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LINEAR STABILITY OF THE COUETTE FLOW FOR NON-ISENTROPIC
COMPRESSIBLE FLUIDS

XTAOPING ZHAI

ABSTRACT. In this article, we study the linear stability of a two-dimensional non-isentropic
compressible fluid with vanishing shear viscosity in the context of Couette flow on an infinitely
long flat torus TxR. By employing explicit weighted energy estimates and the Fourier multipliers
method, we first establish the inviscid damping of the incompressible component of the velocity.
Subsequently, we derive an upper bound which is superlinear in time for the compressible part
of the fluid. Furthermore, we demonstrate an enhanced dissipation phenomenon for the velocity
field under certain quality conditions pertaining to the initial density, initial temperature, and
incompressible component of the initial velocity field.

1. INTRODUCTION AND MAIN RESULT

In this article, we study the long-time asymptotic behavior of the linearized two dimensional
non-isentropic compressible Navier-Stokes equations in a domain T x R. The governing equations
(in non-dimensional variables) are

o +u-Vo+ pdivu =0,

1 1 .
g(ut+u~Vu)+WVP: %(MAU+(1/+M)Vd1vu), (1.1)

: oIl (v —1)M?

o0 +u- V) + (y = P dive =T A9+ T (
Here ¢t > 0 is time, (x,y) € T x R is the spatial coordinate and T = R/Z. The unknown u is the
velocity vector, g is the density, 9 is the temperature, P = ¢ is the pressure. v > 1 is the ratio of
specific heats, M > 0 is the Mach number of the reference state, Re > 0 is the Reynolds number,
and o > 0 is the Prandtl number. The two constant viscosity coefficients p and v are the shear
viscosity and the volume viscosity respectively. The equations then express respectively the
conservation of mass, the balance of momentum, and the balance of energy under internal pressure,
viscosity forces, and the conduction of thermal energy.

A comprehensive understanding of the stability of compressible or incompressible shear flows
is a fundamental problem in fluid mechanics and has been the subject of both theoretical and
practical interest in astrophysics and engineering, see [11, 2] [6] [7, [8, @), 12| 13} 14l 15} 16l 07, 18|
191 20, 22| 24, 25] 26], 29] [30] for the compressible fluid and [3}, @ [5l 10, 11} 211 23, 27, 28] for
incompressible fluid. The aim of the present paper is to study the long-time asymptotic behavior
of the linearized non-isentropic compressible Navier-Stokes equations around the Couette flow.
That is we seek a stationary solution of with a constant mean pressure which have the form

gWu +Vu' >+ v|div u|2) .

Osh = Qsh(y)7 Usp = <g> ) ﬁsh = ﬂsh(y)v with Qsh(y)ﬂsh(y) =1 (12)
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Obviously, when u # 0, because of the strong nonlinear term |Vu + Vu'|? appeared in the third

equation of (|1.1)), it is straightforward to verify that ¥, (y) must satisfy the restricted relation

2 iafy) = - 20D (13)
To solve (L.3), we can choose ¥y (y) as
Don(y) = O+ (1 =)y = (1= 505" (14)
where r > 0 is the temperature ratio and ¢, is the recovery temperature defined as
Y. =1+ w.

Because of the complicated form of ¥, (y), to study the long-time asymptotic behaviour of
around the stationary solution defined in and is a very difficult problem. To the best
of our knowledge, there are only a few results in this direction, see [11, 2, [6] [7], [8] T3], T4 [15] 16} 17,
18, 191 201 251 26].

Because of the mathematical challenges, to approach the problem, here, we only consider a
simple case of (|1.1)) with the shear viscosity coefficient ; = 0 and the volume viscosity v # 0. In
this case, syste can be rewritten as

ot +u-Vo+ pdivu =0,
v
Re

—1)M?>
%l divu|2.

1
o(us +u-Vu)+ —=V(p¥) =

Vdivu,
YM?

