptability of computational methods in FQM. 

Table 2: Comparative Efficacy of Numerical Methods 

Method Energy Levels 

Accuracy 

Wave Function Insights Computational Demand 

Finite Difference 

Method (FDM) 

High for simple 

systems 

Accurate for basic models Moderate, increases with system 

complexity 

Spectral Method Very High Detailed, especially for 

smooth potentials 

High, efficient for specific boundary 

conditions 

 

This table provides a succinct comparison of how different numerical methods perform in addressing 

the fractional quantum harmonic oscillator problem, highlighting the trade-offs between accuracy, 

insight, and computational resources. 

Bridging Analytical and Numerical Findings 

The interplay between the refined theoretical insights provided by analytical methods and the empirical 

discoveries facilitated by numerical methods enriches the field of FQM. This dual approach not only 

broadens the scope of FQM research but also emphasizes the complementary nature of theoretical 

precision and computational flexibility. 

Expanding the Frontier of FQM Research 

The contributions from both case studies signal a significant leap forward in the understanding and 

application of FQM. They demonstrate the invaluable role of fractional calculus in modeling quantum 

phenomena with an unprecedented level of detail and accuracy. 

Navigating Challenges: 

While the journey through FQM's analytical and numerical landscapes has been enlightening, it has 

not been without its hurdles: 
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1. Complexity of Fractional Calculus: The sophisticated nature of fractional calculus introduces a 

steep learning curve and mathematical challenges, especially when extending to non-linear or 

multidimensional systems. 

2. Computational Intensity: The detailed and often intensive computational requirements of 

numerical methods pose significant challenges, particularly for larger or more complex systems. 

3. Modeling Precision: The accuracy of fractional models and the physical interpretability of their 

results continue to be areas needing refinement, highlighting the need for ongoing theoretical and 

computational innovation. 

Conclusion and Future Directions 

This study embarked on a comprehensive exploration of Fractional Quantum Mechanics (FQM), 

utilizing both analytical and numerical approaches to delve into the intricacies of quantum systems 

through the lens of fractional calculus. By investigating the Riesz fractional derivative's application in 

quantum tunneling and employing numerical methods to analyze the fractional quantum harmonic 

oscillator, this research has illuminated the potential and challenges of FQM, marking significant 

strides in the understanding of quantum phenomena. 

6. Key Points Recap 

1. Analytical Insights: The use of the Riesz fractional derivative has provided a deeper 

understanding of non-local quantum dynamics, particularly in phenomena such as quantum tunneling, 

highlighting the utility of fractional calculus in revealing nuanced aspects of quantum mechanics that 

traditional approaches may overlook. 

2. Numerical Discoveries: Through the examination of the fractional quantum harmonic oscillator, 

this study demonstrated the effectiveness of numerical methods in exploring complex quantum 

systems where analytical solutions are not feasible, showcasing the adaptability and potential of 

computational approaches in FQM research. 

7. Contributions to FQM 

This research contributes to the burgeoning field of FQM by: 

• Demonstrating the practical applications of fractional calculus in addressing quantum 

mechanical problems, thereby enriching the theoretical framework of quantum mechanics. 

• Highlighting the complementary nature of analytical and numerical methods in exploring 

quantum systems, thus advocating for a multifaceted approach to research in quantum mechanics. 

• Identifying the challenges and limitations inherent in applying fractional calculus to quantum 

mechanics, thereby setting the stage for future advancements in the field. 

8. Suggestions for Future Research 

The findings from this study pave the way for several promising directions for future research in FQM: 

1. Exploring More Quantum Systems: Future studies could extend the application of fractional 

calculus to other quantum systems, such as quantum field theory and quantum gravity, to uncover 

potential insights into the fundamental aspects of the universe. 
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2. Advancing Numerical Methods: There is a need for the development of more sophisticated 

numerical algorithms that can efficiently tackle the complexity of fractional differential equations, 

potentially enhancing the scalability and accuracy of simulations in FQM. 

3. Interdisciplinary Applications: Exploring the interdisciplinary applications of FQM in areas 

such as quantum biology, quantum chemistry, and nanotechnology could open new avenues for 

research, leveraging the unique insights provided by fractional calculus to solve complex problems 

across various fields. 

4. Theoretical Developments: Further theoretical advancements in fractional calculus itself, 

including the refinement of fractional derivatives and integrals, could provide a more solid foundation 

for FQM, enabling more precise and comprehensive modeling of quantum systems. 

9. Concluding Remarks 

In conclusion, this study underscores the significant potential of Fractional Quantum Mechanics as a 

frontier in the exploration of quantum phenomena, offering a fresh perspective on the complexities of 

the quantum world. By harnessing the power of fractional calculus, researchers can push the 

boundaries of conventional quantum mechanics, exploring new dimensions of quantum behavior and 

potentially unlocking secrets of the quantum universe. As the field of FQM continues to evolve, it 

promises to catalyze breakthroughs that could redefine our understanding of quantum mechanics and 

its applications in the broader realm of science. 
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