(1.5)

o(W¢+u-Vi)+ (y—1)pddivu =

It is straightforward to verify that the Couette flow,

osh =1, ugp = (g) Jon = 1, (1.6)

is a stationary solution of . Our goal is to understand the stability and large-time behavior
of perturbations near this Couette flow.

Before presenting our main result, let us give a short review of the extensive mathematical
results about stability analysis on the compressible Navier-Stokes equations. Glatzel [14, [15]
studied the linear inviscid and viscous stability properties of the compressible Couette flow via a
normal mode analysis in simplified flow model with constant viscous coefficients and a constant
density profile. Duck et al. [13] proved the linear stability of the plane Couette flow for the non-
isentropic compressible Navier-Stokes equations. Chagelishvili et al. [§] considered the inviscid
stability of the 2D Couette flow. By means of some formal approximation, they showed that the
energy of acoustic perturbations grows linear in time due to the transfer of energy from the mean
flow to perturbations. Taking advantage of a fourth-order finite-difference method and a spectral
collocation method, Hu et al. [16] studied the viscous linear stability of supersonic Couette flow for
a perfect gas governed by Sutherland viscosity law. Kagei [I7] proved that the plane Couette flow
in an infinite layer is asymptotically stable if the Reynolds and Mach numbers are sufficiently small.
Li et al. [20] investigated the stability analysis of the plane Couette flow for the 3D compressible
Navier-Stokes equations with Navier-slip boundary condition at the bottom boundary. They shown
that the plane Couette flow is asymptotically stable for small perturbation provided that the slip
length, Reynolds and Mach numbers satisfy some restricted relation. Recently, Antonelli et al. [I]
studied the linear stability properties of the 2D isentropic compressible Euler equations linearized
around a shear flow given by a monotone profile, close to the Couette flow, with constant density, in
the domain TxR. Later then, they in [2] also studied the linear stability properties of perturbations
around the homogeneous Couette flow for a 2D isentropic inviscid or viscous compressible fluid.
Moreover, in the inviscid case, they proved the inviscid damping for the solenoidal component of
the velocity field and Lyapunov type instability for the density and the irrotational component
of the velocity field. In the viscous case, they obtained the enhanced dissipation phenomenon.
Zeng et al. [29] considered the linear stability of the three dimensional isentropic compressible
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Navier-Stokes equations on T x R x T. They proved the enhanced dissipation phenomenon and
the lift-up phenomenon around the Couette flow (y,0,0)T. The motivation of the present paper
is to generalize the results obtained by Antonelli et al. [Il 2] to the non-isentropic compressible
Navier-Stokes equations with vanished shear viscosity.
We denote
P =0 — 0sh, V =U— Ugp, 9:19—195h.
The linearized system of around the Couette flow reads as follows
Orp + yOzp +divv =0,

vY
0
00 + y0,0 + (y — 1) divv = 0.

1 .
v + Y0, v + ( ) + W(Vp + Vo) =vVdivyv, (1.7)

The above linear system is very different from the isentropic compressible Euler equation in [1I [30]
and the isentropic compressible Navier-Stokes equation in [2]. On the one hand, as we only have
dissipation on the compressible part of v, the behavior of (p, V div v, ) is similar to the isentropic
compressible Navier-Stokes equation discussed in [2], i.e., the density, the compressible part of the
velocity field, and the temperature experience a Lyapunov type instability. In contrast, because
of the lack of dissipation on the incompressible part of v, the incompressible part of the velocity
experiences an inviscid damping just like the classical incompressible Euler equation. On the other
hand, we define
w=V*t.v, with V*=(-9,,0,)",

we can find that the equation of the incompressible part of the velocity connects with the com-
pressible part of the velocity through the equation

Orw + yO,w — divv = 0. (1.8)

Hence, assuming the initial data satisfies some quality relation (see in the following) and
exploiting the special linear structure of , we can transfer the dissipation of V divv to the
incompressible part of the velocity field w. As a result, we can prove the enhanced dissipation
phenomenon of the the velocity field. The phenomenon of enhanced dissipation has been widely
studied in the physics literature [2] 8], 4} [I1], 23], and has recently received a lot of attention from
the mathematical community. Here, we give more explanation about the enhanced dissipation
phenomenon. For example, considering the equation

OeF + Y0, F = v(0pe + Oyy)F,  F(z,y,0) = Fy(x,y). (1.9)
Applying the Fourier transform to the governing equation and using the coordinate transformation,
we obtain the evolution equation in the frequency domain,

WF — k0 F = —v(k* +n*)F,  F(k,n,0) = Fy(k,n), (1.10)

where (k,n) denotes the dual variables in Fourier space corresponding to the spatial coordinates.
The Fourier transform convention used in this derivation, along with its fundamental properties,
will be specified in the subsequent section.

Making the natural change of variables

E:=n+kt, H(kEt):=F(knt),
we find that
O H (K, &, t) = —v(k> + (€ — kt)?) H(k,&,1), H(k,&0) = Fy(k, €).
Integrating in time yields
H{(k,&,t) = Fo(k, )™ o eknhydr,
Therefore,
F(k,n,t) = H(k,&,t) = Fo(k,n + kt)e ™ Jo K+ (ntk(t=m))* dr

1.11
= Fy (k,n + kt)e_y(k2+n2)te_%”kztg—ukntz, (1.11)
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This explicit representation reflects the enhanced dissipation. The dissipation time scale is O (v~ 3 ),
which is much faster than the standard dissipation time scale O(v~1). Clearly the dissipation rate
is inhomogeneous and depends on the frequencies k.

Before going into details of our theorem, we introduce some notation. We define

a=divv, w=V'.v, with V= (—8y,8I)T,

according to the Helmholtz projection operators, we have

v = (") =Pv] +Q[v] (1.12)
with
Plv] := V*A lw, Q[v]:=VA~la. (1.13)
From the above definition, one infers that
oY = 0y (A + 0, (A Hw, (1.14)

from which, we can rewrite (1.7) in terms of (p, o, w, #) that
Oip +yOzp + =0,

1
——(Ap+ Af) = vAq,

2 ATt AT
Dy + ycr + 20, (3 (A~ )or + O ( )w)+7M2 (1.15)

Oyw + yOw —a =0,
00+ y0,0 + (v — 1) = 0.
Obviously, the above system is a closed system regarding of (p, a,w,8). Let

~ 1

Flen) =5 [[ e o,y dody,
T JJTxR

1 . .
fley) = 5- Z/Re“’“”"y)f(k,n) dn,
k
then we define f € H*(T x R) if

1713 = Z/<k,n>25|f|2<k,n> dn < +oo, with (k)= /11 k2112
k

Now, we can state the main result of the present paper.

Theorem 1.1. Let v > 1,0 < v < 1 and 0 < M < v=t. Assume that (p™, o', wi" 0" €
H2 (T x R) is the initial data of (L.15) with

/pmdm:/ai"dx:/wmdx:/ﬂmdx:(). (1.16)
T T T T

Then, there exists a positive constant C' independent of ~v,v, M such that
[Pl @)l .
< Oty 2y exp(OMM + 1) (3 (1™ Lrsss + 167 sor2) + 1™ Lgors + o).
HP[v]y(t)HL2
< Oty 2y exp(OMM + 1) (37 (15 Lsss + 187 r2) + o™ Lgsrs + oo ).
Q)| L2 + Ll = L2 + 2= (0122

<ol

x (Tl[H m” f‘l[”amﬂ I m” il m” )}
« w .
P H + H + H!

|12 + (v + 1) exp(CM (M + 1))

Moreover, if p™, 0", and w'™ additionally satisfy the relation

P W™ 4 6" =0, (1.17)
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we can obtain the enhanced dissipation of the velocity field,
[V (0], < Gty e 560 exp(@M (M + 1)) (0™ g+ 3l ),
[P O]l < O 2656 exp(@M (M + 1) (0™ L gase + 3o L),
JQIVIH s + 57 lo(t) + B(2)
< O e (147 exp(@M (M + 1)) (o s + 2l e )

At first glance, the enhanced dissipation phenomenon of the velocity field is some surprising
because of there is only dissipation for the compressible part of the velocity. This mainly benefits
from the relation which gives rise tow = —%(p—i—@). The special relation connects compress-
ible and incompressible phenomena. Namely, an increase of the vorticity need to be compensated
by a decrease for the density and the temperature.

In [I], Antonelli et al. studied the linear stability properties of the 2D isentropic compressible
Euler equations linearized around a shear flow given by a monotone profile, close to the Couette
flow, with constant density, in the domain T x R. For the non-isentropic compressible fluid, how
to obtain a similar result is an interesting problem. This is left in the future work.

Remark 1.2. For 0 < v < 1, Theorem holds for the whole subsonic regime. Formally
let M — 0, the behavior of fluid subsonic regime may be very similar to the incompressible
case. Physically, when M — 0T, our system indeed formally converges to an incompressible
regime, as the dominant pressure term leIQVP enforces divv =~ 0. However, the convergence
is subtle because: (i) The temperature equation remains active in our non-isentropic model. (ii)
The volume viscosity v maintains dissipation even as M — 0. We recognize that this transition
between compressible and incompressible regimes presents important theoretical questions. A
rigorous examination of this asymptotic limit will be the focus of our ongoing research efforts.

2. PROOF OF THE MAIN THEOREM

2.1. Preliminary and a priori estimates. First of all, we are concerned with the dynamics of
the z-averages of the perturbations. To reveal the distinction between the zero mode case k = 0
and the nonzero modes k # 0. We define

o) = 5= [ Sende. Frwn) = o) - hi).

which represents the projection onto 0 frequency and the projection onto non-zero frequencies.

Because the structure of the Couetee flow and that the equations are linear, it is clear that
the zero mode in x has an independent dynamics with respect to other modes. Consequently, in
our analysis we can decouple the evolution of the & = 0 mode from the rest of the perturbation.
Integration in x equations in , one infer that

Orpo = —o,
1 1
8t0¢0 = —Wayypo — Wayy% + l/ayyOéo, (21)
at(U() = o,
3t90 = 7(’}/ - 1)0[0.
From ({2.1)), we can further get aq satisfies the damped wave equations
1 .
Oparg — V0 Oyyarg — Wayyao =0, inR, (2.2)
and pg + 0y satisfies the wave equation
1 .
att(po + 90) - Wayy(po + 90) =0, inR. (2.3)
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Hence, given pi" = ai* = 0" = wi™ = 0, we can get that for all ¢ > 0,
po(t) = ao(t) = bo(t) = wo(t) = 0.

Consequently, in our analysis we can decouple the evolution of the £ = 0 mode from the rest of
the perturbation. Let us consider the coordinate transform

(@)~ (G)-(")
Yy Y (0
Under the new coordinate transform, the differential operators change as follows
Op =0x, Oy=0v —t0x, A=A :=0xx+ 0y — t0x)>.
We define
R(t, X, Y)=p(t, X +tY)Y), A, X,Y)=a(t,X +tY,Y),
Qt, X, V) =w(t, X +tY)Y), O, X,Y)=0(tX +tY,Y).
Then, the linear system reduces to the following system in the new coordinates,
OR=—A,

1
0 A = vAALA = 20x By —10x) (AL )A — 20xx (ML) = T (ALR+AL0), o
90 = A,
8,0 = —(v — 1)A.

We want to analyze the system (2.4) on the frequency space, in analogy with respect to the
incompressible Couette flow. So we define the symbol associated with —Aj, as

p(t k) =k + (n — kt)?,
and denote the symbol associated to the operator 20x (9y — tdx) as
(Oip)(t, k,m) = —2k(n — kt).
In the moving frame, for the Laplacian operator, there hold the following inequalities.
Lemma 2.1. Letp = —Ap = k2 + (n — kt)2, then for any function f € H*+*28(T x R), it holds
that

o™ fllere < Coosg Il = P22 Nlp? fllme < CP(1f [l rrovas, (2.5)

1
(t)*

for any B > 0.

Proof. The bound ([2.5) follows just by Plancherel Theorem and the basic inequalities for japanese
brackets (k,n) < C(n—&)(k,&). O

In proving Theorem (1.1, we use some main ideas from [I] and [2] but we are faced with a
number of technical difficulties because of a more complicated system. We first get by taking the
Fourier transform of (2.4) that

OR=—A,
- -~ atp -~ 2k’2 -~ p ~ ~
A= —vpA+ LA TG4 R+0),
' P PRV ) (2.6)
9,0 = A,

9,0 = —(y—1)A.
To exploit the special structure of the system ([2.6]), we introduce an unknown good function ¢ as

_R+6
Y

® (2.7)
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from which we can rewrite (2.6)) as

8% = A,
L (2

To break through the barrier involved in the term € in , we deduce from

H(R+v02+0)=0
that it holds

R4++90+4+6 =R"+~4Q" + 0"

which combining with leads to

Q=0"4+Q"— . (2.9)

Hence, substituting (2.9) into (2.8)), we obtain a closed system only involved in @, and A other
than the initial data

0,0 =—A,
1 ~ Op~ p  2kF ~ 2k o o (2.10)
QA= —vpA+ = A+ (5 + =)0 — — (7 + Q7).
' pA+ A+ (g + )= )

In the following, to obtain the enhanced dissipation, we introduce the “ghost multiplier” which
has been used in [3] 4.
Let multiplier m solve the linear ODE for k # 0,

8tm - 1/1/3
m W3t — 2P +1’
m(0,k,n) = 1.

Notice that there is a constant ¢ (independent of k, 7, ¢, and v) such that ¢ < m(¢t, k,n) < 1. In
particular, its presence does not change a norm

o/2 7

Im(t, V)(V)7 fllzz = (V)7 fllze,  with (V)7 f(k,n) == (1+ (K +0*))""" f(k,n).
The crucial property that m satisfies is
1< u—l/ﬁ( —at—m(t,k,n) + 12|k, — kt|> for k # 0, (2.11)
m
which implies that
_ atm 2
Waze S v (| =222 g, + IV LIl ). (2.12)

The following lemma plays a crucial role in our subsequent analysis.

Lemma 2.2. For any (p'™, '™, w™, 0i") € H*(T x R) with s > 0. Assume thaty >1,0<v <1,
and 0 < M < v~'. Then there exists a positive constant C independent of v,v, M such that

@B W)+ 16 A0

2.13)
1, N o (
< Cexp(CM(M + 1)) (3718 - + 14" - + 87 + 27 7.).
Proof. For any s > 0, we define two weighted functions involved in ® and A as
1 ~
Zi(t) = M(k,n>s(m_1p_1/4<1>)(t), (2.14)

Zo(t) = (k)" (m ™ p~* /1 A)(1). (2.15)
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From the equations in (2.10) and definitions of Z; and Z5, a simple computations gives

oym 10 1
Oz = —7;” Zy — iftpzl *Mpl/QZm
2.16)
oym 19p 1 k2 om~ k2 . . (
Zy= (T2 4 vp) 2o+ 2L 2o (0 P+ 2M s ) 20— () T+ Q).
2> m tp 2_‘_4 P 2 Mp + p3/2 1= () p% ( + )

Now, by multiplying the first equation by Z; and the second equation by Z5 in (2.16) respectively,
we obtain

1 d 2 atm 2 1 atp 2 1 1/2 —
5 7 Zh| | Z1] 1p |Z1] 7P Re(Z123), (2.17)
1 d 2 8tm 2 1 6tp 9 1 1/2 —
§%|Z2| = (7m ‘H/P)\Zﬂ + i?|22| + Wik Re(Z125)
2 _ om-l? (2.18)
+ 2Mp73/2 Re(Z1Z2) — <k’, 77)5 7 Re((@m + Q") Zs).
p

From p(t, k,n) = k* + (n — kt)> > 0, one has for any ¢ > n/k it holds d;p/p > 0, the third term
on the right-hand side of the first equation in acts as a damping term for Z;. Instead,
Op/p < 0 for t < n/k, hence it induces a growth on Z;. However, the situation is opposite for the
second equation involved in Zy. That is to say, for ¢ > n/k, the term (0;p/p)Z> induces a growth,
for t < n/k, the term (9:p/p)Z2 acts as a damping term. Thus, there is a competition between
Z1 and Z3. To balance this relation, we have to consider the time derivative of the mixed terms
involved in Zy, Zs:

d /O _ Oym Op 2k% 7 (0p)? 1 Owp
5(W21> =" 2 (W = )Zl " 2 (2.19)
from this and the second equation in (2.16)), we obtain
Mdiowp > _ 1ap, ., o M2k 3(0p)2\. -
Z@(WRG(%Z?)) = _17(|Zz| —1Z:0%) + Z(—% — iw)Re(zle)
M Oym Op - M O,p _ JK20p .
=Gy Re(BiZe) v SRR Zy) + MP AP (2.20)

ME?D ~. o~
— (k, 77}Sm_1 2p13tpRe (((I)m + Qm)ZQ) )

It is obvious that the first term on the right=hand side of could cancel two bad terms
—i%wﬂz appeared in and %%|Z1|2 appeared in (2.18).

Because of the lack of a diffusive term in the equation of Cﬁ, we have to exploit the special
structural characteristics (wave structure) of to find hidden dissipation for Z;. So, we also
need to consider the time derivative of the mixed terms involved in Z;, Zs with different weight
as

d 71/2 - atm 71/2 3 3tp 1
AR R A o R v e (2:21)

which combined with the second equation in ([2.16)) give rise to

d _1/2 = o ]. 2]€2 2 ]. 8tp —
E(p Re(ZlZg))— M(l—i—?M pj)w + 5 aaRe(Z122)

orm 5 1 9 1/2 _

+ 2WRG(ZIZ2) + 712" + vp'*Re(Z122) (2.22)
2m
s

—17.2

+ (km)® Re((®™ + Q™) Zy).
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Finally, to define a coercive energy functional, we need to consider the time derivative of the term
p=3/20,pZy or p~3/20,pZ,. Here, we choose the former
M? d | Op
2 dt'pd2
(B0 LN a2 OOE 7 o g OO o7,
p 4 ps
Now, we define the energy functional

1 2(3tp)
2(1+M o

1/3
- (MZ

(2.23)

NP0 + 120 + (5 S Re(2iZ2)) 0

E(t) =
(2.24)

p*l/QRe(leg)) ().

on both hand side of (2.22)) then summing ([2.17), (2.18)), (2.20), and -

Multiplying by
gives

d om V'3 o k? o Oy (9ip)? 9 om 9
%5(t)+(ﬁ+7(1+2M —=)+M e )IZl\ +<W+VP)IZQI

4 m

p1/3 Mys - vM O
=1z + = pl/zRe(leg)fT%/pQRe(leQ)JrMZ(

V3 9,p 5 k2 11 (9yp)? V3 oom =
(A S gt e e Z)
Mvt/3m—1k2 m Mm~1k20 m
o Re((®™ + Q™) Zy) - (k) = PR (B 4 (i) Z,)
2p / 2p 1

=T+ Lo+ I3+ Ty +1Is + Ig + I7.

5k23tp (@P) 2
2p3 4 ) 12|
(2.25)

Now we are in a position to bound the terms on the right-hand side of (2.25). First, from
(2.11), it holds
0
LU vp > /3, (2.26)
m
Hence, the first term Z; can be absorbed directly in the left. We next consider Z,. With the aid
of the Cauchy-Schwarz inequality, one has

Muyl/3 Myl/3

2 ‘ (vp|Zs|?). (2.27)

As a result, to absorb Zy by the left, we need the assumption Mv < 1.
Since |9;p| < 2|k|p'/?, we can bound the terms Z3 as follows

5<2Mlk\p”2
4

|Z2| < W21 + vp| Zof?)

Mv
< ?(V1/3|Zl\2)+

T3] < - Re(ZlZ2)>
<7 (4—|Zl|2 02 (2:28)
vM?k
<MKz 6up|22|2.

In the same manner, from |9;p| < 2|k|p'/? and the fact that \k|p’3/2 < 1, we have
|Z,| < 19M2| ‘ 1217 < onzt \Zl|2. (2.29)

In the following, we bound the terms in I5. Thanks to \3tp| < 2|k|p'/? again, we have

M |k|? - M3 9ym
R AV — —=Re(Z:1Z —_—
e (Z122) + (2122) + — 2

4 3/2 Re(leg)

(2.30)
=151+ 152+ L5 3.
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_3
2

From v <1 and p~2 <1, we can bound Zs ; as

|Z5.1] <C’M (|Zl|2+|Z2| ). (2.31)

The term Z5 » can be controlled similarly if noticing the fact that |k[p~! < 1.
For the last term Zs 3, we can use Mv!/3 < 1 and p~'/2 < 1 to obtain

oym
|Z5 5] < O—t (12, +122). (2.32)
Substituting the above estimates involved in Zs5 1,75 2,75 3 into (2.30]), we obtain
oym
75 < oM (|Zl|2 +12:1*) + C=—=(121 + | Za). (2.33)

From v <1, p~t <1, |9;p| < 2\]<;|pl/2 and the multiplier m~! is a bound Fourier multiplier, we
obtain

Mm—152 1/3,.-11.2 2
m 1 k*0p  Mvi/SmTlk CMW
2p13/4 2p9/4 D
this and the Young inequality give rise to
k2 PPN
Zo]+ Ti] < OM= (k) [ + 0P 4 (122 +12:17)). (2:34)
Noticing that
A2 am oym (atp)Q >0
m  p3 ’
and then inserting (2-27), ([2.28), (2.29), (|2.30|) (2.33)), (2.34) into (2.25)), we obtain
J1/3
GEO+ T (@ N +12:P)
" ¢ o (2.35)
< 25| FHin in|2 L1 )
M= (k) i 4 | +c( (1 )S(t)
As
2l 5 O
P p*
we obtain
d J1/3 k2 P k*  _oym
= TE(t) < CM = (k,n)**|®™ 4 Q"2 M(M +1 27— : 2.
FED + e < OM (k) [@7 4 0 +o (MM + )t ). (2:30)
It is easy to check that
boE2 t dr n n
——dr = —_—— = t - —1)— t -).
/0 o) T /o TP +1 arc an(k ) — arc an(k)
As a result, applying Gronwall’s inequality to (2.36)) we have
sy <c (5(0) + (k, )23 + ﬁm|2) exp(CM(M + 1). (2.37)

From |0yp| < p, it’s not hard to check that

1
4

which combines with the fact that m is a bounded Fourier multiplier and the definitions of Z;, Z5,
we can obtain

(atp)

e~ (2N AP + 1202 ()

1 - g~
S [e@an = 5l PR + o A0l (2.38)
k
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which implies that

@Ol + 10 A0

(2.39)
1 ~. N . .
< Cexp(CM(M + 1) (3187l + 1A 1o + |7 + @7 ).

This completes the proof.. O

2.2. Proof of Theorem for general p™, 0™, w"". Thanks to the previous Lemma, we are
ready to conclude the proof of Theorem First, from (2.9) and Lemma we have

1) || = |®(t) — ™ — Q|| e
= M[p"/* (M p ) (1) | s + |97 + Q|
<CM® 2 \M TP AW iy + 1R e + (197
< Oy ltexp(CM(M + 1)) (t)Y/2C,

zn,s+%

(2.40)

with
Cinary = 270" + 0™ vy + 10" ey + 1 yery

Recall the definition of P[v] in (1.13)), it holds

IPV]7 (#)l|z2 = 18, A™ w(t)]|z2 = 9y — t0x) (AL Q)(@)l|z2 < ClI((=A2) 2 (B)]] 22
Therefore, from p'/2(kt) > C(k,n)(kt) > C(n) and estimate (2.40)) we obtain
1
(t)
In the same manner, we can deal with the second component of P[v]¥,

IPv)Y ()] 2 = 0:A7 wl| 2 = [[0x (AL Q)(#)]] 2

IPv]*(#)l]2 < C IO < C) "2y exp(CM(M +1))Ci, 5. (2.41)

= IISQ(t)IILz < O 1) | (2.42)

< C() 72y exp(CM (M +1))Cip 3.

Finally, we estimate the compressible part of the velocity. On the one hand, from the Helmholtz
decomposition and the change of coordinates, we obtain

QIO e + =2llp®) + 002 = (~2)"2a(®)l 2 + 2= llo(t) + ()]
= (-A0) AW e + RO + OO (243
= (=2 2AW) 2 + 25 18(0) 2.
As a result, from , Lemma and that p < (t)2(k,n)?, we deduce that
1QIvI(®)]] > + ﬁllp(t) +0() 02 = P4 (0~ A) (1) 2 + %Hp”“(p‘l/%)(t)llm
<2 (I DOllm + LI SO m) 24
< CMY2A +~)y Lexp(CM(M 41))Cip 1.
On the other hand, by (L.15)), we have (0; + y9,)((y — 1)p — 6) = 0 which implies that
(Y=1p—0=(y—1)p" 0"

Moreover, we have

(v =Dpt) =0(t) y2 _ (y=1)p"™ 0" 2
H M HL2 - || M ||L2'
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A simple computation gives

v _(y=Lp—-0 p+0
M T M M
T, (—Lp—¥0 et
= M = D7
Hence
gl (y—1p—-90 p+0
Dlo@lze < o) L=+ S
-1 zniezn
< e { | (1) exp(OM (M +1))Cina ),
and
gl (y—1p—"¢ p+0
a0l < ==l + €O = VIS |
<C(v-1 H#HLQ + ()2 (y =) exp(CM(M +1))Cip 1.

This proves the first case for general p*”, 0", w'".

2.3. Proof of Theorem with special p™", 0" w'" satisfying (1.17). If
from 0;(R 4+ v2 4 ©) = 0, we can infer that

0 B+ _ 4
v
Thus, we obtain a closed system only involved in ® and A
0d = —A,
O 2k? (2.45)
A= —vpAd+ A + (505 + —)@.

For the above system, we can make a smular argument as in the proof of Lemma [2.2] to obtain
another version of (2.36| - ) which do not involve in <I>m Q" that

d v1/3 k2 9ym
—_— < 1 —_— .
G0+ g e < O(MOM 4+ 1)~ + TRIE), (2.46)
Consequently, applying Gronwall’s mequality to ([2.46)), we have
L1/
(1) < Cexp(CM(M + 1))~ T 1£(0)
which combines with ([2.38) to give

1~ PN
e ) ) e + 172 A) () e
2.47)

% 1 in in (

< Cexp(CM (M +1))e 52 t(fTMH@ las + ol ).

With this inequality in hand, we can follow the same argument as the derivation of (2.41)), (2.42)),

and (2.44)) to obtain
— /s 1 in in in
P (012 < € exp(CM(M + 1))(t) /255 (g™ + 07 g + o o2 ).

p — — 1, 1 3 3 i
[P (£) 2 < Coxp(OMM + 1)) (1)~ (o™ 4 67 g+ o o).

QU2 + =7llp(t) + 602

1 . ) )
< O(1+9) exp(CM(M + 1)(0) e (o™ + 07 g+ a1 ).
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The proof of Theorem is complete.
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